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PREFACE  TO  THE  FIRST  EDITION. 


The  following  Treatise  is  respectfully  submitted  by  the  Author  to  the 
teachers  of  Canada,  in  the  confident  belief  that  it  will  materially 
lighten  the  labor  of  the  instructor,  and,  at  the  same  time,  facilitate 
the  pupil's  progi'ess  and  his  thorough  comprehension  of  the  prin- 
ciples of  the  science  of  Algebra.  It  is  the  earnest  hope  of  the 
Author  that  it  may  meet  with  the  same  flattering  reception,  and 
very  general  introduction  into  the  schools  of  the  country,  that  his 
fellow-teachers  have  so  kindly  accorded  to  his  previous  produc- 
tions. 

The  order  of  succession  of  the  different  chapters  depends  of 
course  mainly  on  their  importance  and  difficulty,  and  that  here 
adopted  is  the  one  that  appears  preferable  to  the  Author ;  but,  as 
every  chapter  is  nearly  independent  of  the  others,  the  teacher  can 
easily  modify  the  arrangement  to  suit  himself. 

The  aim  of  the  work  is  to  embrace  all  that  can  be  profitably  dis- 
cussed in  the  time  usually  allotted  to  a  common  and  grammar 
school  course ;  and,  indeed,  this  volume  will  be  found  to  contain 
at  least  as  much  of  the  subject,  as  is  required  to  be  read  for  the 
ordinary  degree  of  B.  A.  in  the  British  and  Canadian  Universities. 
Chapters  on  continued  fractions,  logarithmic  series,  probabilities, 
and  the  general  theory  of  equations  were  prepared,  but.  ia  accord- 
ance with  the  advice  of  some  of  the  leading  educators  of  the  Pro- 
vince, they  were  omitted  as  unsuited  to  the  design  of  the  work, 
and  to  the  requirements  of  common  or  grammar  schools. 

The  Author  has  approached  the  subject  with  the  conviction^ 
founded  on  many  years'  experience  as  a  teacher  of  mathematics. 
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that  the  science  of  Algebra  tries,  beyond  all  others,  the  powers  and 
patience  of  the  learner.  The  pupil  is  commonly  introduced  to  it 
■while  his  miud  is  yet  in  an  undeveloped  state  ;  its  language  is  new 
to  him,  and  he  is  unprepared  by  previous  training  to  comprehend 
its  abstractions.  The  difficulties  Avhich  thus  beset  his  path  are  of 
course,  for  the  most  part,  only  to  be  overcome  by  his  own  per- 
severance, aided  by  the  knowledge  and  ingenuity  of  his  instructor  ; 
yet  it  appears  to  the  Author  that  very  much  also  depends  upon  the 
style  and  thoroughness  and  adaptation  of  the  text-book  employed. 
Accordingly  in  the  preparation  of  this  volume  no  pains  have  been 
spared  in  rendering  the  statement  of  principles,  and  the  demonstra- 
tion of  Theorems  as  clear  and  concise  as  possible,  or  in  fully  illus- 
trating each  rule  by  numerous  examples  carefully  worked  out  and 
explained,  or  in  selecting  and  arranging  the  examples  of  an  exercise 
so  as  to  begin  with  the  simple,  and  gradually  pass  on  to  the  more 
difficult. 

The  Author  hopes  that  while  he  has  insisted  upon  great  thorough- 
ness by  numerous  and  appropriate  Problems,  he  has,  at  the  same 
time,  rendered  the  pupils  advancement  easy  and  certain  by  the 
many  explanations  and  illustrations  introduced. 

The  great  majority  of  the  Problems  and  Exercises  are  new, — 
being  now  published  for  the  first  time,  but  there  are  also  a  number 
already  familiar  to  the  teacher.  In  selecting  these  the  Author  has> 
he  believes,  in  every  case  rigidly  adhered  to  the  rule,  adopted  by 
Todhunter,  Colenso,  and  others,  of  not  inserting  a  problem  unless  it 
had  already  appeared  in  at  least  two  British  Authors — in  which 
case  it  is  to  be  regarded  as  commoi:  property. 

Recognizing  the  fact  that  very  many  of  the  pupils  of  our  com- 
mon and  grammar  schools  study  with  the  view  of  completing 
their  education  at  some  one  of  our  excellent  Canadian  universities; 
the  Author  has,  at  the  end  of  the  book,  introduced  a  collection  ot 
Problems  and  Theorems,  embracing,  among  others,  all  or  nearly  all 
of  the  pass  and  honor  work  in  Algebra,  .which  has  been  given  on 
the  Examination  papers  of  the  University  of  Toronto,  during  the 
last  eight  or  ten  years.  These  will  serve  to  shew  the  pupil  the 
style  of  questions  he  is  expected  to  answer  at  our  universities, 
and  will,  at  the  same  time,  in  a  measure  prepare  him  for  his  ex- 
amkiations. 
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As  no  teacher  vould  think  of  introducing  his  pupils  to  arith- 
tiaetic  %vithout,  to  some  extent  at  least,  first  drilling  them  in  nota- 
tion and  numeration,  so  no  intelligent  teacher  will  neglect  to  drill 
his  pupUs  in  algebraic  natation  and  numemtion  before  introducing 
them  to  the  ordinary  rules.  The  teacher  is  respectfully  referred  to 
Exercises  ii,  iii,  and  iv,  and  is  recommended  to  extend  and  continue 
these  until  his  pupU.  is  thoroughly  and  practically  acquainted  -with 
the  definitions. 

A^Kqj,  containing  full  solutions  to  all  the  more  -difficult  Prob* 
lems,  is  in  pressj  and  will  be  issued  almost  immediately. 

ToJlo^T  Of  January,  18  64. 


PREFACE  TO  THE  SECOND  EDITION. 

The  Author  gladlyavaUs  himself  of  the  opportunity-*-afforded  by 
the  issne  of  the  second  edition  of  his- Algebra — to  thank  his  friends 
and  fellmv-teachers  for  the  very  ready  introdnction  into  their 
schools  they  have  so  kindly  accorded  to  it  as  weU  as  to  his-other 
works. 

Notwithstanding  the  pains  bestowed  upon  the  reading  of  the 
pr^oofs  of  the  first  edition,  sundry  typographical  errors  escaped 
notice.  These  have-all  now  been  carefully  corrected,  and  the  entire 
work  subjected  to  the  most  minute  and  searching  revision ;  and, 
as  the  present  edition  is  printed  from  Stereotype  plates,  it  is  confi- 
dently believed  that  the  book  will  be  found  to  be  freer  from  these 
imperfections  than  most  of  the  works  upon  the  subject  in  common 
use. 

While  very  many  whose  opinion  he  values,  harve  conveyed  to 
the  Author  in  flattering  terms  their  entire  approval  of  the  work — 
some  few  excellent  teachers  have  suggested  that  the  book  is  rather 
too  difficult  for  ordinary  school  purposes,  and  that  at  an>  rate 
questions  of  an  easier  kind  ought  to  be  more  abundantly  given 
to  the  beginner.  The.Author  freely  admits  the  justice  of  the  latter 
remark  as  applied  to  the  first  rules  of  Algebra,  but  he  is  clearly  of 
opinion  that  such  preliminary  easy  questions  ought  not  to  be  sought 
for  in  any  text-book,  but  should  rather  be  supplied  by  the  teachtr  \ 
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nor  mil  the  dictation  of  a  few  easy  questions  daily  be  found  to  in- 
volve the  expenditure  of  any  great  amount  of  time. 

In  the  selection  and  formation  of  Problems  and  Exercises  for- the 
work — great  care  was  taken  that  they  should  be  such  as  to 
ihorou^/hl^'exQTclse  the  student  upon  the  principles  of  the  science  of 
Algebra,  and  to  cultivate  and  develop  his  powers  of  analysis  and 
combination.  With  this  new  many  of  the  problems  were  purposely 
made  rather  difficult.  A  student  learns  more  from  the  solution 
of  a  difficult  Problem  than  he  does  by  working  a  doz^n  sunple 
ones,  as  is  sufficiently  proved  by  the  fact  well  kJlo^vn  to  nearly 
every  teacher  in  Canada,  viz. :  that  when  easy  text  books  were 
employed  in  our  Schools,  our  pupils,  after  working  several  times 
through  them  were  practically  unacquainted  with  the  first  prin- 
ciples of  Algebra.  Moi'eover,  to  assist  the  prrvate  student  and 
those  tea<±ers  who  have  not  tune  to  devote  to  the  investigation  of 
complicated  questions,  the  Author  has  piiblished  an  elaborate  Key, 
containing  full  solutions  to  all  the  Exercises,  and  he  is  sanguine 
that  those  teachers,  who  kindly  use  his  book  in  their  Schools,  will 
find  from  experience  that  their  pupils  generally  will  be  much  better 
algebraists  at  the  end  of  a  year  than  they  would  have  been  had  an 
easier  text  book  been  emploj-ed. 

ToEONTo,  Septembei;,  LS65, 
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ALGEBEA. 


SEOTION    I. 

DEFINITIONS    AND   AXIOMS. 

1.  Algebra  is  Arithmetic  generalized ;  or,  in  other 
words,  it  is  a  kind  of  Arithmetic  in  which  the  numhers  or 
quantities  under  consideration  are  rej^resented  hy  letters , 
and  the  operations  to  be  performed  on  these  indicated  hy 
signs. 

2.  The  symbols  employed  in  Algebra  are  of  five  kinds, 
viz.  :— 

1st.    Symbols  of  Quantity. 
2nd.  Symbols  of  Operation > 
3rd.   Symbols  of  Relation. 
4th.    Symbols  of  Aggregation, 
5th.   Symbols  of  Deduction. 

SYMBOLS   OF   QUANTITY. 

3.  The  symbols  of  quantity  are  t^^o  Arabic  numerals 
and  the  letters  of  the  alphabet. 
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4.  Algebraic  quantities  are  of  two  kinds,  viz. : — 

1st.  Known  or  determined  quantities,  or  those 
which  may  be  assumed  to  be  of  any  value 
whatever. 

2nd.  UnJcnomn  or  undetermined  quantities,  or 
those  whose  value  can  be  determined  only 
by  actually  performing  the  operations 
involved  in  the  solution  of  the  problem, 
&c. 

5.  The  first  letters  of  the  alphabet,  a,  b,  c,  d,  &c.,  are 
used  to  represent  known  quantities  ;  and  the  last  letters  of 
the  alphabet,  x,  y,  z,  v:,  v,  &c.,  are  employed  to  represent 
mihnoicn  quantities. 

6.  The  symbol  0  is  called  zero,  and  indicates  the  ab- 
sence of  quantity,  or  it  represents  a  quantity  infinitely 
small,  i.e.  less  than  any  assignable  quantity. 

7.  The  symbol  oc  is  called  infinity,  and  denotes  a  quan- 
tity infin  iteJy great,  i.e.  greater  than  any  assignable  quantity. 

Note.— The  symbol  cc  is  also  employed  to  indicate  that  one  quantity 
varies  as  another.    [See  the  section  on  Variation.] 

SYMBOLS   OF   OPEKATION. 

8.  The  symbols  of  operation  are  +  ,  - ,  ~,  x,  -i-  2. 3, 4_^c 

9.  The  sign  -f  is  called  plus  or  the  sign  of  addition,  and 
indicates  that  the  quantities  between  which  it  is  written  are 
to  be  added  together. 

Thus,  7  +  9,  read  7  plus  9,  means  that  7  and  9  are  to  be  added 
together. 

a  -{-  &,  read  a  plus  6,  decotes  that  a  and  b  are  to  be  added 
together. 
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10.  The  sign  —  is  called  minus  or  the  sign  of  subtrac- 
?«'^7i,  and  indicates  the  subtraction  of  the  quantity  following 
it  from  the  quantity  preceding  it. 

Thug,  11-6,  read  II  minus  6,  means  that  6  is  to  be  taken 
from  11. 

a-i,  read  a  minus  h,  implies  that  the  quantity  a  has  to  be 
decreased  by  the  quantity  b. 

11.  The  multiplication  of  one  algebraic  quantity  by 
another  may  be  indicated — 

1st.    By  writing  the  sign  x  between  them. 
2nd.  By  writing  a  dot  .  between  them. 
•  3rd.  By  writing  them  in  juxtaposition. 

Thus,  a  X  6  and  a  .  h  and  ah  each  indicate  the  multiplication  of 
the  quantity  a  by  the  quantity  &,  and  are  read  a  multiplied  into 
6,  or  simply  a  into  h.  The  last  is  the  method  commonly  em- 
ployed to  indicate  multiplication  in  Algebra.  Arithmetical 
multiplication  is  expressed  only  by  the  sign  X,  the  other 
methods  being  obviously  inapplicable  to  numbers. 

Note,— Quantities  connected  by  the  sign  +  or  x  may  bo  read  in  any 
order.  Thus  6  +  3  is  the  same  in  value  as  3  +  6,  for  each  is  equal  to  9 ;  so 
6  X  5  is  the  same  in  value  as  5  x  6,  for  each  is  equal  to  30. 

12.  There  are  three  modes  of  representing  the  division 
of  one  quantity  by  another,  namely,  by  writing  between 
them  the  common  arithmetical  sign  of  division  -^  or  by 
writing  between  them  either  the  sign  :  or  the  sign  - 

Thus,  a  4-  6,  and  a:h,  and  \  each  represent  the  division  of  the 
quantity  a  by  the  quantity  6.  The  last  method,  i.e.  writing  the 
quantities  in  a  fractional  form,  is  that  usually  made  use  of  in 
Algebra. 

Note.— Quantities  connected  by  the  sign  —  or  -f  must  be  read  just  as 
they  are  written.  Thus  8  —  3  is  very  different  in  value  from  3  — 8;  bo 
12  -^-  4  is  quite  distinct  from  4-1-12. 
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13.  The  symbol  -  written  between  two  quantities  indi- 
cates that  the  less  is  to  be  subtracted  from  the  greater. 

Thus,  7-3  or  3-7,  read  the  difference  between  3  and  T, 
denotes  that  3  is  to  be  taken  from  7.  So  a  ~  6  or  ft  -  a  indicates 
that  a  is  to  be  taken  from  &  or  6  from  a,  according  as  a  is  less  or 
greater  than  h. 

Note.— The  symbol  ~  is  employed  only  when  it  is  not  known  which  of 
the  two  quantities  is  the  greater. 

14.  An  exponent  is  a  small  figure  or  letter  placed  above 
and  to  the  right  of  a  quantity  to  show  liow  often  it  is  taken 
as  Vi  factor. 

Thus,  a  2  =  aaa^  the  3  indicating  that  a  is  to  be  taken  three 
times  as  factor. 

mP  -  mmmminmm,  the  7  sho^ring  that  m  is  to  be  taken  seven 
times  as  factor. 

(a  +  6)"  =  (a  +  b)(a  +  b){a  +  b),  &c.,  to  n  terms,  the  n  denot- 
ing that  the  quantity  (a+b)  is  to  be  taken  as  factor  as  many 
times  as  there  are  units  in  n. 

Note.— When  the  fxponent  is  imify,  it  is  not  commonly  expressed. 

15.  The  extraction  of  a  root  is  indicated  either  by  writ- 
ing it  with  a  fractional  index  or  by  placing  it  under  the 
radical  sign  V- 

Thus,  V*^  or  7^  denotes  the  square  root  of  7. 
^a  or  a^  denotes  the  cube  root  of  a. 
^a  or  a^  denotes  the  W"  root  of  a,  &c. 

16.  The  number  3,  or  4,  or  5,  &c.,  placed  in  the  radical 
sign  or  as  denominator  in  the  fractional  exponent,  is  called 
the  index  of  the  roof.  The  index  2  is  never  used  in  con- 
nection with  the  radical  sign ;  thus  Va  is  the  same  as  ^a, 

17.  When  a  fractional  exponent  is  employed  the  nume- 
rator denotes  the  poicer  and  the  denominator  the  root  to  be 
taken. 
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Thus,  a^  denotes  the  d***  power  of  the  V^  root  of  a,  or  the  *J^^ 
root  of  the  4'''  power  of  a. 

X  »  indicates  the  n^  root  of  the  wi'^  power  of  x,  or  the  m*^  power 
of  the  n-''  root  of  x. 

SYMBOLS   OF   RELATION. 

18.  The  symbols  of  relation  are  :,=  :: ,  >,  and  <. 

19.  The  symbol  :  denotes  ratio. 
Thus,  a  :b  denotes  the  ratio  of  a  to  b. 

20.  the  symbol  =  is  the  sign  of  equality. 

Thus,  7  +  4  =  5  +  6  denotes  that  the  sum  of  7  and  4  is  equal  to 
the  sum  of  5  and  6.     a  =  b  denotes  that  a  is  equal  in  value  to  b. 

21.  The  symbol : :  is  also  a  sign  of  equality,  but  is  used 
only  to  denote  the  equality  of  ratios. 

Thus  9  :  27  ::  5  :  15  denotes  that  the  ratio  of  9  to  27  is  equal 
to  that  of  5  to  15. 

a  :  b  ::  c  :  d  denotes  that  the  ratio  of  a  to  6  is  equal  to  that  of 
c  to  d. 

22.  The  symbol  >  greater  than,  and  the  symbol  <  less 
than,  are  signs  of  inequality. 

Thus  7  >  5  denotes  that  7  is  greater  than  5. 

a>  b  denotes  that  a  is  greater  than  b. 

5  <  7  denotes  that  5  is  less  than  7. 

a  <  6  denotes  that  a  is  less  than  b. 
Note.— The  opening  of  the  angle  is  always  towards  the  greater  quantity, 
SYMBOLS   OF   AGGREGATION. 

23.  The  symbols  of  aggregation  are  — ^  L()j  {  L  and 

[]• 

24.  The  symbol  —  is  called  a  vinculum,  and  indicates 
that  the  quantities  over  which  it  is  placed  are  to  be  regarded 
as  constituting  lut  one  (luaniity. 
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+  a 

Thus,  +  b 

"  c 


Thus,  a  +  b  -  ex  d  means  that  the  quantity  formed  by  the 
subtraction  of  c  from  the  sum  of  a  and  6  is  to  be  multiplied  by  d. 

V  m  +-X  +  y  denotes  that  the  square  root  of  the  sum  of  7h,  x, 
and  y  is  to  be  taken. 

25.  The  symbol  |  is  called  a  bar^  and  indicates  that  the 
quantities  in  the  column  directly  preceding  it  are  to  be 
considered  as  forming  but  one  quantity. 

2 

denotes  that  the  quantity  formed  by  the  subtrac- 
tion of  c  from  the  sum  of  a  and  b  is  to  be  squared 

26.  The  parentheses  (  ),  braces  {},  and  brackets  [  ], 
denote  that  the  quantities  contained  within  them  are  to  be 
i^garded  as  constituting  one  quantity. 

Thus  (a  +  b)x  denotes  that  the  sum  of  a  and  b  is  to  be  multi- 
plied by  X. 

^a-  (b  +  c)Y  indicates  that  the  sum  of  b  and  c  is  to  be  taken 
from  a  and  the  remainder  cubed. 
[  a  J-  ^m  -  (6  +  c)  x'j]y  denotes  that  (b  +  c)x  is  to  be  taken 

from  7/1  and  the  remainder  subtracted  from  a,  and  that  this  final 
remainder  is  to  be  multiplied  by  y.  . 

SYMBOLS  OP  DEDUCTION. 

27.  The  symbols  of  deduction  are  ,*.  and  */ 

28.  The  symbol  .'.  is  equivalent  to  there/ore^  whencCf 
thence,  consequently,  from  which  we  infer j  &c. 

Thus,  a=  b  and  c  =  6  . • .  a  =  c. 

29.  The  symbol  •/  signifies  since  or  because. 
Thus,  a  =  c  • .  •  a  =  6  and  c  =  6. 
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30.  The  parts  of  an  algebraic  expression  separated  from 
each  other  by  the  sign  of  addition  or  subtraction,  expressed 
or  understood,  are  called  terms. 

Thus,  a  is  an  algebraic  expression  of  one  term,  and  is  called  a 
monomial. 

a  -1-6  is  an  algebraic  expression  of  two  terms,  and  is  called  a 
binomial. 

ti  +  6-c  is  an  algebraic  expression  of  three  terms,  and  is 
called  a  trinomial. 

2a  +  36-4c  +  x-j/  is  an  algebraic  expression  of  five  terms,  and 
is  called  a  multinomial  or  polynomial. 

31.  The  parts  of  an  algebraic  expression  connected  by 
the  sign  of  multiplication,  expressed  or  understood,  ai'e 
called /a c to /-s. 

Thus,  the  factors  of  the  expression  ah  are  a  and  h. 
The  factors  of  the  expression  a^bc^  are  <7,  a,  6,  c,  c,  and  c. 
The  factors  of  the  expression  {x^yYia-myy  are  (x  -  y), 
<x-i/),  (a^my),  (a~my),  and  (a -my). 

32.  The  terms  of  an  algebraic  expression  which  are 
T^rcceded  by  the  sign  -f  are  called  additive  or  positive 
terms ;  those  preceded  by  the  sign  -  are  called  sultractive 
or  negative  terms. 

Thus,  in  the  expression  la  -3c- id-\- 5}n+1x-\-8y-mx -ab, 
the  terms  7a,  5m,  1x,  and  8y  are  additive  or  positive,  and  the 
terms  3c,  4<i,  mx,  and  ab  are  subtractive  or  negative. 

Note.— When  no  sign  is  expressed  before  a  quantity  it  is  understood  to 
be  additive.    Thus,  in  the  above  expression,  la  is  written  for  +  Ta. 

33.  A  coefficient  is  a  number  or  letter  written  to  the 
left  of  a  quantity  to  show  Time  often  it  is  to  be  taken  as 
addend. 

Thus,  la  indicates  that  the  sum  of  seven  a's  is  to  be  taken  iL 
an  additive  sense. 

-5x  denotes  that  the  sum  of  five  -x's  is  to  be  taken  in  an 
additive  sense. 

Here  7  is  called  the  coefficient  of  a,  5  the  coefficient  of  x,  &c. 
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34.  Like  algebraic  .'quantities  are  those  that  consist  of 
the  same  letters  affected  by  the  same  exponents. 

TJius,  -  3a,  -  2a,  40,  -  5a  are  like  quantities. 

a-bc,  *Ia-bc,-3a-bc  are  like  quantities. 

5(a-  -  6  +  c^),  7(a-  -  6  +  c^)  a/ir£  ygCa^  -  6  j-  c^)  are  like  quan- 
tities. 

But  a-bc,  and  a6-c  are  unlike  quantities,  because  the  same 
letter  is  not  affected  bj  the  exponent  2. 

So  also  a-b^c^,  a?b'C^,  and  a*6V  are  unlike  quantities 

35.  Homogeneous  terms  are  those  in  which  the  sum  of 
the  exponents  of  the  literal  factors  in  each  are  equal. 

Thus  2a^y  and  la^y^  are  homogeneous,  and  the  sum  of  the 
exponents  of  the  literal  factors  in  each  being  5,  they  are  called 
homogeneous  terms  of  Jive  dimensions. 

3axV,  ^'-i~xh/,  2a^y,  laxy^,  and  y''  are  homogeneous,  the 
sum  of  the  exponents  of  the  literal  factors  in  each  term  being  7, 
and  they  are  called  homogeneous  terms  of  sc^' en  dimensions. 

36.  The  reciprocal  of  a  quantity  is  unity  divided  by 
that  quantity. 

Thus,  the  reciprocal  of  3  is  \,  of  a  is  ^,  °^  "i-  ^^  -J )  <^^  7  i^  |,  &c. 

AXIOMS. 

37.  An  axiom  is  a  theorem  which  cannot  be  reduced  to 
a  simpler  theorem. 

The  following  are  the  principal  axioms  made  use  of  in 
al^rebra : — 


'D" 


I.   The  whole  is  equal  to  the  sum  of  all  its  parts. 
XL  If  equal  quantities  or  the  same  quantity  be  added  to  equal 
quantities,  the  sums  will  be  equal. 

III.  Jf  equal  quantities  or  the  same  quantity  be  sicbtractedfrom 

equal  quantities,  the  remainders  will  be  equal. 

IV.  If  equals  be  multiplied  by  equals  or  by  the  same,  the  pro- 

ducts will  be  equal. 
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V.  J/ equals  be  divided  by  equals  or  by  the  same,  the  quotients 

will  be  equal. 
VI.  1/the  same  quantity  be  both  added  to  aiid  subtracted  from 

another,  the  latter  will  not  be  altered  in  value. 
VII.  If  equals  or  the  same  be  added  to  or  subtracted  from 

unequal  quantities,  the  sums  or  remainders  will  be 

unequal. 
VIII.  Jfunequals  be  multiplied  or  divided  by  equals  or  by  the 

same,  the  products  or  the  quotients  will  be  unequal. 
IX.  Equimultiples  of  the  same  quantity  or, of  equal  quantities 

are  equal  to  one  another. 
.   X.  Equal  powers  or  equal  roots  of  the  same  or  of  equal  quan- 

titles  are  equal  to  one  another. 
XL   Tilings  which  are  equal  to  the  same  thing  are  equal  to  on^ 

another. 


Exercise  I. 

1.  What  is  algebra?  (1) 

2.  Classify  algebraic  symbols.  (2) 

3.  What  are  the  symbols  of  quantity  ?  (3) 

4.  What  are  the  sj-mbols  of  operation?  (8) 

5.  Write  down  the  symbols  of  relation.  (18) 

6.  Express  the  symbols  of  aggregation.  (23) 

7.  What  are  the  symbols  of  deduction?  (27) 

8.  What  letters  are  employed  to  denote  known  quantities  ? 
Unknown  quantities  ?  (5) 

9.  What  is  the  meaning  of  the  symbol  0  ?     Of  the  symbol  oc  ? 
(6  and  7) 

10.  What  is  an  exponent?  (14) 

11.  What  is  a  coefficient  ?  (33) 

12.  What  are  the  terms  of  an  algebraic  expression?  (30) 

13.  What  are  the  factors  of  an  algebraic  expression?  (31) 

14.  What  is  a  monomial?  A  binomial  ?  A  multinomial  ?  (30) 

15.  What  are  like  quantities?  (34) 

16.  What  are  homogeneous  terms?  (35) 

17.  What  are  additive  terms  ?  (32) 

18.  What  are  subtractive  terms  ?. (32) 
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19.  What  are  positive  and  negative  terms  ?  (32) 

20.  When   no  sign  is  expressed  before  a  term,  how  is  it  re- 
garded? {^d2) 

21.  How  many  ways  have  we  of  indicating  the  extraction  of 
a  root?  (15) 

22.  What  is  the  index  of  the  root?  (16) 

23.  What  does  the  denominator  of  a  fractional  index  denote  ? 
What  the  numerator?  (11) 

24.  How  are  quantities  connected  by  the  sign  +  or  X  to  be 
read?  How  those  connected  by  the  sign -or -j-?  (11  &  12,  Notes) 

25.  What  are  axioms  ?  (37) 

26.  Give  tbe  principal  axioms  employed  in  algebra.  (37^ 

EXEBCISE  II. 

Read  the  following  expressions,  and  explain  what  each  indi- 
cates : — 

c 

1.  a    5a,  Oc^,  4a^,x^,|(a  +  5),5x(r/  +  s-c),-3«i 

+  4x 

2.  3a +4 -7c,  (r-y-c)^,  a6c, 'l^,  ^ab(m  +  xy^), 

m 

3.  (m  +  x)  ^(x-¥  y),  aJ,a^^b^  =  (a+b)  {a^b),_^±^iz£ 

^ .  ,  ^  Sa-4c^  +^m 

4.  7  +  a>a-3,  a^<  a%  {a-(6TC)  }  -^=-^'(0-6 -c)^ 

5.  •.*  a>6  and  6>  c  .'.  c<r«. 

6.  a^  dab  +  4a2c2  -  labx  +  3^  -  1y/2^  +  (a  -  6  +  c  )^  -  ^7^  + 
(a -771). 

Of  the  above  algebraic  expression^  :— 

7.  Which  are  monomials  ? 

8.  Which  are  binomials  ? 

9.  Which  are  multinomials  ? 

10.  Which  are  coefficients  ? 

11.  Which  are  exponents? 

12.  Which  are  terms? 

13.  Which  are  factors? 

14.  Which  are  additive  or  positive  terms  ? 

15.  Which  are  sub  tractive  or  negative  terms? 


Sect.  I.J  -  DEHNITIONS,  ETC.  19 

Exercise  III. 

1.  Write  down  a  added  to  6. 

2.  Write  down  a  subtracted  from  b. 

3.  Write  down  the  difference  between  a  and  b. 

4.  Express  in  three  different  ways  the  product  of  a  and  b. 

5.  Express  in  three  different  ways  the  division  of  a  by  b. 

6.  Express  the  fourth  power  ofa  +  b. 

7.  Indicate  in  two  different  ways  the  extraction  of  the  ffth 
root  of  a. 

8.  Indicate  in  two  different  ways  the  fourth  power  of  the  fifth 
root  of  ab. 

9.  -Indicate  that  the  sum  of  am  and  xy^  is  greater  or  less  than 
the  difference  of  a^  and  c. 

10.  Express  the  equality  of  tne  ratios  a  lo  7/i  ana  xy  to  cf. 

o?  3z 

-'1.  Write  down  the  reciprocals  of — ,  j^x^,  — ,  a  -^^  b  ^  c^ 

(X  +  t/)7. 

12.  What  is  the  difference  in  meaning  between  0  +  6^  and 
d'  +  63  and  (a  +  bf  ? 

13.  What  is  the  difference  in  meaning  between  ax^j^  axy"^,  and 

a^xyl 

1      1 

14.  What  is  the  difference  in  meaning  between  mx^,  m'x,  and 

{mxy?. 

15.  What  is  the  difference  in  meaning  between  a-  (x-y)  and 
(a-x)-t/? 

16.  What  is  the  difference  in  meaning  between  a7;i-c'and 
am-^cl 

11.  Write   down  four  homogeneous  terms  of  1  dimensions 
eaeh. 

18.  Write  down  three  homogeneous  terms  of  13  dimensions 
each. 

19.  Write  down  any  six  like  algebraic  quantities. 

20.  Write  down  in  an  abbreviated  form  the  product  of  a,  a,  a, 
a,  7/1, 771,  m,  (x  +  y),  (x  +  y)  and  am(x  -i-y). 

21.  Resolve  the    expressions   7a^,   4ay,  a^m^y  (a  +  b)'^,  a\v^ 
\a  -  my  into  their  simple  factors. 
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22.  Express   ihe  division   of  the  sum  of  mx-  and  y^  by  the 
square  of  the  sum  of  a  and  6. 

23.  What  is  the  coefiScient  and  what  the  .exponents  of  a  and  x 
in  the  expression  ax  1 


38.  To  find  the  numerical  value  of  an  algebraic  expres- 
sion, wlien  the  value  of  each  letter  entering  into  it  is  given : 

Rule. — Substitute  for  eaih  letter  its  numerical  valuCj  and  per- 
form upon  the  resulting  numbers  the  operations  indicated  by  the 
signs  connecting  them. 

Thus,  in  the  following  exercise,  wherever  a  occurs  in  an 
expression,  we  write  its  assumed  value  1  ;  for  b  we  write  2  j 
for  c  we  write  3  ;  for  d  we  write  4 ;  and  for  7n  we  write  0  :  then 
we  multiply,  divide,  add  or  subtract  these  quantities  as  directed 
by  the  connecting  signs.  For  example,  taking  a=_l,6  =  2,  c  =  3- 
and  7/1  =  7,  we  thus  find  the  value  of  the  expression : — 


V'"(3«-4c  +  26^)--^^ 

0.  V  -^  +  1 

6  + 

=  V7(3x  1-4x3  +  2  X  2^ ^ =   ^J1{3 - 

-12  +  16)--^ 

=  y7x7-5;=V49 -1  =  7-1  =  6     Jins. 

39.  We  are  said  to  show  that  one  algebraic  quantity  is 
numerically  equal  to  another, 

When  by  substituting  the  values  for  the  individual  letters  in  each 
we  show  that  the  numerical  value  of  the  first  expression  is  the  same 
as  that  of  ihe  other. 

For  example,  if  a  =  4,  6  =  3,  cZ  =  7,  and/=  0 

a~bdf+  ab-d  =  2d-  Qa  ■h2b)  +  1 
Here  we  at  once  throw  out  the  quantity  a^W/,  because/ being 
=  0,  the  whole  quantity  into  which  it  enters  as  a  factor  must=  0, 
and,  therefore,  as  an  addend,  it  disappears  ]  then  substituting 
their  values  for  the  others, 

4x3-7=2x7- (4  4-2x3)  +  ! 
12  -  7  =  14  -  (4  +  6)  +  1 
12-7=  15-  10 
5  =  5 
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Exercise  IV. 
If  a  =  1,  6  =  2,  (?  -  3,  rf  =  4,  and  m  =  0,  find  the  value  of  :— 
l.a^-1.  2.c^^-Bc  3.ah  +  cd. 


4.  a^b^ -(c-a).  5.  ^b  +  c+d.  6.  a^m^xd^ 

7.  6(a^c2)  8.  (bW-cm'')h      9.  (a+6)(<i-m)2. 

10.  4{a-(d-c)}h     11.  (6Vrf2)^  12.  (d'-^bcy  ((P^bcdy. 


13.  Show  that  ^:^  =  a,  r^  "  ^'  rn  ^  ^' ^^' 

14.  Show  that  14a-(35  +  c)  <d^-b  (b  +  c). 

15.  Show  that  (0^6  -  c^d  {■  abc)m  =  arbWm. 


IG.  Show  that  ^/ab'c^  -  4(6  +  d)c  >  f  (6  +  c)  (d^  +  c-)  f 

17.  Show  that  "^y-^^    =  5/5  +  c)  +  a6V/n. 

a?(^  +  2abcdm-(d-cY      ,  ,  ,  ,        ^ 

18.  Show  that  — ^ =  {dc  ^  (d  + c  +  b  +  a) 

^/2(rf2  +  c2)+6(c  +  d) 


Find  the  numerical  value  of  the  following  expressions  :— = 

19.  (2  -  6)  (3a  +  4&  -  c)  +  {  a&  +  (3i  -  2c)  }  -  4a(2c  -  3b) 
-  {  abc^  -(3c  +  a)]  +  {abd-{c  +  d)a]b. 

20.  (c2  -  a")  (62  -  7n2)  +  m  {bed  (a  -  b^)d]  +  3a  { a  +  c  (d-3a)  }. 

21.  |(a-6)+(c  +  d)f +  [(c-}-7n)-(6-a)]3-{(yi+rZ)+(26-c)p. 

22.  V  (a  +  c)  rf  +  -^c-^  (a  +  b)  +  {  2((Z  +  bc)^  +  (Id  -  bh)  p  - 
(bed  +  a)i. 

7(a7n)^  +  3Vc?-(6c?+4c)  ^  _aW_-^7<f  +  {  d^  («  +  c)  p 

^ '^abc^(edm)\  "*"  f  (6  -  0) +"^{7^  (6  + m)]  " 

-^a6ci-(/2. 

24.  i  {  a6  (a  +  6)  }  -  i  {  6c  (c  +  a)  I  +  i  {  (ca  -  6)  (a-6  +  3)  }  + 
\  {(d  +  c)  (1  +  36  -  2c  +  rf)2| 

c  (g  4-  6  -  c)^  +  11  {  (3a  +  2c)  (2a  -  6  +  \d)  } 
^^-        ~  {(3c  +  6)-V^}(^  +  c  +  62-7n)  ^ 

{  (a  +  3d)2 -  (c^  +  56) -(c  +  (i)} I        (2a6  +  C(£  -  bd)  (d  +  c) 
abm^d?-a  r(d  +  ab^) 
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SECTION    II. 

ADDmOX,  SUBTRACTION,  USE  OF  BRACKETS, 
MULTIPLICATION,  AND  DIVISION. 


ADDITION. 

40.  When  the  quantities  are  similar  and  have  the  same 
sign: — 

Rule. — Add  the  coefficients^  annex  the  literal  paii,  and  prefix  the 
proper  sign. 

(4)  (5)  

-8(ci-a2)  2a-3m+  y  -  G^a  +  b 

-  4  (ci  -  a2)  3a  -  5m  +  Sy  -  3^a  +  b 
-3(cd-  a2)  8a  -  1m  +  3y-  5^aTb 

-  (cd-a"^)  5a-3wi  +  2y-    ^TTTb 
-1  (cd-a^)  3a -2/71+   y 

-  2  (cd  -  a^)  a  -  1m 


(1) 

(2) 

(3) 

la 

-2cd 

e(x  +  y) 

3a 

-3cd 

2(x  +  y) 

5a 

-  cd 

5(x  +  y) 

11a 

-5cd 

8(x  +  y) 

3a 

-  cd 

i^^y) 

2a 

-Bed 

U(x^y) 

31a     ~20cd      33(x+y)       -25  (crf-a^)    22a-27»i+13^-15-^a+ 6 

Exercise  V 
Find  the  sum  of: — 

1.  3a,  2a,  9a,  11a,  a  and  I7a. 

2.  -  4ab^^-1ab\-  llab^,  -  ab^,  and  -  3ab^. 

3.  3(a  +  6-  c*),  G^a  +  b"  c^),  2(a  +  6  -  c^),  (a  +  b  ~  c^,  and 
7(a+6-c2). 

4.  4a(a;  -  y^)^,  9a(x  -  y^)hj  3a(x  -  y^)\  and  lla(x  -  y^)^. 

5.  3a-4y+7,  6a-3y  +  3,  5a-3y  +3,  7a-3/+ 2,  and  6a- 2y  + 8. 

6.  3  (X  +  y)  +  7a  -  abc,  5(z  +  y)  +  5a  -  3a5c,  2(x  +  y)  +  Ua^labc, 
(X  +  y)  +  2a  -  abc,  2(x  +  y)  +  a  -  5abc,  and3(x+y)  +  2a  -3abc. 

7.  (a  +  6)x-  (c+  ci)t/-  (i+/)2r,  5(a  +  b)x-6(c  +  d)y-  1(d+f)z, 
2(a  +  6)  ar  -  3(c  +  d)y  ~  A{d  +/)  z,  4(a  +  6)  a:  -  5(c  +  d)  2/  - 
6(rf+/)Si  and3(a  +  6)x-4(c  +  d)2/-5((f+/)2. 

8.  a^ft'x'  4-  0^62x5  ,  a^i^x^  -  a^i^a;^,  Sa^i^x^  +  TaS^z^s  _  5a^h^ 
-  6a='6'a;2,  7a263x^  +  3a%^x^  -  Sa^ft^x^  -  2a^b^r',  and  4a2i3x3 
+  o^  b^x^  -  2a'^b^x^  -  Sa^i^x^ 


(1) 

4a 

(2) 

5a -3c 

(3) 

5ab  +  6cy-   3 

-7a 

2a  +  4c 

'8ab'3cy  +  ll 

-3a 

-3a  +  9c 

-7a6  +  4cy-   6 

-2-a 

6a -5c 

llab-bcy+    7 

5a 

4a  +  3c 

3ab-Acy-{-   6 

6a 

-  7a-12c 

-7a6+   cy-    1 

3a 

7a-4c 

-3a6-4c?/  +  14 
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41.  When  the  qtiantities  are  similar,  but  all  have  not 
the  same  sign : — 

Rule. — Arrange  the  quantities  so  that  similar  terms  shall  b  e  in 
the  same  vertical  column.  Add  separately  the  positive  and  negathie 
coefficients ;  to  the  difference  of  these  two  sums  prefix  the  sign  of 
the  greater  and  affix  the  common  literal  part. 

(4)  _ 

5(a  4-  a:)  ^  3ah:y  +  1\la^b 

9(a+a;)-6a2xy-8(a  +  6)^ 
-  7(a  +  X)  +  Salary -6(a  + 6)^ 

3(a  +  x)  -  Savory -5(a  + 6)^ 
ll(a  +  x)  -  5a2xj/  +  3(a+  by 
13  (a  +  x)  +  Qa^xy  -  8Va+* 

8(a  +  x)-6a2xy-l7(a+6)^ 

Explanation.— In  (1)  the  sum  of  the  positive  coefficients  6,  5,  4  =  15, 
sum  of  the  negative  coef  2,  3,  7  =  12 ;  then  15  ~  12  =  3,  which  is  positive, 
because  15,  the  greater,  is  the  sum  of  the  positive  coefficients. 

In  (2),  left  hand  column,  the  sum  of  pos.  coef.  4,  6,  2,  5  =  17,  and  of 
neg.  coef.  7,  3  =  10 ;  then  10  ~  17  =  7,  which  is  pos.  because  17  is  pos.  In 
right  hand  column  sum  of  pos.  coef  3,  9,  and  4  =  16,  and  of  neg.  coef  12, 
5,  and  3  =  20 ;  then  20  - 16  =  4,  which  is  neg.,  because  20,  the  sum  of  the 
neg.  coefficients  is  the  greater. 

Exercise  Yl. 
Find  the  sum  of: — 

1.  a  +  6  and  a-6;  2a  +  &-c  and  a-b  +  Ac;  4a  ^  3i  +  c  and 
76  -  8c. 

2.  2a6  +  3ay  -  cd,  Cab  -  lay  +  5c(f,  3ab  -  Qay  +  2ci,  and 
-  3a&  -  2ay  +  led. 

3.  5a2x*  -  3(a  +  6)  -  7x^y  +  7,  a^x^  -  7(a  +  6)  -  8x^y  -  11, 
and  -  7a2x^  +  3(a  +  i)  +  3^y  -  16. 

4.  o  +  6-c-(f, a-6-c+d, a-6  +  c-rf, -a-6  +  c+(/, -a  +  6-c  +  rf 
and  a  -  6  +  c  -  rf. 

5.  3x2/+7a6-3,  5xy  +  3a6  +  7,  4xj/-7a6  +  ll,and-7xy  +  lla6  +  2. 

6.  3  +  7a  -  6ft  +  c,  7a  +  3  -  46  -  2c,  76  -  3a  -  7  +  3c,  and  6c  - 
26  +  6  -  3a. 
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7,  ub  -  xy  +  cd  -  m  +  c,  6c  -  3xy  +  4/?i "  cd  -  3ab,  5cd  -  Bm  +  5c  + 
8aZ>  -  3xj/,  5»i  +  6c  -  3cc?  +  2a;j/  -  3ab  and  1  la:?/  -  37n  -  2c  +  3a6  -  led.  « 

8.  Sni^a;  +  3xy  -  7,  7x1/  +  3  -  Sw^x  +  ?/2,  17-2/2;  +  7a;i/  -  llmrx 
and  -  llm^j;  +  3x^  +  4. 

3m^x^  -  3m^n^  and  -  Ttfin^  -  ?7i^a;^  +  a^d^ 

10.  V2  +  \/3  +  V4-^«+<^MlV2-9V3+7Va"6V4  +  V<^,-3^3+ 
7V2  +  V4  -  7a5  +  8^c,  1  la"^  -  V2  +  3^3  t  7V4,  and  dc^  -  4a^  +  1 1^4. 

11.  3xy-1ai/+2cx-x'  +3^J/,  2xy  +  U'Jx  -  lay,  I3y^  -Ilex  + 
2ay,  12^1/  -  7x^  +  3cx  -  ay,  llxy  +  3ay  +  6cx  and  4xy  -'^x  -  3^y. 

1 2 .  (ax  ■>rhy-cz)'^  -  ^/m^n  -  (x-y),  1^/m+n  +  3(x~y)~yax-{-by-cz, 
7(x  - 1/)  +  8^ax  +  by-cz-  1 1  (»i  +  71)  ,  6V  m  +  ?i  +  1 1(ax^by-czY  - 
(x-y),  -12  (ax  i-  by  -  cz)*  -3  {x  -  y)  +  A  (m  +  n)^  and  1 '^mTn.- 
9  ^ax  +  by  -cz  +  ll(x  -  y). 

42.  When  the  quantities  are  unlike  : — 

Rule. — Connect  them  together  by  their  proper  signs, 

(1) 

3a 
-4c 

Id 
-  5m 


Sum  =  3a  -  4c  +  7cZ  -  5m. 

(2)    

5a  +  3c  -  6Va  +  6 
2m  -  4a26  +  3ai2 


-6x2/-f  SaH^ 


Sum  =  5a  +  3c  -  G^/a  +  b  +  2m-  Aa-b  +  3ab^-  6xy  +  3a^i^. 

43.  When  the  quantities  are  partially  similar  : — 

Rule. — jidd  the  similar  quantities  by  Jrts.  38,  39,  a7id  to  the 
partial  sum,  thus  formed,  affix  the  unlike  quantities  by  their  proper 
signs. 
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(3)  (4) 

2a  -  4c  -r  6  Sax^j  -i-  lay  -  lOx*  4-    Sa^p 

7a  -  2c  +  m  -  5ax-y           4-    3x'  +    Ta^/J  -  7n?i. 

-9a  +  6c  -f  Sab  -  Say              -  ISa^/?  +  qjj 

+  1am  Aax^y  +   ay  -r    Tx^^               -r  ni^ 

-  c  +  6  +  7rt  -f  Sab  +  Tawi.     2aj^?/  -  Sa^p  ■-  nm  ■{■  qp  +  m^ 
Exercise  VIL 
Find  the  som  of : — 

1.  a  -h  bj  m  -r  c,  X  -r  yj  and  3p. 

2.  2ap  -  3x?/  +  4»i7?,  Smn  -  3j::;  +  Ixy,  3mn  -  ot'  4-  2aj),  and 

-  4ap  -  4x7/  -  12/nn. 

3.  3(a  +  6)  -f  "JCx  ~2/),  Yc  +  8(a  4-  6),  ll(x  ~  2/)  4-  4^^,  and 

-  16(x  ~  J/)-  ll(a4-6). 

4.  ojry  -  Sy-z  4-  4,  T^/^j  -  7«i  -  3,  5x-y  4-  Sy^i  -  a-b,  and  6  4-  1m 

-  "iy^-- 

5.  a  4-6  4-  <?,  36  -X  4-  y,  5(a  i-by-i-  Sx,  1c  -  3m%  5ab  -f  G6  -  3y,  and 
3(-i'  +  y)  -  8c.  

6.  lax'^  -  Saby  4-  Ix^y'^-S^Jx  4-  5,  V-c  -  3  -  Ya^y  -  Gax^,  3m  -  5Va4-J/ 
4-  10a6y,  11  -  ax'^-\-b\lx  -  9x^y'^  -  Im,  and  2xh/  4-  4ni  -  3^/x  4-  5. 

7.  x^ - 3x V -f-zy  +  i/,2i/+  Ix^y'^  +  Sy'^ -9,4yz  +  S-t Sx^ - 5?/^ 
4-  3x2|/2,  2j/3  -  6x^2  +  2!/,  -  3^2  -  xY  +  ^y'^  and  6  -  57/2. 

8.  5(x7/4-X2;-y2>^  4-3(a4-r/)c-7a2{/,8(x7/4-xi;-i/2)*  -  7(a  4- 7/)c 
4-3771,  8\/^s  4- XT/ -  t/z  ~4am,  7(a4-t/)c-  11^xz-yz  4-  xy,  5a/ii  -  3/n- 

-  3(a4- 7/)c- (xz- ys4-xJ/)3  andx^y-TTi^ 


•     SUBTRACTIOX. 
44.  Theorem. —  TAc  subtraction  of  any  positive  quantity  is  equiv- 
alent to  the  addition  of  the  same  quantity  taken  negatively  ;  and  the 
subtraction  of  any  negative  quantity  is  equivalent  to  the  addition  of 
the  same  quantity  taken  positively. 

Demonstration  I.  a  =  a 4-6  -6  (Ax.  vi)  ;  subtract  4-  6  from  each. 

Then  ( Ax.  in)  a-(4-6)  =  a-6=a4-(-6) 

"  II.  a  =  «4-6-6(Ax.  vi)  ;  subtract- 6  from  each. 

Then  (Ax.  iii)  a- (-6)  =  ft  +  6  =  a4- (f  6) 

C 
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45.  To  subtract  one  algebraic  quantity  from  another : — 

Rule. — Change  all  the  signs  of  the  subtrahend  or  imagine- Lhe.m. 
to  be  changed^  and  then  proceed  as  in  addition. 

Note.— Once  the  signs  of  the  subtrahend  are  changed,  the  question  is  r.o 
longer  one  in  subtraction,  but  is  converted  into  an  equivalent  problem  in 
addition. 

From  7a -l3xy  +  27  i:^„i„,eBt  C      To       1a-l3xy  +  2l 

Take  5a-nxy+ld  "i^^^-    \     Add-5a+ llxj/- 19 


Remainder  2a-    2xy  +   8  Sum    2a-    2xy-\-   8 

(1)  (2) 

From  9ab+   3xy-23  From  3x^y-   7r?/2  4-3s^-4 

Take   Bab-   *Ixy+U  Take   9x^y+   Axy^-bz^  +  m 


Rem.  4ab-\-10xy~4:0  Rem, -6x2j/-llrir+ 82^-4-2?* 

(3) 

From      2  (a:  -  y)  +  z\a  -  b) 
Take     -1  (x  -  y)  -  a'^tn  +  n 


Rem.       9(x-y)  +  z\a-b)^a%^l7 
ExEBCiSB  Vlir. 


1.  From  ia^^z-- 1xy^+5az^-1xy  +  13m  "11 
Take  3aYz  +  4:Xy^  -  Qaz^  -  1  l^y-  7/»  - 1 1 

2 .  From    3a  -  7c  +  4xy^  -  l^a  -  b^ 
Take  -  1  la  +  7c  -  ni^  +  G^/a^b^ 

3.  From  (a  +  b)^x^  -y  +  lam^  -  cd 
Take  1am^~3cd  +  4(a  +  b)(x^-y)i 

4.  From  9(xy+y''-z^)K3^/x'^-y^  +  la^x^  -  1  l^;?j  +  173-VaH 
Take  5(xy-z^+y^y  +Ilx(b  +  ay  +  3m^  -  la^x^  i-  3(x^ -fy 

5.  From  3  +  V2  -  5a:  +  ^4  -  7i/ +  8^  -  6Va^ 
Take  V2  -  13  +  4^  -  6^8  -  5x  +  IGy  +  3(a  -  b)^ 

6.  From  5a -66-  7c  +  4i-  lle+  Im-lGx  +  y-lz 
Take  4d--7«+5a-66  +  w-5c+  9^  -  lly  +  abed 
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USE  OF  BRACKETS. 

46.  Much  difficulty  is  commonly  experienced  by  a 
beginner  in  the  management  of  brackets.  His  attention 
is  therefore  particularly  directed  to  the  following  rules, 
remarks  and  exercise. 

Rdls  1. — If  any  number  of  quantities,  enclosed  ivithin  brackets, 
be  preceded  by  the  sign  +,  the  brackets  may  be  struck  out  as  of  no 
value. 

This  arises  from  the  fact  that  when  a  quantity  is  added, 
the  signs  of  its  terms  are  not  changed. 

Rule  2. — If  any  number  of  quantities,  inclosed  icithin  brackets, 
be  preceded  by  the  sign  -,  the  brackets  may  be  removed  if  all  the 
included  signs  be  first  changed,  i.e.,  +  into  -  and  -  into  +. 

The  necessity  of  thus  changing  the  signs  is  manifest 
from  the  following  illustration  : — 

a-  (b  +  c)  means  that  we  are  to-  subtract  the  whole  quantity 
b  +c  from  a.  If  we  subtract  b  alone  the  remainder  a-b  is  too 
great  by  c,  for  we  were  to  subtract  the  sum  of  b  and  c.  Hence 
to  obtain  the  correct  remainder  we  must  take  c  from  a  -  b,  but 
this  gives  a-b-c.     Therefore  a-(b  +  c)  =  a-b-c. 

Again  a-(b-c)  means  that  6  is  to  be  decreased  by  c,  and  the 
remainder  taken  from  a.  If  now  we  take  b  from  a,  the  remainder 
a  -  6  is  too  small  by  c,  because  we  have  subtracted  a  quantity 
too  great  by  c.  Hence  to  make  the  remainder  a-b  what  it 
ought  to  be,  we  must  add  c,  but  this  gives  us  a-b  ^■  c.  There- 
fore «  -  (6  -  c)  =  a  -  6  +  c. 

Remark  1.— The  learner  must  carefully  note  that  in  every  case  in  which 
he  meets  with  [  or  ^  or  (  he  must  look  for  the  counter  part  )  or  |  or  ]  and 
that  the  above  rules  apply  only  to  the  signs  of  the  quantities,  simple  or 
compound,  included  within  the  complete  or  outer  bracket, 
•  Kemark  2.— In  removing  the  brackets  from  a  quantity  it  is  to  be  care- 
fully remembered  that  the  first  sign  within  tlic  bracket,  when  -f ,  is  always 
understood,  and  that  the  rules  above  giveu  apply  to  it  as  well  as  to  the 
other  signs. 
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Ex.  1.  Simplify  a -V  (b  -  c  ■\- d) 

OPERATION. 

a  +  (b-c  +  d)  =  a  +  b-c-i-d 
Ex.  2.  Simplify  Sa- (Ac- d  +  Sa-vi) 

OPERATION. 

3(1  ~  {ic -d  + 3a- 771)  =  3a -4cC  +  d- 3a -K?;i  =  - 4c+  (i  +  7n 
Ex.  3.  Simplify  3?;i-{a  +  (c-7n)} 

OPERATION. 

3m  -  { a  -i-  (c  -  m)  ]  =  3m-a-(c-  m) 

=  3m-a-c+m  =  Am-a-c 
Ex.  4.  Simplify  1  -  {  1  -  (1  -  {'l  -  x  |  )  } 

OPERATION, 

l_|l_(l_|l_a:})}  =  l-l-r(l-{l-a|) 
=l-l+l-{l-x} 
=  1-1  +l-l+a; 
=  x 
Ex.  5.  Simplify  (a  -  b)-  {-  a  -(h  -a)}-  {-(-  {-(-  a  -{-  6)-r|-Z-)-c} 

OPERATION.* 

(a_&)-{-a-(6-a)}-{-(-{-(-a  +  6)-c}-Z.)-f} 
=  a-6  +  a  +  (6-a)  +  (-{-(-a  +  i)-c}-6)  +  c 
-a-b-\-a-\-b-a-{-{-a-Tb)-c\-b  +  c 
=  rt-6  +  a  +  &-a+(-a4-6)TC-6  +  c 
=  a-b-\-  a->rb  -a-  a  +  b^c-b-Vc 
=  2c. 

""  Although,  for  the  sake  of  illustrathig  each  step,  the  process  is  here 
made  to  consist  of  several  lines,  the  student  is  recommended  to  remove 
all  the  brackets  at  one  operation,  and  thus  to  make  only  two  distinct  steps 
in  the  simplification. 

Exercise  IX. 
Simplify  the  following  expressions  : — 

1.  (rt  +  ??0-(c-6)  +  (5-??i)-(a  +  g)  +  (c  +  3)-(.5c-i-?n) 

2.  ((i-6-c)-(6-c-a)-(c-&-a)-(a+6  +  c) 

3.  (3«-4)-(6?/-a:)-(5a-4-6J/)-(3a-4-{-G}) 

4.  6-{-(-{-(.[-(m)})l)} 
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5.  (2a  -  3c  +  Ad)  -  {od  -  (m  +  3a)  }  +|  5a  -  (  -  4  -  (/)  }  -  {3a- 
(4a  -  5(Z  -  4)  } 

6.  wi2-(c2_a--^)  _{_w2-(-2a-)  }_{-(_5?;i2- {- (a'- -  c^  +  S/n^) 
_c2}-7/i2)-2a2} 

7.  i-(-i)_|_(-i)  }_{_(-{-(- 1)-1})-U 

8 .  a^  +  2x-{a^-  (2x^-  {-  m'^-Ca^  +  2x  -  { -  7n2  -(Sa^  +  3x  +  3?/i2)  |)  [ 

-  2m2)  -  a  2  } 

9.  (a26c+3c2)  +  Sa^fec  -  (»i  +  c)  -  {  -  (4a26c  +  c)  -  (  -  3c^  -m)  } 

10.  3a-(2«  +  l)  +  {a-(2-a)|-{-l-(-M-2-a  +  (-l)}-2«)} 

11.  (-a-6-c)-l-(a-c)-(c-a)-{ -(+{+(+{+ (  +  {-fl'}-Z'-c) 

-  a  }  -  36)  }  -  3&  -  2c)  -  2a  } 

12.  {(fl»i-c)-7}+{(5-7a»i  +  c)}-{-3a-(-4flHi-[-c-(-9 

-  3c  -  4a)  }  -  6)  -  5am  | 


47.  It  is  frequently  found  necessary  in  the  performance 
of  algebraic  operations  to  inclose  two  or  more  simple  terms 
within  brackets  so  as  to  deal  with  them  as  constituting  one 
quantity.  In  placing  any  given  terms  within  a  bracket, 
attention  must  be  paid  to  the  following  rules: — 

Rule  I. — ^ny  term  whatever  may  be  selected  as  the  first  term 
wHhin  the  bracket^  remembering  that  the  sign  of  that  term  must  he 
placed  before  the  bracket. 

Rule  II. — If  the  sign  thus  placed  before  the  bracket  be  +,  the 
other  terms  may  be  at  once  placed  within  the  bracket^  each  preceded 
by  its  proper  sign;  but  if  the  sign  thus  placed  before  the  bracket 
be  -J  then  in  placing  the  other  terms  within  the  bracket  we  7nii^i 
change  the  sign  of  each,  i.e.,  +  into  -  aiid  -  into  +. 

Note,— The  signs  are  thus  changed  when  the  terms  are  put  into  a 
bracket  preceded  by  the  sign  — ,  in  view  of  the  fact  that  when  the  brackets 
are  struck  out  this  —  sign  has  the  effect  of  changing  the  included  signs  b,ick 
again  "to  their  original  form. 

Ex.  1.  Inclose  a-6-c  +  £Zina  pair  of  brackets. 

OPERATION. 

+  a-6-c  +  tZ  =  +(a-i-c+c/) 
ov  =  -  (J)  ~  a  +  c  -  d) 
or  =  -  (c  -  a  +  6  -  (/) 
or  =  +  (rf  +  rt  -  i  -  ?) 
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Ex.  2. — Inclose  «-6+c-d-m  +/,in  alphabetical  order,  in 
brackets,  using  an  outer  bracket  inclosing  two  pair  of  inner 
brackets. 

OPERATIOy. 

a'-b  +  c-'d-m+f={(a-b  +  c)~  (d  +  m-f)  \ 
or  =  {  (a  -  6)  +  (c  -  d  -  m  +/)  } 
or  =  {  (c)  -  (&  -  c  +  J  +  m  -/)  } 
or  =  {  (a  -  6  +  c  -  (/)  -  (m  -/)  | 
or  =  {  (a  -  6  +  c  -  (Z  -  m)  ^  (/)  ] 

Exercise  X. 

Express  a-b+c  -d  -  e  +  m  -f-  v-s  +  v-t-w  +  x  in  brackets. 

1.  Taking  the  terms  two  together, 

2.  Taking  the  terms  three  together. 

3.  Taking  the  terms /o«r  together. 

4.  Taking  the  terms  six  together, 

5.  Three  together,  using  an  inner  bracket  after  the  moael, 
{*+(♦+*)} 

6.  Three  together,  using  an  inner  bracket  after  the  model, 
f(  *±*  )  +  •  I 

7.  Four  together,  using  an  inner  bracket  after  the  model, 
{*  +  (*  +  *+*)} 

8.  Four  together,  using  an  inner  bracket  after  the  mode], 
{(*+*  +  ♦)  +  ♦} 

9.  Pour  together,  using  an  inner  bracket  after  the  model, 
(*+(*  +  *)  +  ♦} 

10.  Six  together,  using  an  inner  bracket  after   the  model, 

J*  i*  ±*  ±(*  ±  *±*  )} 

11.  Six  together,  using  an  inner  bracket  after  the  model, 
{(+*+*+*+*)+*+♦} 

12.  Six  together,  using  two  inner  brackets  after  the  mod^^!, 
J^i(*±*)±    *+(*+*)} 

Note.— The  asterisk  is  used  merely  to  denote  the  position  to  be  occupied 
by  the  given  letters  with  reference  to  the  brackets,  the  &ign  x,  read  plus, 
or  minus,  implies  here  that  the  student  is  to  determine  which  one  of  these 
s  igns  is  to  bo  employed. 
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48.  A  number  or  a  letter  written  directly  before  or 
after  a  bracket,  inclosing  one  or  more  quantities,  implies 
that  each  of  the  included  terms  is  to  be  multiplied  by  that 
number  or  letter.  So  the  line  that  separates  the  numerator 
and  denominator  of  an  algebraic  fraction  acts  as  a  yiuculum 
in  uniting  the  terms  of  the  numerator  into  one  quantity ; 
and  hence  when  the  several  terms  of  the  numerator  are 
written  separately,  the  denominator  must  be  placed  under 
each. 

Ex.  1.  RemoTe  the  bracket  from  6  (^a-am-\-  hxf  '-  c), 

OPERATION. 

6  (rt  -  am  +  by^  -^)T^ea~  Qam  +  Gftj/^  -  Qc 
Ex.  2.  Remove  the  bracket  from  4  [a  -  b  ~  (ex  ^  dy  ^  h^]m 

OPERATION. 

4  {  a  -  6  -  (f  A  +  </?/  -  h^a\m  =  4?7i  { a  -  6  -  {ex  -bdy-P)  a] 

=  Aam-  Abm  -  4m  (ca;  ^dy-  b^)  a 

'  =  4:am-Abm-' 4:am(ex  +  dy-b^) 

-  iam  -  4^bm  -  4aemx  -  Aadmy  +  4<ibhn. 

■r,       „    -r.  ,        .       ,        -.  3a  -  m  -  (c^  T  m^  +  x)i/ 

Ex.  3.  Remove  the  vinculura  from  -,-^-7 

2byc 

3a -m-  (c^  -  m^  +  x)y        3a  m         c'^y  -  m-y  -f  xy 

2b^/c  "^  ^  2byc  "  2byc  2byc 

3a  m  c^y  m^y  xy 

""  2bSc  ~  2byc  ~  W's/c'  "^  '2&V<^'"  'ifcV" 
Note.— In  the  first  step  of  this  operation,  when  the  bracket  inclosing 
the  last  three  terms  is  struck  out,  the  included  signs  are  not  changed, 
because  llie  vinculum  written  under  these  terms  still  binds  them 
into  one;  but  when  in  the  next  step  this  vinculum  is  removed,  the  minus 
sign  preceding  it  has  tlie  effect  of  changing  the  signs  of  the  terms  as 
exhibited  in  the  operation. 

Exercise  XI.* 
Remove  the  brackets  and  vincula  from  the  following  expres- 
sions : — 

1.  3(a-6);  4x(a  +  i^ _  a:^)  ;  Sp^^- (1  -  6  -  c^) 

2.  TO(a  -  ft"-^  +  wii?)  +  z2  (1  -  3a -  6)  - 7n'^x^  (3  -  6  -  m^x) 

*SeeArts.  52,  53,  and67. 
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3.  3  {  1  -  (X  -  2/)a}  +  4  { l  +  (a-b  +  y)x]~c--{a-(-Z'  m)y] 

4.  a  {  a  (wi  -n)  -c  (p-  q)]+c  [c  {-  m  +  «)  +  a  (  -p  +  5)  } 

7.     x  +  y-(c-d-m) 

5.  a  —0 -.j 

6.  m  + ^ ; 

xxjz 

,    ,  6a -(m- 3;)) 

7.  a{Qn^y)x^€(a^h)]^ay 2a  -  c 

8.  3M-(«-c)i.(™-,0/!-i^ii^^>^:l?20llOz^S 


49.  Two  or  more  ierms  of  an  algebmic  expression  that 
have  a  common  factor  are  often  written  in  an  abbreviated 
form  by  the  aid  of  brackets,  placing  the  factor  common  to 
the  several  terms,  directly  before  or  after  the  bracket,  and 
the  remaining  part  of  each  term  with  its  proper  sign 
within. 

I 

Ex.  1.— Collect  the  coeflBcients  of  x^yz  in  the  following  ex 

pression  into  one  quantity :  ^ax'^yz-  Sx^yz  +  Zd^tii^x'^yz  +  3abc^yz 
-  x^yz, 

OPERATION. 

Zax'^yz  -  ox^yz  +  5a-m-x~yz  +  Sabc-x^yz  -  x'^yz 
=  (5a-  3x  +  5a^nr  +  3abc^-  l)x^yz 

50.  Any  factor  of  an  algebraic  term  may  be  regarded 
as  the  coefficient  of  the  remaining  factor.  This  is  at  once 
evident  from  the  meaning  of  the  expression  coefficient « 
ro?i  " together  with/'  and  efficiens  '^making"  or  "operat- 
ing," i.e.,  the  part  which  cobjm'ates  with  the  remainder  to 
make  the  complete  term. 

Thus,  in  the  term  Sabxy,  3  is  the  coef,  of  abxy ;  3a  is  the  coef. 
ofbxy;  3ab  is  the  coef.  of  xy ;  Babx  is  the*  coef.  of  3/;  3aby  is  ths 
coef.  of  X  ;  abxy  is  thecoef.  of  3 ;  3xy  is  the  coef.  of  (ib,  &c.,  &c. 
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5,  When  teims  involving  brackets  are  to  be  added  or 
subtracted  it  is  commonly  best   first   to  strike   out   the 
brackets  by  Art.  46,  and  after  performing  the  addition  or 
subtraction,  re-bracket  the  terms,  if  necessary. 
.  Ex.  1.  Add  2a(a:  -y  +  3),  5(»i  -  tf  -  ax),  and  2(rt  +  ay  -  4m) 

OPERATION. 

2a(x  -  y  +  3)    =      2«x  -  2ay  -i-  6a 

5(ot  -  c^  -  ax)  -  -  5ax  +  5m  -  5c'^ 

2(a  ■{■  ay  -  4/n)  =  2ay  +  2a  t  8w  . 

Sum  =-  3ax  +8a-  3m  -  5c^ 

=  -  3(ax  +  711)  +  8a  -  5c^ 
Ex.  2.  From  p(x  -  y)  -r  q  Cy  -  z)  take  a  (x  -  z)  -  b  (y  +  z) 

OPERATION. 
p(x  -  ij)  +  q(y  -z)=  px  -py  +  qy^qz 
a(x  -  z)  -  h{y  -v  z)  =  ax  -  az  -  by  -  bz 

Diff.  =  px  -py  +  qy-qz~ax  +az-i-by  +  bz 
=  px  -ax-jry+qy  +  by-qz-hazi-bz 
=  (P  '■a)X'-(p-q-b)y-(q-a'b)z 
Exercise  XII.* 
Find  the  value  of, — 

1.  3(a;?i  -  X  +  y)  i-  5a{x  +  3y)  +  2(a  -  y)}n  +  4x(a  +  1). 

2.  (a  -  a;  +  y)m  +  3(m  +  a)x  +  4(a  -y)  +  3(a  +  a;)?/. 

3.  1(a  +  b  -c)  -^(b  +  X  +  be)  -  3(w  -  a-  c). 

4.  (a  +  m)x  -  3(aw  +  c)xy  +  2(a  -  cmyy"^  added  to  (x  +  i/2)a 
+  (c  +  a)xi/  -  (6  +f)y^ 

5.  3(a:  +  7/  +  c)ani,  +  2c(x  +  2)  +  (j/  -  z)ac   subtracted  from 
3(a  -b  +  c)y  -  (2m  -  c)x  -  3m(ax  +  ay  -  az). 

G.  2n(p  +  xy)c  -  3(»i  -  2x1/  +  y'^)c  -  3a{y  +  c)  subtracted  from 
ll(a  +  b)my'-3xy{a  -  b  +  c). 


MULTIPLICATION. 
52.  Theorem. — Quantities  having  like  signs,  give, when  multiplied 
together,  a  product  which  is  positive  :  arid  quantities  having  unlike 
signs,  give,  when  multiplied  together,  a  product  which  is  negative. 
Or,  as  it  is  sometimes  expressed  for  the  sake  of  brevity, — 
/t  Multiplication,  like  sigjis  give  plus,  and  unlike  signs,  minus. 

*  See  Am.  52  and  53,  '' 
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Demonstration  I.  +  ax+b  means  that  +  a  is  to  be  taken  in  an 
additive  sense,  i.e.,  is  to  be  added  as  often  as  there  are  units  in 
b.  But  -1-  a  added  once  gives  +  a  ;  +  a  added  two  times  gives 
+  2(1]  +  a  added  three  times  gives  +  3a,  and  so  on.  Hence  +  a 
added  6  times  gives  +  ab,  that  is,  +  a  x+  b  =  +  ab. 

II.  -a  X  +  b  means  that  -  a  is  to  be  taken  in  an  additive  sense 
as  often  as  there  are  units  in  b,  but  -  a  added  once  gives  -  a ; 
-  a  added  two  times  gives  -2a]  -  a  added  three  times  gives  -  3a, 
and  so  on.  Hence  -  a  added  b  times  gives  -  ab,  that  is  -  a  x  +  6  = 
-ab. 

Otherwise,  -a  +  «=  0  ;  multiply  each  of  these  equals  by  +  b. 
Then  -ax  +  b  +  ab=0]  subtract  +  ab  from  each  of  these  equals. 
Then  -  ax  +  b-  -  ab,  which  was  to  be  proved. 

III.  +  ax-b  is  equivalent  to-bx  +  a,  since  quantities  connected 
by  the  sign  of  multiplication  can  be  read  in  any  order  whatever. 

But ~  bx  +  a=-  abhy  last  case.  Therefore  also  +  ax-b  =  -ab. 

IV.  -  a  +  a  =  0  ;  multiply  each  of  these  equals  by  -  b. 
Then  -ax-6-a&  =  0;  add  +  ab  to  each  of  these  equals. 
Then  -a  x  -b  =  +  ab,  which  was  to  be  proved. 

53.  Theorem  II. — Different  powers  of  the  same  quantity  are 
multiplied  together  by  adding  their  exponents. 

Demonstration. — a*  x  a^  =  aaaa  x  aaa  =  aaaaaaa  ■=  a"^  =  a  ^^^,  and 
the  same  is  true  in  all  other  cases,  hence  generally  a"^x  a"'  -  a'"^^'"'. 

Case  I. 

54.  When  multiplicand  and  multiplier  are  both  simple  alge- 
braic quantities, 

Rule. — Multiply  together  the  numerical  co-efficients  and  write 
the  letters  in  juxtaposition  after  this  product. 

Thus  3ab  X  5cy  =  3  x  5  x  abcy  =  15abcy  ;  -  2ab  x  3c  =  -  Gabc ; 
2xy  X  -  llm  =  -  22mxy ;  -  Axy  x  -  lam  =  28amxy. 

Case  IL 

65.  When  the  multiplier  is  a  simple  quantity  and  the  multi- 
plicand is  a  polynomial. 

Rule. — Multiply  each  term  of  the  multiplicand  by  the  multiplier^ 
and  connect  the  several  partial  products  by  their  proper  signs. 
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Ex.   1.     Multiplicand,  Aax  -  2a>j  +  3xy ' 
Multiplier,       2axy 


Product,  Sa^x^y  -  ^c^xxf"  +  eaa:^ 

)x.  2.     Multiplicand,  4a;?i^-3aca;-4a:j/+ 7 
Multiplier,       -  3f/?/^ 


Product,         -  \1c?m^f  -f  'dd-cxf  +  12flx?/3  -  2 la?/''' 

Case  III. 

56.  "When  both  multiplier  and  multiplicand  are  polynomials, 

Rule. — Multiply  each  term  of  the  multiplicand  by  each  term  of 
the  multiplier,  and  add  the  several  partial  products  together. 

Ex.  3.     a^-ab-b^ 
a  -  b 


€?  -  a^h  -  ab"^ 

-a^b  +  ab^+b^ 
a^-2a^b         +b^ 

Ex.  4.     3ax^-3a'^x  +  2a^x^ 
5a    -2x 


1 5d^x'^  -  1  oa^x  +  lOa^x^ 

-   eax-^i-Ga-x^-Aa'^x^ 
2la^x^  -  4rt2x5  _  eax^  -  1 5a^x  +  1  Oa^x^ 

Ex.  5.       2fl62  ^a^'^  +  a^^ 
Sab    -2nb^  -  3a~b 


Ga''b''^3aW  +  3a'^b* 

-4(^264+ 20^6* -2a465 

-ea^b^+Sa'^b^-Sa'^b* 


Qd'h^  -  9a36H2a364-4«''^64+3a46*+3rt'»6^-2a4i^-3a^6* 
Ex.  6.       d^-2ab^b'^ 
a^  +  2a6  +  h' 
a'^'2a^b^a%-^ 


2a^b-Aa%^+2ab^ 

d^l^'2ab^  +  b* 
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Ex.  7.     X"  -  (a-  U)x  +  ah 

X  -  m 


x^  -(a- b)x^  -f  abx 

-mx^         +  (ma  -  rah ,x  -  ahm 
x=^  -  (a  -  6  +  m)x'^  +  {ma  -  mb  +  ab)x  -  abm 

Ex.  8.     x^-ax^-bx  +  c 
x  -m 


a;4  -  ax'-^  -  bx'^  +  ex 
-  mx^  +  amx^  +  bmx 


a-*  -  (fl  +  m)x^  -  (b  -  am)x^  +  (c  +  bm)x  -  cm 

Exercise  XIII. 

1.  Multiply  a2  -  2ffy +7/2  by  o'^- 2a?/ +  2/;  and  a^  -  Sfl^J  +  Safc^  _  js 
by  a2  +  2ah  -}-  6^. 

2.  Multiply  2a2//i-  +  Uamxy  +  Dx^  by  flw  -  xy  ;  and  Srrj:  -  Sox^ 
by  Sa^x' -  a;2  -  l. 

3.  Multiply  a*  -   a^m  +  a^m^  -  a»i^  +  ?ji*  by  a  +  m  ;    and 
2a2  -  2axy  +  2y^  by  d^  -  ax  -^^  y^. 

4.  Multiply  x2  -  3x  -  T  by  a:  -  4  and  a"^  +  a*  +  a^  ]3y  ^2  _  i 

5.  Multiply  a^  +  2a^6  +  Sai^  +  4^3  by  a^  _  2rt6  -  Zb^. 

6.  Multiply  fl6  -  ac  +  be  by  aft  +  ac  -  6c. 

7.  Multiply  a*  -  2a=^6  -  Sa'^b^  -  2ab^-\-  6*  by  a!^  +  2ab  +  6^. 

8.  Multiply  3x^  -  2ahx  -  2a'^b^  hy  x  +  2ah  ;  and  x-  +  2a:  -  3  by 
x'^-x^l. 

9.  Multiply  x*  +  2x3  +  3^.2  +  2x  +  1  by  x*  -  2x^  +  Sx^  -  2x  +  1. 
0.  Multiply  3j/3  -f  2xy  +  Sx^  by  2y^  -  3xV  +  5x2  .  ^nd  a^  +  6™ 

y  o"  +  6'\ 

11.  Multiply  2a  +  3,  3a+  4,  Sa^  -  2,  and  a  -  3  together. 

12.  Multiply  ax  +  by  by  ax  +  cy  ;  and  a'"  -  6"  +  c^  by  a"*  + 1  -6"-^^. 

13.  Multiply  a'"»  -  c^  +  g'"  by  a^  -  t?!^  +  x«. 

14.  Multiply  d^  -  ax  +  x^  by  a^  -  a^x  +  ax^  -»  x^ 

15.  Multiply  2a  -  b,  3b  -^  c,  2i  -  m.  and  3m  -  x  together. 
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DIVISION. 

57.  Division  is  the  process  of  resolving  a  given  quantity 
into  two  factors  wlien  one  of  the  latter  is  given.  As  in 
Arithmetic,  the  given  quantity  to  be  resolved  or  divided  is 
called  the  dividend,  the  given  factor  is  called  the  divisor, 
and  the  factor  to  be  obtained,  the  quotient. 

Since  the  divisor  x  quotient  =  dividend,  the  sign  of  the  quo- 
tient must  be  such  that  the  sign  of  its  produtt  by  the  divisor 
shall  be  the  sign  of  the  dividend, 

+  ah  z.  I.     +  «^  L         r 

Thus,   — J-  =  +  a  -.'  +  rt  X  +  0  =  +  ao  ;  — 7-  =  -  a  •  .•  -  a  x  -  6  =  +  a6  ; 

-  at  -  ah 

— 7-  =  +  «  •.•  -  i  X  +  «  =  -  rt6  ;  — T-  =  -  a  •/  -  «  X  +  6  =  -  cr6. 

Hence,  the  rule  of  signs  for  division  is  the  same  as  for  multiplica- 
tion ;  that  is,  like-  signs  in  divisor  and  dividend  give  plus  in  the 
quotient,  unlike  signs  in  divisor  and  dividend  give  minus  in  the 
quotient. 

58.  Since  a'^  x  a^  =  a'^  ^  ^  =  a^,  it  follows  that  a''  ^  «*  =  a^,  that 
is,  a^  4- a*=a'  -*  =  a3;  or  generally,  since  a"*  xa"= a™ +",  it  follows 
that  a"»  +  "-r  a"»=a"  or  a"**"  v  a"  =  a"». 

Hence,  one  power  of  any  quantity  is  divided  by  another  power  of 
the  same  quantity,  hy  subtracting  the  exponent  of  the  divisor  from 
the  exponent  of  the  dividend. 

Thus,  a^h^  4-  a^h"^  =  a*6' ;  x^z'-  v  xz^  =  x^  ;  abhhi^  4-  hm^  = 
abc^m,  &c. 

Case  I. 

69.  When  both  dividend  and  divisor  are  simple  quanti- 
ties or  monomials, 

Rule. — Divide  separately  the  coefficient  of  the  dividend  by  the 
cocf.  of  the  divisor,  and  the  literal  part  of  the  dividend  by  the  literal 
part  of  the  divisor  ;  write  the  partial  quotients  thus  obtained  in  juxta- 
position, and  prefix  the  proper  sign. 
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Thus  Ua'b^c^  -i  -  la^bc^,  14  t  7  =  2,  anda-i^c?  ^  a%c^  -  a*5c*, 
and  the  quotient  is  -  2a'»6c*,  because  the  signs  of  divisor  and 
dividend  are  unlike. 

Similarly  -  2\a~hx  t  Za?b  -  -  Ix  ]  -  ISxy^z^  -^  -  Ixz^  -  drfz,  tety. 

Note.— If  both  coef.  and  literal  part  of  the  divisor  are  not  contained  as 
factors  in  the  dividend,  we  can  only  indicate  the  division  by  writing  the 
two  quantities  in  the  form  of  a  fraction. 

For  example,  7a&2c:c3  -f  limy  can  only  be  expressed  thus,  i-rpj 

But  when  we  have  thus  expressed  the  quotient  we  can  cancel  any  factors 
that  are  common  to  both  numerator  and  denominator. 

0,0      0.-.-       o        I    24a2.r?/2       Sao;  x  8a?/ 2      ^ay-i 

Exercise  XIV. 

Find  the  quotients  of  : 

l7\oa})(?  T  5ac  ;  4:2ax^y^  ~  laxy^;  lia^xy  -r  %axy  ;  -20x^2^" 
V  2Qxfz\ 

.     2.  -  Uab^cin^  t  labm^;  -  Uabx^  v  Ubx  ;  -  2lmx^y  v  -  Sx^  ; 
-  I2x''y  V  -  4x3j/. 

3.  12a^2c  V  20axy]  -  llabx'^  t  llamx  ;  -21abx^f/  -r  -  356x^5*; 
G6V/T-16ac/x2. 

Case  II. 

60.  AVhen  the  divisor  is  a  simple  quantity,  but  the 
dividend  is  a  compound  quantity,  i.  e.,  a  polynomiah 

Rule. — Divide  each  term  of  the  polynomial  by  the  divisor,  as 
directed  in  Case  I,  and  connect  the  several  partial  quotients  thus 
obtained  by  their  proper  signs. 

EsAMrLE. — Divide  Aa'^b'^c  -  Zabc^  +  \2ab^cx  -  ^aby"^  by  -  Aab. 

Aa^b^c  -  3abc^  +  Uab^cx  -  8aby^    +  Aa%^c       ,  -3abc^ 

Here ^^^^^ =  "Ti^'^^'^-ri^  '  ^^^ 

+  I2abhx        ^-Saby'^  ,  ,       Sc^  ■       ,      „  , 
— ^  ,  and  — — -r-  =  -  abc,  and  +  — ,  and  -  3o-cx,  and  +  2y^  = 

^ahc+  —~3b^cx  +  2y\ 
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Exercise  XV. 
Fiud  the  quotients  of: 

1.  I2ax\/  -  2labc^  +  I2ax^y  -  8acm  t  4aca 

2.  21xy'^  -Ua+  Ux~y  -  ^9y^  v  35axy. 

3.  -  64a4ni  -  IQahn^  +  24a^//i  -  ^Oni^xy  v  -  itoM. 

4.  3abc  -1-  4aV  -  IGaary^  _  aoa^;^  v  -  12»jxy. 

Case  III. 
61.  When  both  divisor  and  dividend  are  polynomials, 

Rule — I.  Arrange  the  terms  of  both  divisor  and  divideiid,  so  that 
the  different  powers  of  some  one  Utter  (which  is  common  to  both  of 
ihem^  may  succeed  each  other  in  the  order  of  their  indices,  and  place 
the  divisor  thus  arranged  to  the  left  of  the  arranged  dividend,  as  in 
arithmetical  division. 

II.  Divide  by  Case  I.  the  First  Term  of  the  dividend  by  the 
First  Term  of  the  divisor,  and  place  the  result  with  its  proper  sign 
in  the  quotient. 

III.  Multiply  the  whole  divisor  by  the  term  placed  in  the  •quo- 
tient, set  the  product  beneath  the  dividend,  and  subtract. 

IV.  To  the  remainder  bring  down  as  many  terms  from  the  divi- 
dend as  the  case  may  require  ;  again  divide  the  first  term  of  this 
partial  dividend  by  the  first  term  of  the  divisor,  and  place  the  result 
with  its  proper  sign  as  second  term  of  the  quotient ;  multiply  and 
subtract  as  before^  and  proceed  thus  till  all  the  terms  are  brought 
down. 

Example.  a  +  b  )  a!^  +  2ab  ■{■  b^  (a  +  b 

a^+ab 

ab  +  b^ 
ab  +  b^ 


Explanation. — The  terms  are  already  properly  arranged  in 
both  divisor  and  dividend,  since  the  powers  of  a  follow  one 
another  in  regular  descending  order.  Tnen  a^  (first  term  of 
dividend)  ^  a  (first  term  of  divisor)  gives  +  a  as  result,  and  we 
place  this  in  the  quotient.  Next  (a  +  b)  x  a  =  d^  +  ab  which  we 
subtract  from  the  dividend,  and  to  the  remainder  +  ab  we  bring 
down  b^,  the  other  term  of  the  dividend.  Next  +  ab  (first  term 
of  partial  dividend)  -f  a  (  first  term  of  divisor)  gives  +  6  for  second 
term  of  quotient.  Lastly  (a  +6)  x  6  =a6  +6^  which  we  subtract 
and  find  that  there  is  »o  remainder. 
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Ex.  2.     3ab  +  46-')  -  ab^  +  ed-b^  -  126* 

3a6  +  46-    Gd'b'  -  ai^  ^  i2b\2ab  -  36^ 
6a262  +  sab^ 


-9a63-  126* 
-9a63_  126* 


Explanation. — Here  we  see  that  the  terms  as  given  are  not 
properly  arranged,  since  in  the  divisor  the  exponents  of  a  are 
arranged  in  descending  order,  while  in  the  dividend  they  are 
not ;  moreover  the  exponents  of  b  in  the  divisor  follow  one  an- 
other in  ascending  order,  but  in  the  dividend  they  follow  one 
another  irregularly.  Wc  first  then  arraogc  them  properly,  and 
then  proceed  to  divide  as  follows  :  6a-b-i-  Sab  =  4-  2ab,  which  we 
jJace  in  the  quotient,  (3ab  +  46^)  x  2a6  =  Ga-b'^  +  8ab^,  which  sub- 
tracted from  the  dividend  gives  a  remainder  -  9ab^  -  126*.  Next 
-  9ab^  -r  3a6  =  -  36^  ;  (3a6  4-  46^)  x  -  36^  =  -  dab^  -  126*,  which 
subtracted  leaves  no  remainder. 

Ex.  3.     3a- 6)  6a^  -96  (2c^  +  4.0?  +  8a  +  16 
6a*  -  12a3 


12a=^-96 


24^2-96 
24a2-48a 

48a -96 
48a-96 

Ex.  4.    X-  -xy^  y-)  xY  +  ^^  +  U^ 

x^  -  xy  +  y^)  X'*  +  xY  +  y^  (  x"^  +  xu  ■{■  y^ 
X*  -  x^y  +  x^y'^ 


x^y  +  «/* 

x^y   -  xY  +  ^l 


x'Y  -  ^y^  +  y* 
xY  -^y^+  y* 
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Ex.  5. 

a?  -  Ux  -f  x-0  a*  -  4a3x  -f  Ga^x^  -  4ax3  +  4^*  (a^  -  2aj;  -f  x^  4.  ^,_^^^^^i 


■  2a^x  +  5a^x'^  -  Aaoc^ 
lv?x  4-  A(^x^  -  lax^ 


a^x^-2ax^  +  4cx* 
aV-2ax3+x* 

3x*  -  rem. 

a6+2a+l 
Ex.  G.     l+a)«2  +  2a+l  (a^-a^+o^-a^ +■ 


+  a 


a^-J-a' 


-a3  +  2a 

a*+2a 

-a5 

+  2a 
-a6 

I 


Rem.  =  as  +  2a.+  1 
Non:.— In  Examples  5  and  6  the  division  does  not  terminate,  or  in  other 
words,  the  dividend  is  not  exactly  divisible  by  the  divisor,  and  we  write 
the  remainder  as  the  numerator  of  a  fraction  having  the  divisor  for  denom- 
inator. In  Example  6,  however,  this  inconvenience  arises  from  the  fact 
that  the  terms  of  both  divisor  and  dividend  are  not  arranged  according  to 
rule,  for  if  we  had  arranged  the  dividend  thus  (1  +  2a  +  a^ )  we  should  have 
obtained  l-{-a  for  the  quotient.  The  student  then  must  be  careful  to 
remember  that  the  divisor  and  dividend  must  be  arranged  either  both 
according  to  tlie  ascending  or  both  according  to  the  descending  powers 
of  the  principal  letter,  or  letter  of  reference,  as  it  is  called;  and,  that  not 
only  at  starting,  but  throughout  the  whole  process  he  must  take  care  to 
arrange  the  partial  dividends  according  to  the  same  plan  as  that  adopted 
in  the  divisor. 

Exercise  XVI. 

Find  the  quotients  of : — 

1.  x"^  -  2x2/  +  y^  divided  by  x  -  ?/ ;  and  a^  -f  3a-b  -f  3ab^  i  6- 
divided  hj  a  +  b. 

2.  m.'^  +  4m'x  +  Gm^x^  +  4mx3  4-  x*  divided  by  m^  +  2»ix  +  x^. 

3.  9xC  -46x'^+95x2+150x  divided  by  x2-4x-5. 
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4.  a^-i-5a-b-i-P-h5ab'^  divided  hya+h;  and  -  1  4- a^  divided 
hj-l-rxy. 

5.  a:^^10x-33  divided  by  3  +  :c2-2a:. 

6.  a*  +  2a^m^  -  2a*m4  -  2a' ni  +  m-  -  2am'  -f  2a%^   divided  by 
a^  +  m^-d^m-am^. 

7.  1  divided  by  1  4- a ;  a  divided  by   1-a;  l-7?i  divided  by 
m+1  ;  and  I  -  2x +  3x2  divided  by  l-i-x-x^. 

8.  6a4-  lOo^/rt  -  22ahn^  +  4Ga7;i3  -  20/n*  divided  by  4affi  +  3a' 

9.  4a5  -  iGa%^  4-  lOa^fi^^-  isaft*-  256-^  divided  by  20^-  Sft^. 

10.  d-^+b^  +  c^-3abc  divided  by  a^  +  b'^^+c^-bc-ac- ab. 

11.  144x*  -  145xV  +  3Gy4  divided  by  4x  +  3y. 

12.  2a^  +  2d%P  -  4a"*c"  -  3a™6  -  362>+i  +  6k'"  divided    by 
a™  +  6P  -  2c™. 

Note.— If  the  teacher  is  desirous  of  giving  his  pupils  a  greater  number 
of  questions  in  division  he  can  find  material  for  such  in  Exercise  XIII,  in 
•which  the  product  may  be  regarded  as  the  dividend,  and  either  the  multi- 
plier or  multiplicand  as  the  divisor.  Similarly,  the  questions  in  Exercise 
XYI.  may  be  made  to  furnish  additional  material  for  practice  in  multipli- 
cation. 


DIVISION  BY   DETACHED   COEFFICIENTS. 

62.  It  is  sometimes  convenient  in  division,  as  also  in 
multiplication,  to  employ  only  the  coefficients.  The  mode 
of  proceeding  is  shown  in  the  following  rule  and  illustra- 
tion : — 

Rule, — Having  arranged  the  divisor  and  dividend  as  in  ordinary 
division,  omit  the  letters,  and  set  down  the  coefficients,  each  preceded 
by  its  proper  sign,  and  place  zero  for  every  term  of  either  divisor 
or  dividend  that  may  chance  to  be  absent. 

Proceed  with  these  coefficients  as  in  ordinary  division,  and  the 
result  will  be  the  coefficients  of  the  quotient  with  their  proper  signs; 
the  literal  pari  to  aitttch  to  each  of  these  is  easily  determined  by 
inspection. 
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Ek.  1.     Da idc  Ox* -  144  bj  3x  - G. 


OPERATION. 


6) 

9+0+0+0- 
9-18 

-144 

(3  +  6  + 

12  + 

24 

18 -f 
18- 

-    0 

■30 

36  + 
36- 

0 
72 

•144 

72- 

72- 

144 

Hence  the  quotient  =  3x^  +  6x-  +  12x  +  24. 

ExPLAXATiox.— TTe  place  three  ciphers  in  the  dividend  to  cccnpy  the 
places  of  the  absent  terms  x^,  x^,  and  x.  We  ascertain  the  literal  parts  to 
attach,  by  observing  that  a;*  -f-  a;  =  a;^,  which  we  place  after  the  first 
coefficient,  and  the  others  of  course  follow  in  regnJar  order. 

Ex.  2.  DiYi(iex5  +  4x^-8x*-25xH35a:2+21x-28byar  +  5^  +  4. 

OPERATION. 

1  +  5  +4)  1  +  4  -  8  -  25  +  35  +  21  -  28  (1  -  1  -7  +  14  -  7 
1  +  5  +  4 


- 1- 

12  ■ 

-25 

- 1  - 

5- 

-    4 

_ 

7- 

-21  +  35 

- 

7- 

-35-28 

i-21 

14  +  63  - 

14  +  70  +  56 

-    7- 

-35- 

■28 

-    7- 

-35- 

•28 

Hence  quotient  -^x^  -t--  7x2  ^  14^,  _  y. 

The  student  is  recommended  to  apply  this  method  to  the  examples  in 
Exercise  XVI. 
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SYNTHETIC    DIVISION. 

63.  The  following  is  a  still  shorter  raethod  of  division, 
and  is  peculiarly  applicable  when  the  first  coefficient  of  the 
divisor  is  unity.  It  is  frequently  called  "  Horner's  Method;" 
after  the  name  of  its  inventor.* 

Rule. — After  properly  arranging  divisor  and  dividend^  if  the 
first  coefficient  of  the  divisor  be  not  unity ^  divide  both  dividend  and 
divisor  by  the  first  coefficient  of  the  latter.  Then  set  down  the  first 
term  of  Hie  dividend  for  first  term  of  the  quotient. 

Arrange  the  divisor  in  a  vertical  column  to  the  left  of  the  divi- 
dend^ and  change  the  sign  of  every  term  in  it  except  the  first. 

Multiply  all  the  terms  of  the  divisor,  so  changed,  by  the  first 
term  of  the  quotient,  and  arrange  the  products  diagonally  under  the 
second  and  following  vertical  columns  of  the  dividend. 

Add  the  terms  in  the  second  column  and  the  sum  will  be  the 
second  term  of  the  quotient.  Multiply  the  changed  terms  of  the 
divisor  by  the  second  term  of  the  quotient,  and  arrange  the  products 
under  the  third  and  following  vertical  columns  of  the  dividend. 

Continue  this  process  until  the  remaining  vertical  columns  added 
give  zero  for  sum,  or  until,  in  other  cases,  the  division  is  carried  as 
far  as  desired. 

KOTE.— It  is  usual  in  synthetic  division  to  perform  the  work  by  detached 
coefficients,  remembering  to  place  Os  for  the  absent  terms  in  both  divisor 
and  dividend. 

Ex.  1.     Divide  a^  - Sa^x^H-  Sa^x* -  x^  by  a=* -  da'^x  +  3ax^'x\ 

OPEEATIOIf. 

1+0-3+0+3+0-1 
3+9+9+3 
-3-9-9-3 
+1+3+3+1 


1 

+  3 
-3 
+  1 


Quot.  =     1  +  3  +  3  +  1+0  +  0  +  0  =  aH  Za^x  +  3ax^  +  x^ 

*  Synthetic  division  demands  the  attention  of  the  student  not  only  on 
account  of  its  brevity  and  elegance,  but  also  for  its  great  value  in  many  of 
the  higher  departments  of  research,  such  as  in  obtaining  factors  prepara- 
tory to  the  integration  of  finite  differences,  in  constructing  a  recurring 
series,  in  the  treatment  of  reciprocal  equations,  &c. 
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ExPLA^fATio?!.— Using  only  the  coefficients  we  write  a  0  for  each  absent 
term,  i.e.,  for  the  terms  involving  a^x,  a^x^,  and  ax. 

TUo  first  coef.  of  the  divisor  being  unity,  the  first  step  of  the  rule  is  not 
required. 

We  set  down  the  divisor  vertically  on  the  left  of  the  dividend,  and 
change  all  ita  signs  except  the  first. 

We  place  the  first  term  of  the  dividend  for  first  term  of  quotient. 

We  multiply  the  changed  terms  of  the  divisor  by  the  first  terms  of  the 
quotient,  and  arrange  the  products,  3,  -3,  and  1,  diagonally,  as  represented, 
so  that  the  first  is  imdcr  the  second  term  of  the  dividend,  and  so  that  each 
is  horizontally  opposite  that  term  of  the  divisor  from  which  it  was  obtained. 

We  add  the  second  colunm,  and  get  -f  3  for  the  second  term  of  the 
quotient. 

We  multiply  the  changed  terms  of  the  divisor  by  this  -f  3,  and  arrange 
the  products  -^9,-9,  and  -~  3,  diagonally,  as  represented. 

We  add  the  third  column,  and  thus  get  -f  3  for  the  third  term  of  the 
quotient,  and  so  on. 

Lastly  we  attach  the  proper  literal  part  to  each  term. 

Ex.  2.  Divide  Ga*  -  o^  4-  2a2  +  13a  -i-  4  by  2a--  3a  +  4. 


OPERATION. 

2-3-7-4)6-    l-t-2  +  13  +  4 
1  3-    1  +  1  -f  61  +2 

+  U  4-4I-I-6  +  1I 

-2  _6-8-2 


Quot. 


1  +  0 


0  =  3a2  +  4a  -r  1. 


ilxPLA2fATio>".— Here,  as  the  first  coefficient  of  the  divisor  \3  not  unity, 
we  divide  both  divfeor  and  dividend  by  2,  the  first  coef.  of  the  former. 
The  rest  of  the  process  is  similar  to  that  in  last  example. 

Ex.  3.  Divide  a^  -  5a^x  +  lOa'x^  -  iQd^jr  4-  lax-  -  5x-5  by  a^ 
-  2ax  +  7?. 


1 

1-5-1-10-10 

-f7-5 

+  2 

•f2-   6-J-   6 

-2 

-1 

-   1-F   3 

-3  +  1 

Quot.  = 

1  -3  -fS-  1 

+  2-4 

4  =  a^-3a-x4-3'/x- 


2ax4  -  4x' 


ExPLA>'ATio>'.— The  vertical  line  is  drawn  in  order  to  show  where  the 
remainder  commences,  and  it  will  Ixj  observed  that  this  is  one  less  than  as 
many  columns  from  the  extreme  right  as  there  are  terms  in  the  divisor. 

The  student  is  recommended  to  apply  this  method  to  the  examples  in 
Ex'.Tcisc  XVI. 


46  THEOREMS.  [Sect.  Ill 

SECTION    III. 

THEOREMS*  AND    FACTORING. 

64.  The  following  theorems  should  be  thoroughly  mas- 
tered by  the  pupil  :— 

65.  THEOREii  1.— Zero  divided  by  any  given  quantity  gives  zero 
fjr  quotient. 

DsMONSTEATioN. — The  divisor  x  quotient  must  =  dividend,  and 
consequently  the  smaUer  the  dividend  becomes,  the  divisor 
remaining  unchanged,  the  smaUer  must  the  quotient  be.  Hence 
when  the  dividend  becomes  less  than  any  assignable  quantity, 
i.e.,  =  0,  the  quotient  also  becomes  =  0,  that  is  0  v  a  =  0. 

66.  Theorem  II. — A  finite  quantity  divided  by  zero  gives  an  in' 
finitely  large  quantity  for  quotient. 

Demonstration. — A  finite  quantity  divided  by  itself  gives 
unity  for  quotient,  and  as  the  divisor  is  decreased  in  magnitude 
(the  dividend  remaining  unaltered),  the  quotient  increases^ 
Hence  when  the  divisor  becomes  infinitely  small,  i.  e.  =  0,  the 
quotient  becomes  infinitely  large,  i.  e.  =  cc.     Therefore  a  v  0  =  oc. 

67.  Theorem  III. — A  finite  quantity  divided  by  a  quantity  infi- 
nitely large,  gives  a  quotient  infinitely  small,  or  in  other  words 
gives  zero  for  quotient. 

•  Demonstration. — Since  the  divisor  x  quotient  =  dividend,  it  is 
evident  that  (the  dividend  remaining  unchanged),  the  larger  the 
divisor  the  smaller  must  be  the  other  factor  or  quotient.  When 
then  the  divisor  becomes  infinitely  great,  the  quotient  must 
become  infinitely  small.     Hence  «  -f  cc  =  0. 

68.  Theorem  IY. — Zero  divided  by  zero  gives  any  quantity  what- 
ever for  quotient. 

Demonstration. — Since  the  divisor  x  quotient  =  dividend,  and 
the  dividend  and  divisor  are  both  zero,  it  follows  that  the  quo- 
tient may  be  any  quantity  whatever  or  iu  other  words,  0  v  0 
=  (/,  because  0  x  a  =  0. 

*  Au  algebraic  theorem  is  au  algebraic  statement  or  property  required 
to  be  dcmoustratcd. 
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69.  Theorem  V. —  The  zero  povjcr  of  any  quantity  is  equal  to 
unity. 

Demonstration.-  Since  one  power  of  a  quantity  is  divided  by 
another  power  of  the  same  quantity  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  it  follows  that  a^  a-  a^"^ 
=  a"  ;  but  any  quantity  divided  by  itself  equals  unity,  hence  a^  a 
=  1.     Sinee  then  a  ^  a  =  a^  and  also  =  1,  it  is  evident  that  a''  =  1. 

Cor.  Similarly  it  may  be  shown  that -^  and  a"-^  are  equivalent 

1      a^ 

expressions  :  for  - -a^-'^  =  a-'^. 

a       a 

Note,— It  follows  from  the  foregoing  theorems  that  a  being  any  finite 
quantity  whatever, 

0,    —  and  —  are  equivalent  symbols,  each  representing  no  quantity,  or 
a  oc 

the  absence  of  quantity,  or  a  quantity  less  than  any  assignable  quantity. 

—  and  oc  are  equivalent  symbols,  each  representing  a  quantity  greater 

than  any  assignable  quantity.    Hence,  also,  zero  and  infinity  are  the  reci- 
procals of  each  other. 

a^,  and  —  and  1  are  equivalent  symbols.,  each  representing  unity. 

-—  is  a  symbol^  of  indetermination,  i.  e.,  is  employed  to  designate  a 

quantity  which  admits  of  an  infinite  number  of  values,  or,  as  we  shall  see 
hereafter,  a  quantity  whose  value  depends  upon  its  origin. 

70.  Theorem  VI. — TJie  square  of  the  sum  of  any  two  quantities 
is  equal  !o  the  sum  of  the  squares  of  the  two  quantities  tcgether, 
with  ticiti  their  product. 

Demonstration. — Let  a  and  b  be  the  two  quantities  ;  then 
a  +  b  =  their  sum,  and  (a  +  by  =  the  square  of  their  sum. 
Now  (a  +  b)-  =  (a  +  b)  (a  +  b)  =  a-  +  2ab  +  b'K 

71.  Theorem  VII. —  The  square  of  the  difference  of  any  two 
quantities  is  equal  to  the  sum  of  the  squares  of  the  two  quantities 
diminished  by  twice  their  product.  • 

Demonstration. — Let   a  and  b  be  the  two  quantities  ;  then 
a-b-  their  difference,  and  (a  -  b)^  =  the  square  of  their  difference, 
Now  (a  -  b)~  =  (a  -  b)(a  -  6)  =  a-  -  2ab  +  b". 
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72.  Theorem  VIII. —  TAc  product  of  the  sum  of  any  two  quan- 
tities, by  the  difference  of  the  same  two  quantities,  is  equal  to  the 
difference  of  the  squares  of  the  two  quantities. 

Demonstration. — Let  a  and  b  be  the  two  quantities,  a  being 
the  greater ;  then  (a  +  5)  ^  the  sum,  and  (a  ~b)  =  the  difference 
of  the  quantities,  and 

(a  +  b)(a  -  b)  =  a^  -  6-  =  difference  of  their  squares, 

73.  Theorem  IX. — Tfie  product  of  two  binomials  having  the 
same  quantity  for  first  term,  but  their  second  terms  unlike,  is  equal 
to  the  square  of  the  first  term,  together  with  the  product  of  the  tioo 
second  terms,  and  also  the  product  of  the  first  term  by  the  sum  of 
the  two  second  terms. 

Demonstration. — Let  (x  +  a)  and  (x-b)  be  the  two  binomials, 
then  by  actual  multiplication  (x  +  a)  (x  -b)  =x^  +  (a-  b)x -  ab. 

Similarly,  if  (x  -  a)  and  (x-  b)  are  the  two  binomials,  their 
prod-act  will  be  x^  +  (-  a  -  b)x  +  ab  =  x^  -  (a  +  b)x  +  ab. 

74.  Theorem  X. — The  difference  of  the  n*^  powers  of  two  quan- 
tities is  always  divisible  by  the  difference  of  the  simple  powers  of 
the  same  two  quantities,  whether  the  exponent  n  be  an  odd  number 
or  an  even  number. 

Demonstration. — We  are  to  show  that  the  ,two  quantities 
being  a  and  x,  and  the  difference  of  their  n^  powers  being  a"-x" 
then  a^  -  a;"  is  divisible  by  a  -  a:  whether  n  be  an  odd  number  ur 
an  eren  number. 

■ -a''^-i+ ^a'^-i-f-^^ 


a  -  X 

Now  it  is  evident  that  when  «"•  "  ^  -  x'^  "  ^  is  divisible  by  a  -  x 
then  a"  -  x"  must  also  be  divisible  by  a  -  x. 

But  when  n  =  2,  n  -  1  =  1,  and  it  is  manifest  that  a  -  a;  is 
divisible  by  a  -  x,  therefore  a''  -  x^  is  divisible  by  a  -  x. 

Again,  if  n  =  3,  n  -  1  =  2,  and  since  a^-x^  is  divisible  by  a-x, 
tlien  also  a^  -  x^  is  divisible  by  a  -  x,  and  hence  also  a^  -  x*  is 
divisible  by  a  -  x,  and  hence  also  a°  -  x^  and  so  on.  Therefore 
a«  -  x"  is  exactly  divisible  by  a  -  x,  whether  n  be  an  odd  or  an 
even  number. 
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75.  Theorem  XI. —  The  sum  of  the  n'^  powers  of  any  two  quan- 
tities is  not  divisible  by  the  difference  of  the  quantities  whether  n  be 
an  odd  or  an  even  number. 

Demonstration.    =  a"-i  + 

a  —  X  a  —  X 

Now  a"  -f  x'^  is  div.  hj  a-  x  only  when  o"  -  ^  -f  x"  - 1  is  div.  by 
a  —  X. 

Taking  ?i  =  2,  «  -  1  =  1,  and  a^  '  ^  -r  x^  - 1  =  a  +  x,  which  is 
evidently  not  div.  by  a  -  x,  and  therefore  a^  4-  x-  is  not  div.  by 
a  -  X. 

But  when  7i  =  3,  n  -  1  =  2,  and  since  a^  +  x^  is  not  div.  by  a  -  x, 
therefore  a'^  +  x^  is  not  div,  by  a  -  x. 

But  when  n  =  4,  n  -  1  =  3,  and  since  a^  +  x^  is  not  div.  by 
a  -  X,  therefore  a'*  -{-  x*  is  not  div.  by  a  -  x. 

And  therefore  a^  +x-^  is  not  div.  by  a  -  x,  and  therefore  a^  +  x^ 
13  not  div.  by  a  -  X,  and  so  on. 

Therefore  whether  n  be  even  or  odd,  a^  r  x^  is  not  div.  by  a  -  x. 

76.  Theorem  XII. —  The  difference  of  the  n}^  powers  of  any  two 
quantities  is  not  divisible  by  the  sum  of  the  quantities  when  n  is  an 
odd  number. 

a"  -  a;'^  x\a''  -  2  _  x«  -  2) 

Demonstration.     ; —  =  a"'i  -  a'*"-x+ ; 

a  -T  X  a  +  X 

Now  a"  -  x"-  is  div.  by  a  -{-  x  only  when  a'^-'^ -x'^'^  is  div.  by 
a  +  X. 

Taking  7i  =  3,  «  -  2  =  1,  and  a^  ''^  -x^' ^=  a-x,  which  is  evi- 
dently not  div.  by  a  +  X,  and  therefore  a^  -  x^  is  not  div.  by 
a  +  X. 

But  when  n  =  5,n-2-3,  and  since  a^  -  x^  is  not  div.  by  a  +  x, 
therefore  also  a"  -  x^  is  not  div.  by  a  +  x. 

But  when  n  =  7,  n  -  2  =  5,  and  since  a^  -  x^  is  not  div.  by 
a  -r  X,  therefore  also  a'  -  x~  is  not  div.  by  a  +  x,  and  so  on. 

Therefore  when  n  is  an  odd  number,  a^  -x^  is  not  div.  by  a  +  x. 

77.  Theorem  XIII. —  The  sum  of  the  n"*  powers  of  any  two 
•quantities  is  not  divisible  by  the  sum  of  the  quantities  v:hen  n  is  an 
even  number. 

a  +  X 
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*      Now  in  order  that  a**  4-  x^  shall  be  div.  hj  a  ■{■  x,  a^ -"^  -  x^-'^ 
must  be  div.  hj  a  +  x, 

"When  71  =  an  even  number,  7i  -  1  must  =  an  odd  number  ;  and 
we  have  shown  (Theor.  xii.)  that  the  difference  of  the  odd 
powers  of  two  quantities  is  not  div.  by  the  sum  of  the  quantities. 
Therefore  when  n  is  an  even  number,  a'''  "  ^  -  a;'* "  ^  is  not  div.  by 
a  +  X,  and  therefore  a"  +  x'^  is  not  div.  by  a  +  a;  when  n  is  an 
even  number. 

78.  Theorem  XIV. —  The  difference  of  the  n""  powers  of  any 

two  quantities  is  exactly  divisible  by  the  sum  of  the  quantities  when 

n  is  an  even  number, 

a^-x"^  arCa'^-i  +  x"-!) 

Demonstration.     - — , —  =  a^  - 1 — — — 

a  +  X  a  +  a: 

Now  when  a"' "  i  -i-  x™  "  ^  is  div.  by  a  +  x,  then  also  a^  -  x^  is 
div.  by  a  4-  X. 

But  when  n  =  2,  n  -  1  =  1,  and  a  +  x  is  evidently  div.  by  a  +  x, 
therefore  a^  -  x^  is  div.  by  a  +  x. 

And  by  first  step  of  next  theorem  a^  +  x^  is  div.  by  a  4-  x,  and 
therefore  also  a*  -  x*  is  div.  by  a  +  x,  and  so  on. 

Therefore  a^  -  x"  is  divisible  by  a  +  x,  when  n  is  an  even 
number. 

XOTE.— The  several  steps  of  this  and  of  the  following  demonstration 
mutually  depend  upon  one  another.  Thus,  the  1st  step  of  the  following 
depends  on  the  1st  step  of  this ;  2nd  step  of  this  on  1st  step  of  following : 
2nd  step  of  following  on  2nd  step  of  this ;  3rd  stop  of  this  on  2nd  step  of 
following ;  and  so  on. 

79.  Theorem  XV. —  Tae  sum  of  the  n'^  powers  of  any  two 
quantities  is  divisible  by  the  sum  of  the  quantities  when  n  is  an  odd 
number. 

a"+x"  x(a*^  -  1  -  x"  -  1) 

Demonstration.       ^  ,  ^  =  a"  "  ^  + „  .  ^ 

a  +  X  u  -r  X 

Now  a^  +  x"  is  exactly  div.  by  a  +  x  when  a"  "  ^  -.r"'Ms  div. 
by  a  +  X. 

But  when  ti  =  an  odd  number,  n-  I  must  =  an  even  number, 
and  a""  ^  -  x"  "  ^  expresses  the  difference  of  two  even  powers,  and 
s.ace  (1st  step  of  Theorem  xiv.)  a^  -  x^  is  divisible  by  a  +  x, 
therefore  also  a^  4-  x^  is  divisible  by  a  4-  x. 
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And  since  (2nd  step  of  Theorem  xiv.)  a*  -  a;*  is  divisible  by 
a  -r  X,  therefore  also  a'  -f  x°  is  divisible  by  a  -f  x  ;  and  so  on. 
Therefore  a"  +  x'^  is  div.  by  a  -f  x  -when  n  =  an  odd  number. 

80.  The  following  is  a  recapitulation  of  the  latter  of 
these  theorems : — 

a" - x^'  is  div.  hj  a-x  when  n  is  odd. 
a"  —  x"  is  div.  hj  a  —  x  when  n  is  even, 
a™  +  X"  is  div.  by  <x  +  cc  when  n  is  odd. 
a*^  -  x^  is  div.  by  a  +  x  when  n  is  even. 
All  other  ?ith  powers  arc  indivisible  by  either  a  -  x  or 
a  —  x. 

Illustrative  Examples. 

Theorem  YI. 
(2x  +  3i/2)2  ^  (2x)2  +  2(2x)(3?/2)  +  (Sy^;^  =  4^,2  ^  i2x?/2  4-9^4, 
(2ax+  5j/c)2  =  (2ax)2  +  2(2ax)(5?/r)  ^  (5j/c)2=  4a2z2+20axi/i-f25i/V. 
Converselyx^  +  2x?/-f?/2=(x  +  ?/)(x-l-?/);  a24-43x+4x2=(a  +  2x)(a4-2x) 
9a2  +  Gaxy  +  xh/'^  =  (3j:  +  xy)(Za  4-  xy)  ;  4x*  -f-  I2x"y  4- 
92/'^=(2x2  +  3!/)(2x2  +  3?/). 

Theorem  V 
(//I  -  2x)''^  =  m2  -  2(m)(2x)  +  (2x)2  =  m^  -  4?«x  +  4x2 
(4a6  -  3x-J/)2  =  (4a6)2-  2(4j6)(3x2j/)+(3x27/)2=16a-62_24a6xV9^V- 
Conversely  m^-2my  ■{■y'^=  (/n  -y)(rn-y]  4:X'y'^  -  iacxy  +aV  = 
(2x?/  -ac)  (2x?/  -  ac). 

Theorem  VIII. 

(?n  -  xi/)  (m  +  xy)  =  m^  -  (xj/)^  =  m^  -  x^y^ 

(3a  +  1y)  (3a  -  7y)  =  (,3ay-0yy  =  Qa'  -  A9y\ 

{id'xy-  3a^b)  {\a?xy^  3a^b)  =  (^(i^xyy -  {30!^=  16a'^xhf^9a^bK 

Conversely  x^  -  4?/^  =x^-  (2yy  =  (x  +  2y)(x  -  2y)  ;  x*i/*  -  m^b'^  = 

(xyy  -  {ni'by  =  (xy  +  m^b)  (xy  _  ^^2^)^ 

x*  -  a*  =  (x^  -!-  a^)  (x^  -  a'^)  =  (x-  +  a?)  (x  +  a)  (x  -  a). 
77i'6-ai6ii6=^^8  +  a8^?)(a^-a«6'')=(;n8  +  a*6«)(7M4  +  a^i4) 
(m*  -  0*64)  =  (;n»  +  a^i^Xm*  +  a^i^Xm^  +  d^b'^)(-m^  -  a^b'^) 
=  (;/i«  +  a^b^Mjii"^  +  a4/;*)(m^  +  aW)(r,i  +  a6)(m  -  j/>). 
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Theorem  IX. 

(X  -  7)  (X  +  9)  =  x^  +  (9  -  1)x  -  63  =  a;2  ^  2x  -  63. 
(X  -  3)  (X  -  7)  =  x^  -  (3  +  1)x  +  21  =  x2  -  lOx  +  21. 

Conversely.  Find  the  factors  of  x^  +  14x  +  33.  Here  since  14 
is  the  sum  and  33  the  product  of  the  two  last  terms,  we  seek  to 
find  by  inspection  what  numbers  added  will  make  14,  andmulli- 
'ijlied  together  will  make  33.     Evidently  11  and  3. 

Therefore  x^-\-Ux  +  33  =  (x  +  11)  (x  +  3) 
x'^  +  x-42  =  (x  +  7)  (x-6)-.-  7 +  (-6)  =  1  and  7x-6  =  -42. 
x2  -  9  X  +  20  =  (x  -  5)  (X  -  4)  •.•  -  5  +  (-  4)  =  -  9  and  -  5  X-  4  =  +  20. 
x2-  X  -  156=(x  -  13)(x+12)  •.•  -  13  +  12  =  - 1  and  -13x12  =  -  156. 

Theorems  X.,  XIV.,  and  XV. — By  actual  division. 

a*  -  x'*  a*  -  X* 

=  a'^  +  a-x  +  Gx^  +  x^ :  ; —  =  a^  -  oJ^x  +  ax^  -  x^ . 

a  - x  '    a  +  X 

ft5  _a;5  a^  +  x'^ 

=a4-f  a^x  +  a^x^  +  Gx^+x*;  — ; —  =  a^  -  a'^x  -k-a^x^-ax'^-^-  x^. 

a-x  '    0.  +  X 


81.  In  order  to  be  enabled  to  write  these  and  similar  quotients 
without  actually  dividing,  observe  the  following  points  : — 

I.  The  number  of  terms  in  the  quotient  always  =  the  exponent 
of  a  in  the  dividend  -f  exponent  of  a  in  the  divisor. 

II.  The  coef,  of  each  term  of  the  quotient  is  unity. 

III.  The  exponent  of  a  decreases  and  that  of  x  indreases  in 
the  several  terms  of  the  quotient,  by  unity,  or  more  generally  by 
the  exponent  of  the  corresponding  term  of  the  divisor. 

IV. — When  the  connecting  sign  of  the  divisor  is  minus,  all  the 
signs  of  the  quotient  are  +,  but  when  the  connecting  sign  of  the 
divisor  is  pZz^s,  the  signs  of  the  quotient  are  +  and  -  alter- 
nately. 

V.  The  sum  of  the  exponents  of  each  term  =  the  difference  be- 
tween the  expopent  of  a  in  the  dividend  and  that  of  a  in  the 
divisor. 
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Exercise  XVII. 
Find  by  inspection  the  value  of: — 

1.  (a-3yy;  (3a-}-2x)2;  (Sxy-iy-,  (2ax^-  3xy-  (2a  +  Scfxi/-)^. 

2.  (a  -  3x)(a  +  3.T)  ;  (2rt -}- 3y)(2a  -  By)  ;  (Zab  -  xy)(xy -i-Sab)  ] 
(2m--  3x^X2m^  +  3xy^). 

3.  (3a  -  2xy)(2xy  +  3a)  ;    (2a  -  7)(7  +  2a)  ;    (x  4-  3)(3  -  x) ; 
(2f5ayy-  (3a  -  4xV)3. 

4.  (x-6)(x+ll);   (3a-2)(3a  +  5);   (x  -  4)(a;  -  9;;   (x  +  3) 
(x-7);(x-2)(x-l). 

5.  ,(a"-x")  V  (a-  x);  (a^-x^)  f  (a  +  x);  (//i^  +a5)-f  (7/i4-a); 
(c*  +  x4)  4-  (c  -i-  x). 

6.  (a^i+xi'?/ii)v  (a  +  xy);  (a^^/i^-r^)  -=•  (a/zi-r);  (a^-\-m^s^) 
^  (a-  ms);  (a*  -  y^z^)  v  (a  -  y-). 

7.  (xH9x  +  20)-^(x-f5);  (x'^+  7x-8)^(x-l);  (6x2+ 5x- 4) 
,  V  (3x  +  4~  •  (6a4x2  +  flSj.  _  ^2)  ^  (2ax  -f-  1). 


82.  Theorem  VIII.  may  sometimes  enable  us  to  find  without 
actual  multiplication  the  product  of  two  trinomials  or  quadri- 
nomials,  i.  e.,  when  we  can  write  one  of  them  as  the  sum  of  two 
quantities  and  the  other  as  the  difference  of  the  same  two  quan- 
tities. 

Ex.  1.  (a  -  X  +  y){a  -  x  -  t/)  =  f  (a  -  i)  ^  y\{{a- x)  -  y  \~ 
(«  -  X)2  -  y2  _  q2  _  2ax  +  x2  -  y'^. 

Ex.  2.  (2x-3y- 2z)(2x  +  3?/  -  2c)  =  {(2x  -  2r)-3j^}  \{2x-2z)^3y] 
=  (2x  -  2c)2-  (3?/)2  =  4x2  _  8X2  +  4^2  -9j/2. 

Ex.  3.  (a-26  +  3c)(a+26-3c)  =  {a-(26-3c)}{a  +  (26-3c)} 
=  a2  -  (26  -  3c)2  =  a2  -  (4^2  -  ubc  +  9c2)  =  a2-  4^2  +  I26c  -  9c2. 

Ex.  4.  (a  +  26  +  3c  -  d)  (a  -  26  +  3c  +  d) 

=  {(a  +  3c)  +  (26-d)|{(a  +  3c)-(26-d)|  =  (a  +  3c)2-(26-rf)2 

=a2  +  Coc  +  9c2  -  (462  _  45^  +  ^2)  ^  ^2  ^  g^^  ^  9^2  _  452^  4^^  _  ^2_ 

Exercise  XVIII. 
Find  the  value  Oi : — 

1.  (a-6+c)(a-6-c);  (a- 6+c)  (a  +  6-c)  ;  (a+6  +  c)  (a-6-c). 

2.  (3a  -  2c  +  4)  (4  -  3a  +  2c)  ;  (2a  -  x  +  3»i2)  (2a  +  a:-  3?n2) ; 

(2a  -  3j/  +  2x)/)  (3y  -  2a  +  2x]j). 
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3.  (2a  -  3c  4-  2x  -  2y)(3y  -  2x  -  3c  +  2a);  (a  +  2c  -f  Am  +  dd) 
(a-\-3d-2c  -  Am). 

4.  (3a  -  m2  -2-1-  :r?/)(2  -  m^  +  3a  -  .r;/)  ;  (1  +  2a-  -  Zx^  +  ^^^ 
(2a--  l-/-3x=). 

Simplify  the  folloTving  expressions,  i.  e.  perform  the  operations 
indicated,  and  reduce  the  result  to  its  simplest  form  : — 

5.  (3a  -  26)(2a  -f  36)  -  (2a  -  Ahf  -  4(3  -  a){a  +  3)  -  4(2a -  h)-. 

6.  (4a -3x J/) (3x2/ -4a) +  3  {2a-\-xyy-  7  (3a  4- ary) (xy  -  3^) + 
4(2a  -  Zxyy. 

1.  (1  -  x)  (1  ^ X)  (1 4- x2)  (1 4-x*)  (1  -f  x^)  (1 4-X16). . .  .8  terms. 
8.  (a  -  xy)  (a  +  x?/)  (a^  +  xYO  (^*  +  J'*y^)  •  • .  •  to  n  terms.* 


83.  Although  we  have  seen  (Theor.  xi  and  xii)  that  the  sum 
of  the  even  powers  of  any  two  quantities  is  not  divisible  either 
by  the  sum  or  the  difference  of  the  quantities,  it  sometimes  hap- 
pens that  we  can  resolve  the  sum  of  two  even  powers  into  its 
component  factors.  This  occurs  whenever  the  exponent  n  con- 
tains an  odd  factor,  as  for  example  when  it  is  6,  or  10,  or  12,  or 
14,  &c. 

Ex.  1. — Resolve  a^  -  x^f  into  its  elementary  factors. 

Theor.  x.     a?  -  xY  -a?-  {^yY  =  (a  -  xy)(a'^  4-  axy  4-  x^y^). 

Ex,  2.— Resolve  a^  -  m^  into  its  elementary  factors. 

a''  -  m  ^  is  divisible  by  a-m,  and  therefore  its  factors  are 
(a  -  m)  (a*  4-  a^m  4-  aPm^  4-  am^  4-  m^). 

Ex.  3.— What  are  the  factors  of  x'  4-  y^^  ? 
x'-\-y^^-x'+(y^y  =  (x4-2/^(x6-x^i/2^2.4j^_3.3j^6  +a;2j^?_a;yio  +yi^). 

Observe  here  the  exponents  of  x  in  the  second  factor  decrease  by  the 
subtraction  of  thiat  of  x  in  the  first  factor,  while  the  exponents  of  y  in  the 
second  factor  increase  by  the  addition  of  that  of?/  in  the  first  factor. 

Ex.  4.— What  are  the  factors  of  a^^  _  m^^c^^  ? 

By  Theor.  viii.  a^^  -  (^mcy^  =  {a^  4-  (7nc)8}  [a^  -(mcY]  and 
a'  -  Qnc)^  =  {a*  4-  (mc)^}  {  a*  -  (mcy] ;  and  so  on.  Therefore 
ai6_,ni6ciff  =  (a5  4-m'cO(a*  +  wi*c4)  (a2  4-7;iV)  (a4-wic)  (a-wic). 

*  Ascertain  by  inspection  what  power  of  2  expresses  the  exponent  of 
each  term  of  the  product  of  the  first  two  of  these  factors,  then  of  three, 
and  hence  of  «  factors. 
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Ex.  5.— What  are  the  factors  of  32x5  +  243y5  ? 

32x5  +  243y5  =  (2xY  +  (3y)5  =  (2x  +  Zy)  {(2a;)*  -  (2a;) ^(Sz/)  + 
(2a;)2  (3yY  -  (2a;)(3i/)^  +  '3y)^i=  (2x^Zy)  (IGx*-  24x32/+36a:y- 
54x?/^  +  81y4). 

Ex,  G. — Resolve  a^^  +77^12  j^^q  j^g  j-^q  elementary  factors. 

a'^  +  m^2  =  (a^^)^  +  (m*)"',  and  since  the  sum  of  the   cubes 
of  two  quantities  is  divisible  by  the  sum  of  the  quantities, 
(a^)5  +  (7n4)3  =  (a*  +  m'^){a'^  -  a%*  +  m^. 

Ex.  7. — Resolve  a-^  -  a;^^  into  six  elementary  factors. 

q2o  _a,2o  _  (^10  +a;'0)(a5  ^  x^){a^  -x^). 

a'  0  +xi 0  =  (a2)'  +  (x2)-  =  (a2  +  x2)(a^  -  a6j3+  a^x*  -  a^x^  +  a;  ;, 
and  resolving  (a^  +  a:'')  and  a'  -  x^  into  their  factors,  we  find 
that  a2o  -  x2o  =  (a2  -f  x'^)(a^  -  a^x^  +  a^x*  -  a^x^  +  x8)(a  4-  x) 
/  (rt*  _  a^x  +  a^x^  -  ax3  +x'*)(a  -  xXa'*  +  a^x  +  a'x^+ax^  +  x*). 

Ex,  8. — Resolve  7/1'*  -  z^^  into  eight  elementary  factors. 


m'^  -  Z'<  =  (m2  7    +  c2  7)    (Wi2  7  _  .2  7)^ 

m^'  +^27  =  (;^9)3  +  (.9)3  =  (^0  +29)  (m •  8  _ ^n^^s  +  - ' «)  and 
ffi^  +  z^  =  (7n3)3  +  (c'^)3  =  (m^  +  2^)  (ffi6  _  ;^323  J.  ;6)  and 
m3  +  =3  =  (»i  +  c)  (»i2  -  mz  +  c2). 

Therefore  m27  x  c^^  =  (m^s  -  m^c^  +  z'^)  ^/^^r.  _  ^^3^3  +  ^6) 
(?n2-7n2  +  2^)  (m  +  z). 

And  similarly  rn-^-c^v  _  (wi^? +m939  + s^s)  (wi6  4.,rt323 +  56) 
(??i2  +  mc  +  Z-)  (to  -  z). 

Therefore  m'^'^  -  z'*  =  the  above  eight  factors. 

Exercise  XIX 
Resolve  into  elementary  factors  : — 

l.a^-m';        2.a'+c^]  3.  a*+x*;         4.  a^  -  6^  ; 

5,  a9-x'';       G,  a''-i'^;  7.  a*  -  7n*x*  ;    8.  32a5  +  x '  ; 

9.  81-lGc*;  10.  2437n5-32c5;  11.  a^i+x^^;  11.  a^o+m^O; 

13,  c24  4-X2-';  14.  x3o +7ft50;  15.  a^^.^^s  .    IG.  a^G  +  m^Cj 

17.  aio'-c'^'^;  18.  7«i*4  +  o'^^;  19.  fliHwi'^;  20.(rt;/O^ '-p' * 
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EXEECISE  XX. 
MISCELLANEOUS   EXAMPLES. 

1.  Simplifj  a  -  a:  -  f  -  (-a)  ~x  }-{- (-[-a- (  -  {- (-x-o) 
-a\-x)  -a]-  a)} 

2.  Simplify  3(a  -  a:)(a  -f  x)  -  2  (a-  2x)- -  (3a-  2x)(2x  -  3a)  - 
4(3x-a)(a+  3x). 

3.  Add  together  V3  +  2V6  +  3V5  -  V-c  ;  2V3  -  2\Jo  -  i^ax^-^x  ; 
2V5  -  3Va:  +  a^x^  -  V2  :  and  4V6  -  Zc^x  -  Z^lx. 

4.  Multiply  a'"  +  x?  +  5  bj  flc  _  a;m  -  p_ 

5.  Divide  a"  -  x'^  by  a  -i-  x  to  5  terms. 

6.  What  are  the  factors  of  x^  -  I4x  -  51  ? 

7.  Divide  1  by  1  -  1,  and  express  the  value  of  the  quotient. 

8.  Resolve  a^^-x^'^  into  its  six  elementary  factors. 

9.  Divide  a^x^nt^  -  Aa^nrx^p  +  Ap->n^x^  into  its  factors. 

10.  If  a  =  2,  &  =  3,  c  =  4,  (Z  =  1,  and  ??i  =  0,  find  the  value  of 

'Jcdfab  +  bd)       (\a  (b  +  c)  -  d}-  +  ab)  ~  \bc  (b  +  c)  +  1\ 

— r +  ^a-b\dm =:=r^ - 

oc-m  V  ^^^  ^  ^^^^^  +  rf)  -  6  -  (a  +  6  +  rf) 

11.  Multiply  by  detached  coefficients  x*  +  2x^  +  3x2  +  2x  +  1  by 
x2  -  2x  +  1,  and  also  a^  -  2ab  -  3b^  by  a^  +  2a'^b  -h  306^  +  463. 

12.  Divide  synthetically  x*  -  a^x^  -f  &x^  -  cx^  -l-  abx  -f  acx  -  be  by 
ax  +  x^  -  c. 

13.  Resolve  a^*  -  m^^  into  its  elementary  factors. 

14.  Find  by  inspection  the  value  of  (a^  +  c")(a  +  c)(a  -  c) 
(a20-a'-8c2  +  ai6c4_a'-ic6+ai2c'^-aiOc^»  +  a''ci2_ff';ciHc*ci6 
-a2ci»  +  c2  0)(a^o-fa^c  +  a'^c''^  ^  a'c^  +  a'^ c^ -h  a"^ c''  -f  a^c^  +  a^r' 
+  a^c^  +  ac^  -f  c^'^)(aT^  -  a'^c  +  aV  -  a'c-'  -f  a^c*  -  a'c^  +  a^c^ 
-ah''  ^a^c"^  -ac^  +ci^). 

15.  If  a  =  ^,  and  a  +  6  +  c  =  a-r6  =  0,  Cnd  the  value  of 

(62-c2){62  +  c2-6(a-c)} 

16.  Simplify  a^  _  53  _  3a5(a  _  5)  +  2di(a  ^  6)  -h  a^  +  6^ 

17.  Simplify  a^  -  m^  +  3(a  -  7n)2  _  2(2a  -  3;?0  (3wi  +  2a)  - 
2?«(5m  -f  3a)  +  6(a2  -  m^)  +  2ni(5a  -  2m). 

18.  If  m  =  a  +  6  4-  c,  prove  that 

m{m  -  2a)  (m  -  26)  +  m(m  -  26)  (w  -  2c)  +  7?i(»i  -  2c)(ni  -  2a) 
=  Sa^c  +  (m  -  2a) (m  -  26) (m  -  2c). 
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SECTION   IV. 

GREATEST  COMMON  MEASURE   AXD   LEAST  COMMON 
MULTIPLE. 


GREATEST  COMMON  MEASURE. 

84.  The  great  common  measure  of  two  or  more 
algebraic  quantities  is  the  letter  or  quantity  of  highest 
dimensions  that  will  go  into  each  of  them  without  a 
remainder. 

Thus,  the  greatest  common  measure  (G.  C.  M.)  of  ^a"xy  and  Ba^o^s-  is 
^  2a- jj;  theG.  C.  M.  ofaz;3?/-2Lr2y  and2aia?-14<26isa;-7or  7-a;. 

85.  The  words  greater  and  less  are  not  generally  applicable  to 
algebraic  expressions,  unless  when  specific  numerical  values  have  been 
assigned  to  all  the  letters  which  occur  in  them.  Thus,  x  -1  is  greater  or 
leas  than  7 -x,  according  as  we  assign  different  values  to  x.  On  this 
account  the  term  Greatest  Common  Measure  is  incorrect  as  employed  in 
Algebra,  and,  as  we  merely  use  the  expression  to  indicate  the  common 
divisor  of  highest  dimensions,  it  would  bo  more  accurate  to  call  it  the 
highest  common  measure. 

86.  Theorem  I. — Tf  a  quantity  measure,  another  quantity,  itivill 
also  measure  any  multiple  of  that  quantity. 

Demo'stratiox. — "We  are  to  show  that  if  m  measure  «,  then  it  will  also 
measure  ta,  any  multiple  of  a. 

Let  m  be  contained  n  times  in  a.  Then  a  =  nm,  and  ta  =  tnm.  Isow 
m  evidently  measures  tnm,  therefore  it  also  measures  its  equal  ta. 

87.  Theorem  II. — If  one  quantity  measure  two  other  quantities 
then  it  icill  also  measure  the  sum  or  difference  of  any  multiples  of 
those  two  quantities. 

DE?ioxsTr.ATio>'.— "We  are  to  show  that  if  m  measure  a  and  also  b,  it 
will  likewise  measure  na  i  7^&.     . 

Since  m  measures  a  and  b  by  hypothesis,  it  also  (Theor.  I)  measures  na 
^ml  pb.  Let  m  be  contained  <  times  in  «a  and  .9  times  in  pb;  then  na 
z=  tm  and  pb -=z sm.  Therefore  na  +  2'b  =z  tm  ±  sm  ~  {t  ±  s)  m.  That  is, 
m  is  contained  (/  ±  s)  times  in  na  j:pb  and  is  therefore  a  measure  ofiia  i  jyb. 

E 
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88.  The  G.  C.  31.  of  two  or  more  quantities  can  often 
be  found  by  inspection  or  by  the  following  : — 

Rule. — Resolve  each  of  the  quantities  into  its  component  factors  .* 
then  the  product  of  those  factors  common  to  all  the  given  quantities 
will  he  their  G.  C.  M. 

Ex.  1.  What  is  the  G.  C.  M.  of  49a-6-c*  and  GSa^iV? 
49aWc^=  Wh'^i?  X  7c  and  GSa^feV  =  na%'^<?  X  Ba%  whence  it 
is  evident  that  the  G.  C.  M.  required  is  la-b^c^. 

Ex.  2.  The  G.  C.  M.  of  m^a'^-m-f  and  Qahn-ham-y] 

that  is,  of  m^a^-m^)  (a?-m^)  and  {am  (a+  m)f. 

that  is,  of  m^  (a  4-  m)  (a  -  m)(a-Tm)(a  -  7n)and  aVi^  (a  +  m){a  +  m) 
(a^m)  ; 

that  is,  of  rii-(a  -^  ??i)-(a  -  7//)-  and  m-(^a  -f  m)\a  +  m)a^m.  is 
m^(a  +7n)'^. 

Ex.  3.— The  G.  C.  AI.  of  15(a;^- 2ax- Sa^)  and  35(x^^a^). 
that  is,  of  5  X  3(x  +  G)(.r  -  3a)  and  5  x  T(x  +  a)(x^  -  ax  +  a-)  : 
that  is,  of  5(.r  +fl)x3(x  -  3a)  and  o(x-i  «)x'7(a:^  -  ax  +  a-)  is 
5<x  +  a). 

Exercise  XXI. 

Find  bj  factoring  the  G.  C.  M.  of 

1.  ISab^m  and  2Aa^b^m^ 

2.  21a4/n^,  ISa^m^  and  ISa^m*. 

3.  8d^x'^y-T  llamxy  - Sd^m^xi^y  and  5xy  +  3axy -  14a2a;^y. 

4.  a;^4-2z-7nx^-  2mx  and  x^  4-  4a: -r  4  +  ax  +  2a. 

5.  3a2(a2_a;2)  and  4a2x2(a  -  x)^. 

6.  3;/i^(a^  -  m^)  (a  +  m),  4ffi (^a-m  -  m^Y  and  4???^  (a^  -  m^)  (rt  - Tii). 

7.  x2-4x-21,  x=^-  12x-i-35and  x^+5x-84. 

8.  (ax-a)2  and  a"-^(x2-3x  + 2). 

9.  x2  +  3x  -  4,  x2  -  2x  +  1  and  x^  -  1. 
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89.  To  find  the  G.  C.  M.  of  two  polynomials:— 

KULE. 

I.  Strike  out  the  greatest  monomial  factor  (if  there  he  any)  which 
is  common  to  all  the  terms  of  both  polynomials,  and  reserve 
it. 
II.  Reject  from  each  of  the  polynomials  any  remaining  monomi'jl 
factor  that  may  be  common  to  all  its  terms. 

III.  Arrange  the  resulting  polynomials  as  for  division^  i.e. ^according 

te  the  powers  of  the  same  letter  of  reference,  and  nuike  that 
one  the  divisor  whose  first  term  is  of  lower,  or  of  not  higher 
dimensions,  as  to  the  letter  of  reference,  than  the  first  term 
of  the  other. 

IV.  Multiply   (^if  necessary)  the  dividend  by  the  least  monomial 

that  vnll  render  its  first  term  exactly  divisible  by  the  first 
term  of  the  divisor. 
V.  Divide  the  dividend  by  the  divisor  and  continue  the  division 
until  the  highest  exponent  of  the  letter  of  reference  in  the 
remainder  is  less  than  the  exponent  of  the  letter  of  reference 
in  the  first  term  of  the  divisor,  observing  that  if  the  coef.  of 
the  first  term  of  any  partial  rem.  should  happen  not  to  be 
divisible  by  the  coef.  of  the  first  term  of  the  divisor,  in  order 
to  avoid  fractions,  the  rem.  is  to  be  multiplied  by  such  a 
number  as  will  render  the  coef.  of  its  first  term  exactly 
divisible  by  the  coef.  of  the  first  term  of  the  divisor. 
VI.  Reject  from  the  remainder  its  greatest  monomial  factor ,  and  if 
its  first  term  is  negative,  change  all  its  signs:  consider  the 
result  as  constituting  a  new  divisor  and  the  former  divisor 
a  new  dividend  :  proceed  as  before,  dmd  continue  the  opera- 
tion until  there  is  no  remainder. 
VII.  Multiply  the  last  divisor  by  the  reserved  monomial,  if  any, 
and  the  product  will  be  the  G.  C,  M.  of  the  given  polynomials. 

Teoop  of  Rule.— The  G.  C.  M.  of  two  quantities  is  evidently  the  product 
of  all  thefectors  common  to  both.  Hence  if  we  take  out  any  monomial  factor 
common  to  both  (as  we  may  do  for  the  sake  of  convenience)  we  must  still 
regard  this  factor  as  entering  into  the  G.  C.  M.,  and  therefore  we  reserve 

It, 
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II.— Since  the  G.  C.  M.  of  two  quantities  is  the  product  of  all  the  f*«tor3 
which  are  common  to  both  quantities,  it  is  evident  that  a  factor  irliich 
belongs  only  to  one  of  the  two  cannot  form  a  part  of  their  G.  C.  M .,  and 
therefore  we  may,  for  the  sake  of  abbreviating  the  work,  reject  if  Afl  di- 
rected in  n. 

lY.— Having  by  II  struck  out  every  monomial  that  is  a  factor  of  oithor 

of  the  quantities,  it  is  evident  that  if  we  multiply  the  dividend  by  an>  aono- 

mial  in  order  to  make  its  first  term  exactly  divisible  by  the  first  tera  of  the 

divisor,  this  monomial  not  being  a  factor  of  each  of  the  terms  of  th»  ii\-isor 

(though  it  is  of  the  first  term)  cannot  be  a  factor  common  to  both  d  ridend 

and  divisor,  and  therefore  cannot  form  part  of  their  G.  CM. 

Ill,  V,  VII.— Let  the  given  polynomials  who^-e  G.  C.  M.  is  reqi  red  be 

vi^na  and  m-fb,  where  m-,  n  and/are  monomialk.  After 

b  )a{  p  striking  out  and  reserving  the  common  factor  »;-,  and 

bp  rejecting  ft-om  the  remainders  7ia  and  fb,  the  fa«,tors  n 

~  and/ which  are  not  common  to  both;  then  the  reduced 

polynomials  whose  G.C.3I.  is  sought  area  and  b.  Suppose 

-  these  being  properly  arranged,  the  leading  letter  of  6  is  of 

d)  c  {r        lower  or  not  higher  dimensions  than  that  of  a.    Then 

dr  divide  and  suppose  a -f  6  gives  a  quotient  p  with  rem.  c; 

—  also  & -^  c  gives  quotient  g  and  rem.  d;  also  c -;- c?  give* 

quotient  r  and  no  rem.    Then  d  is  the  G.  C.  M.  of  a  and  b. 

We  shall  first  show  that  d  is  a.  common  measure  of  g  and  6. 

Because  d  measures  c,  since  it  goes  into  it  without  a  remainder,  therefore 

(Theor.  I)  it  measures  qc  a  multiple  of  e. 

Because  d  measures  d  and  also  qc,  therefore  (Theor.  II)  it  measures 
their  sum,  which  is  b. 
■Because  d  measures  b  it  also  measures  tj^,  a  multiple  of  &. 
Because  d  measures  pb  and  also  c  it  measures  their  sum  which  is  a. 
Therefore  d  measures  both  6  and  a,  and  is  a  common  measure  of  them. 
Xext  we  shall  show  that  d  being  a  common  measure  is  the  greatest 
c  3mmon  measure  of  a  and  b. 
For  if  d  be  not  the  G.  CM.  of  a  and  b  let  there  be  a  greater  as  cV. 
Then  because  d'  measures  6  it  measures  pb,  a  multiple  of  b. 
Because  d'  measures  a  and  alsoiJ^,  it  measures  (Theor.  II)  their  differ- 
iice,  which  is  c. 

Because  d'  measures  cit  also  measures  qc,  a  multiple  of  c. 
Because  d'  measures  &  and  also  qc  it  measures  their  difierence,  which  is  d. 
Tliercfore  c'  measures  d.  that  is,  a  greater  quantity  measures  a  less,  which 
is  absurd. 

Therefore  (Z' is  not  a  common  measure  of  a  and  6;  and  in  Jike  manner 
it  may  be  .shown  that  no  quantity  greater  than  d  is  a  common  mc«isurc  of 
a  ana  b.    Therefore  d  is  the  G.  C.  M.  of  a  and  b. 
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v.— We  may  multiply  any  remainder  by  any  number  iu  order  to  make 
its  first  coef.  exactly  divisible  by  the  first  coef.  of  the  divisor,  because  the 
G.  C.  M.  of  a  and  b  is  the  same  as  the  G.  C.  M.  of  any  divisor  6  and  rem.  c. 
If  now  we  multiply  this  rem.  c  by  any  monomial  as/,  the  divisor  b  having 
no  monomial  factor,  can  have  no  factor  in  common  with/,  nor  therefore 
any  in  common  with/c  but  what  it  may  have  in  common  with  c.  That  is, 
the  G.  C.  M.  of  &  and/c  will  be  the  same  as  the  G.  C.  M.  of  b  and  c,  and 
therefore  the  same  as  the  G.  C.  M.  of  a  and  b. 

Tl.-^We  reject  the  monomial  factor  of  the  remainder  before  making  it 
a  divisor,  because  the  former  divisor,  which  has  now  become  a  dividend^ 
contains  no  monomial  factor,  and  therefore  can  contain  no  factor  in  com- 
mon with  the  monomial  rejected  from  what  now  becomes  the  divisor,  and 
therefore  the  G.  C.  M.  of  the  dividend  (last  divisor)  and  the  unreduced 
divisor  (i.  e.  last  rem.)  is  the  same  as  the  G.  C.  31.  of  the  dividend  and 
divisor  reduced  as  directed. 

We  can  change  all  the  signs  of  the  divisor  becaus  this  is  equivalent 
merely  to  dividing  it  by  - 1. 

Ex.  1.  What  is  the  G.  C.  M.  of  x^  -  lOx  -f-  21  and  x^  .  2x-35  ? 

OPEr^ATION^ 

x'^-U)xi-2l)  x^-    2a:-35  (  1 
x2-10x-F21 


8x-5Q  =  8(x-T) 


X- 7  )a:2-  10x4-21  (  x- 

x^  -    7x 


-3X  +  21 
-  3x  +  21 


.-.  G.  C.  M.  =  X  -  7 

E.KPLA:!rATio^.~There  is  no  monomial  factor  common  to  both,  nor  is 
there  any  monomial  factor  common  to  all  the  terms  of  either.  Therefore 
we  at  once  proceed  to  divide,  x  being  taken  as  letter  of  reference ;  the  first 
terms  of  the  given  quantities  are  of  the  same  dimensions,  and  consequently 
it  makes  no  difference  which  is  taken  as  divisor. 

After  the  first  step  of  the  division  we  obtain  a  remainder  8x  -  50,  and 
before  using  this  for  divisor  we  strike  out  its  monomial  factor  8.  This 
gives  us  a:  -  7  for  2nd  divisor.  We  make  the  last  divisor  the  new  divi. 
dend,  and  finding  that  we  now  obtain  no  rem.,  we  conclude  that  the 
G.  C,  M.  is  X-  7. 
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Ek.  2.— Find  the  G.  C.  M,  of  2a4  +  3aPx  -  2(tx^  and  Ga^o: 

OPERATION. 

Oa*x-  -  1 7  d^x^  +  Ua^x^  -  Sax*        a  x  x(Ga»  -  lla^x  +  14ca.^  -  32«) 


2a4  +  Sfl^x  -  9a^x^  a  x  a(2a^  +  3ax  ^9x^^ 

2a^  +  Srrx  ^  90,-2  >y  g^s  _  .^^^2^  +  ^4^^  -  Sa:^  (  3':r  -  13j: 

6a^  +    9d?x  -  21ax^ 


-  2Qd^x  +  ^\ax-  -  3x^ 
-26a2a:-39ax2+  ll7x' 


80ax2  -  120  a;3  --  4ar3(2a  -  3x) 


^ii  -  2x  )  2a2  +  Sax  -  9x2  (  a  +  3j: 
2a2  -  Sax 


Qax  -  9x2 
6ax  -  9x^ 

G.  C.  M.  of  the  reduced  polynomials  =  2a  -  3x  and  tbe  reserved 
common  factor  =  a. 

Therefore  G.  C.  M.  of  given  qnantities  =  a(2a  -  3x). 

Explanation'.— Here  we  strike  out  and  reserve  the  monomial  factor  a? 
■which  is  common  to  both  quantities,  and  strike  out  and  reject  the  mono- 
mial factor  X  of  the  second  quantity  and  remaining  monomial  factor  a  of 
the  first. 

We  select  the  divisor  as  shown  in  the  margin,  because  a'^,  its  first  term, 
is  of  lower  dimensions  than  a3 ,  the  first  term  of  the  other.  Our  first  rem. 
is  80aa;2  _  I20a;3  from  which  we  reject  its  greatest  monomial  factor  40x3. 
and  this  gives  us  2a  -  3x  for  a  new  divisor,  the  last  divisor  becoming  the 
new  dividend. 
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Ex.  3.—Find  the  O.  C.  M.  of  Gx-^  -  x^y  -3xV+  ^>^y^  -  ^  and 
9.^4  _  23^y  _  2xh/^  +  Zxf  -  y^. 

OPER.ATION. 

Qx^-j^y-  Zx^f  -f  Zxf  -  ^  )  9x*  -  Z3^y  -  2x2^/2  4.  s^:,^  -  ?/*  (  3 
2 


18r4  -  Gx^!/  -  4tV  +  6x2/3  -  2y^ 
18x*  -  3x3y  _  9xV  +  ^^f  -  3^ 

-  3x^1/  +  5x^y^  -  3x^3  ^  2/4 

-  1/(3x3  -  5x^y  +  3x?/2  _  f) 


3a,'  -  5x2^  -J-  3xy^ -f  )  Gx-  -      x'^y  -  3xy  +  3x^  -  ^  (  2x  4-  3y 
6x*  -  10x3y  +  6xV  _  2xy3 


3x3 

9x3?/- 
9x3y- 

9xY 
.  15xY . 

f  5x?/3_ 
f  9xy3- 

■3y* 

2x^-r 

-5x2?/ 
-  2x2y 

6x2^2 
=  21/2(3, 

+  3xy2. 

-  4xy3  i 
:2-2x2/ 

-2/3(3. 

■f 

-3x^ 
-3x2y 

+  2XJ/2  . 

+  2x^2  _ 

3x= 


Therefore  G.  C.  M.  =  3x^  -  2xy  +  7/2 

EsPLA^TATioiN.—IIere,  after  seeing  that  the  terms  are  properly  arranged 
and  that  there  is  no  monomial  factor  to  reject,  we  multiply  the  dividend 
by  2  in  order  to  make  its  first  term  exactly  divisible  by  the  first  term  of  the 
divisor. 

Before  making  the  rem.  a  div.  we  cast  out  its  monomial  factor  ij  and 
change  all  its  signs,  or,  what  amounts  to  the  same  thing,  we  cast  out  the 
monomial  factor  -  y. 

Before  making  the  next  rem.  a  new  divisor  wc  cast  out  its  monomial 
factor  2y2. 

Exercise  XXII. 

Find  lb- G.  CM.  of— 

1.  x2  -  5x  -  14  and  x^  -  x  -  G. 

2.  X*  -  8x3  +  21x2  -  20x  +  4  and  2x3  _  i2x*  r  21x  -  10. 

3.  a2  -  ax  -  7a  +  7x  and  a^  -  3a  H-  3x  -  a^x. 
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4.  x^  -hx^-Ux  and  x^  +  Ax^  +  5x  +  20. 

5.  a-  -  Sab  +  2b-  and  a?  -ab-  2b^. 

6.  a^  -  a26  +  3ab^  -  3b^  and  a^  -  oab  +  4^2. 

7.  30x4  _  18^3  +  94x2  ^  42x  +  5G  and  GOx^^  -  36x3   +  48x* 

-  45x3  +42a;2-45x+  12. 

8.  60^6  -  Ga^by  -  2by^  +  2aby'^  and  12a-b  +  Zbf'  -  I5aby. 

9.  a^  +  9a2  +  2Ta  -  98  and  a^  +  12a  -  28. 

10.  8a362  -  24a263  +  24a6*  -  86^  and  12a*  -  24ta^b  +  12a262. 

11.  6a5  +  20a*  -  120^  -  480^  +  22a  +  12  and  a^  +  4a5  -  3.a* 

-  16a3+  lla^+  12a -9. 

12.  2a3  -  20^6  -  iGab^  ^  I2b^  and  3a*c  -  ^i%c  -  240^62^  +  ^ab^c 

-  246*c. 


90.  To  find  the  G.  C.  M.  of  three  quantities :— Find 
the  a.  C.  M.  of  two  of  them,  and  then  of  this  G.  C.  M. 
and  the  third  quantity.  To  find  the  G.  C.  M.  of  four 
quantities  :— Find  the  G.  C.  M,  of  any  of  two  of  them,  and 
then  the  G.  C.  M.  of  the  other  two,  and  lastly  the  G.  C.  M, 
of  the  two  srreatest  common  measures  thus  found. 


LEAST  COMMON  MULTIPLE. 

91.  The  Least  Common  Multiple  (1.  c,  m.)  of  two 
or  more  algebraic  quantities  is  the  quantity  of  lowest  dimen- 
sions, as  to  the  letter  or  letters  of  reference,  which  exactly 
contains  each  of  the  given  quantities. 

KoTE.— Of  course  there  is  the  same  objection  to  the  use  of  the  word 
"least"  here  as  to  the  word  "  grrea^t's^' in  regard  to  common  measures. 
It  would  be  more  correct  to  use  the  term  lowest  common  multiple. 

92.  To  find  the  1.  c.  m.  of  two  or  more  algebraic  quan- 
tities : — 

Rule. — Divide  their  product  by  their  G.  C.  M. 

Or,  Divide  one  of  the  given  quantities  by  their  G.  C.  M.y  and 

multiply  the  quotient  and  remaining  quantity  together  for   their 

I.  c.  m. 

Note. —  To  find  the  I.  c.  m.  of  ilri'f"  rv  tnnrp  quaniities.  Divide  all  but 
one  of  them  by  their  g.  c.  m.,and  multiplif  together  the  undivided  quan- 
tity and  all  the  resulting  quotients  for  their  I.  c.  m. 
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Fr.ooF  OP  KULE.— Let  it  be  required  to  fiud  tbo  I.  c,  m.  of  any  two 
quantities  a  and  6,  and  let  m  be  the  G.  C.  M.  of  these  quantities. 

Lot  a  =pm  and  6  =  qm,  and  m  being  tho  G.  C.  31.  of  a  and  h,  itfollo-n-s 
of  course  that_p  and  q  have  no  common  factor.  Thenj^g  r=  least  quantitj- 
that  contains  bothp  and  q,  and  mpq  =  the  least  quantity  that  contains^, 
q,  and  m,  and  therefore  ==  the  1.  c.  m.  of  a  and  b.    Then  1.  c.  ia.zz.pqm. 

=.  PJUL^yjl  =  "iJL^  or  -  fL  X  6or  =  a  x  i 
ra  m  m  m 

Ex.  1.  Fina  the  L  c.  m.  of  ISd-x^y  and  Uiox^fz. 

OPERATION. 

G.  CM.  of  ISa^x^j^nd  loax^y-z  =  Mxhj. 

Then  l^^!f!^  x  ISaa^y^s  =  6a  x  ISaxVc  =  BOcthr^y^  =  k  c.  m. 

Ex.  2.  Find  the  1.  c.  m.  of  a^  +  Za^  +  5a +  3  and  a^^ar+a-3. 

OPERATIO}!. 

G.  C.  M.  of  a^  +  3a2  +  5a  +  3  and  a"^  +  a"  +  ^  -  3  =  a^  -f  2a  +  3. 

a3  +  3a^-+5a+3  ,  ^  +  i  ^nd  (aH  a^  +  a  -  3)  x  (a  +  1)  =  a^  +  2a3 

a^+2a  +  3 
-i.2a2-.2a-3  =  1.  c.  m. 

93.  Very  frequently  the  I.  cm,  can  he  most  easily  obtained 
by  revolving  all  the  given  quantities  into  their  prime  factors,  and 
multiplying  together  the  highest  powers  of  all  the  factors  that  occur 
in  order  to  form  the  I.  c,  m. 

Ex.  1.  Thel.c.m.ofa;3-a:,x3_iandx''  +  l;thatiayOfx(a;2-l), 
x^  -1,  andx3  +  l;  that  is  x(x -l)(x  +  1),  (x- l)(x2+ x  +  l)  and 
(X  +  1)  (x2  -  a;  +  1)  =  x(x  -  l)(x2  +  x  +  l)(x  +  l)(x^  -  x  +  1) 
^  x(x3  -  l)(x3  +  1)  =  x(x6  -  1)  =  x7  -  X. 

XoTE.— Of  course  the  same  factor  is  only  to  be  taken  once  in  the  1.  c,  m. 
although  it  may  occur  in  each  of  the  given  quantities. 

Ex.  2.— The  1.  c.  m.  of  4(x3  -  xy^,  20(x"  +  x^y  -  xy-  -  y^), 
12(xj/2  +  y3)^12(x2  +  a:y)2and8  (x^  -  x^i/)  ; 

that  is,  of  4x(x2-T/2)  ;  20  {  (x^  +x2y)  -  (xy^  +  y^)] :  Uy\x+y)  ; 
12x2(x  +  yy  and  8x2(x  -y)] 
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that  is,  of  4x-(a:  -F  y)(j:  -  y)  ;  20{x'(x-  -f-  tj)  -  y\x  +  J/)};  \lf 
(a:  +  ?/)  ;  12a:2(a;  +  y)^,  and  ^x\{x  -  ?/)  ; 

that  is,  of  4a:(x  +  y){x  -  y)  ;  20(a:  +  y){x'^-  f)  ;  12?/2(r  -^  ?/)  ; 
12x2(a:  +  yY^  and  8x2(a;  -  3/)  ; 

that  is,  of  4x(a:  +  7/)(x  -  y)  ;  20(a:  +  y)\x  -  y)  ;  12?/2(.t:  -1-  y)  ; 
12a;2(a:  +  yY,  and  8x2(a;  -  7/)  is  equal  to  I20x-y'^{x  +  yY{x  ^y)~ 
120cV(a;3  +  a-^y  -xy^-y^) 

Exercise  XXIII. 
Find  the  L  c.  m.  of— 

1.  2a'^x,  Zxy^  4:al^y,  and  -  3x^y^. 

2.  2ax2,  3a:y2^  4^.2^  _  2^2^:,  and  -  2x^y. 
3-  C^  -  y),  (x^  -  yf:  and  (x  -  2/)^. 

4.  x"^  -  7/2,  a;3  -  7/3^  anil  ^-c*  _  ^^4^ 

5.  (x  -  a:2)2,  (a;2  -  1),  and  4(1  +  x^x. 

6.  4(a  -  &)2,  6(a3  -  6^-),  6(a3  +  i^)^  and  0(a5  -  c/§). 
T.  (x2  -  3a;),  (a;^  -  10a;  +  21),  and  x^  -  1x. 

8.  (a^  -  x^),  and  (a^  +  a;  -  cw;  -  a). 

9.  a^  -  9a2  +  26a  -  24,  and  a^  -  Sa^  +  19a  -  12. 

10.  3(a5  -  b^-),  4<a  -  by,  5(a4  -^  6^)^  6(a  ~  i)2,  and  fa^  -  ^^^ 


SECTION    V. 

FRACTIONS. 


94.  Algebraic  fi-actions  are  in  all  essential  respects  simi- 
lar to  arithmetical  fractions,  and  the  rules  for  operating 
upon  them  are  the  same  as  those  for  common  arithmetic, 
and  are  deduced  in  the  same  manner, 

95.  Since  the  value  of  a  fraction  is  the  quotient,  which 
is  obtained  by  dividing  the  numerator  by  the  denominator, 
we  infer  the  following  principles,  upon  which  the  principal 
rules  are  founded : — 
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I.  That  multiplying  the  numerator,  or  dividing  the  doiominator 
of  a  fraction  by  any  quantity,  multiplies  the  fraction  by  that  quan- 
tify. 

II.  That  dividing  the  numerator,  or  multiplying  the  denomina- 
tor, of  any  fraction  by  a  quantity,  divides  the  fraction  by  that 
quantity. 

III.  Tliat  multiplying  or  dividing  both  numerator  and  denomina- 
tor of  a  fraction  by  the  same  quantity  does  not  change  its  value. 

98.  These  principles  are,  lioTvever,  susceptible  of  general 
proof,  as  follows : — 

I.  Let  --  be  any  fraction  and  m  any  integer,  then,  -—  —  —  x  m.    For 
in  each  of  the  fractions -r-  and  -p-  the  unit  is  divided  into  6  equal  parts, 

0  0 

and  m  times  as  many  of  these  parts  are  indicated  by  the  latter  fraction  as 

by  the  former.    Conversely  —  =  — — i-  m. 

A!?ain,let  5—  be  any  fraction  and  m  any  integer,  then  -^  =  r—  x  m. 

lor  in  each  of  the  fractions  ;—  and  -^   the    same    number    of   part? 
hm  h 

is  taken ;  but  each  part  of  the  former  is  — th  of  each  part  of  the  latter, 

therefore  each  part  of  the  latter  fract'on  is  m  times  larger  than  each  part 
of  the  former;  and  since  The  same  number  of  parts  is  taken  of  each,  il 

follows  that  the  latter  fraction  -r-  ism  times  greater  than  the  former  frac- 

a 

tion  --. 
hm 

i  I .  The  proof  of  this  is  simply  the  converse  of  the  above. 

~,    .  .      .        ara        a  .     a         am 

That  IS,  since  -r-  =  -,—  X  m,  conversely  -z-  =  -r-  -i-  m. 
h  b  b  b 

And  since  -—  =z  -—  x  m,  conversely  ^—  =:  -~  ~  m. 
b        hm  bm         b 

III.  Since  both  multiplying  and  dividing  any  quantity  by  the  same 

number  does  not  change  its  value,  if -we  both  multiply  and  divide  -^  by  t??, 

its  value  will  remain  unaltered.    But  (I)  ~  x  m  =  '^,    and   (II)    ^ 

o  b  b 

~  m  =  J—    —-,  i.  e.,  although  the  parts  in  the  former  fraction  are 

each  but  — th  of  each  of  those  in  the  latter,  ra  times  more  of  them  are  taken. 
m 
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Or.  '!^  =  ^."^  (Art.  G9.  Cor.)  =  If- =  ^  because  m"  ^  1. 

■"  And  since  a-^m  — —  =  amr^  and  b^m=-  —  =  bm  '  ' .      Therefore 
m  m 

a-^m  _  am-^  _  a""»'^  _  am"  _  o  .  ^ ^ 

6-f»i~   bm-i  ~      b      ~     b    ~  ~b  " 

97.  The  following  facts  should  be  borne  in  mind  by  the 
student : — 

I.  ^ny  integer  raay  be  expressed  as   a  fraction  having    1  for 

a 
denominator.     Thus,  a  =  -r-. 

II.  jlny  quantity  divided  by  itself  equals  unity.     Thus,  "T  =  1- 

III.  Jlny  integral  expression  may  be  expressed  as  a  fraction 
having  a  given  denominator,  the  numerator  being  obtained  by  mul- 
tiplying the  given  'expression  by  the  proposed  denominator. 

Thus,  let  it  be  required  to  express  a  as  a  fraction  with  denominator  h. 
(Art.  97, 1).    a  =  •— ,  multiply  both  numerator  and  denominator  by  h, 

a        ah 
we  get  a  =  —  =  -^ 

IV.  The  signs  of  all  the  terms  of  both  numerator  and  denomina- 
tor may  be  changed  without  altering  the  value  of  the  expression, 
this  being  equivalent  to  merely  multiplying  both  numerator  and 
denominator  by  -  1. 

^         2a  -  36  +  4cm  -  x^    Zb  ■-2a-  Acm  +  x'^ 
'^^^^'    3  +  2m-y^-'3c  ~  3c  -  3  -  27/i  -i-  y^ ' 

V.  Jll  the  rules  and  formulce  in  fractions  hold  whether  the  letters 
employed  represent  integral  or  fractional,  2^ositive  or  negative 
quantities. 


98.  To  reduce  a  fraction  to  its  lowest  terms: 

Rule, — Divide  both  numerator  and  denominator  by  their  G.C.M. 

KoTE.— The  student  should  always  endeavour  to  factor  the  numerator 
and  denominator  so  as  to  find  by  inspection  the  G.  C.  M.  when  it  can 
be  so  found.    Otherwise  he  must  find  the  G.  C.  M.  of  the  two  terms  by 

Art.  89. 
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a-inxy     amx  x  ay      ay 


Ex.  1. 
Ex.  2. 
Ex.  3. 


amx"       amx  x  x        x 

a^  -f  3a^x  0?  (1  4-  3x)  1  +  3x 


2a^  -  3a^ni  +  a^^     ^^^^2  -  Zm-Vrf)     2  -  3//i  +  y- 
a*  -  X*      _  (a^  +  x2)(a  +  x)  (a  -  x)      (a^  +  x-)(a  4-  x) 


or- -lax  -f  X-  (a  -  x)(a  -  x)  a 

a^  T  a^x  +  ax^  -f  x^ 


a  -  X. 

Ex    4   "^  -  6«  -  27  _  (g  -I-  3)(a  -  9)  _  a  -  9 
'  a^  4-  8a  +  15  "  (a  +  3)(a  +  5)  ~  a  +  5 
x*^  -  xt/  +  Tnx  -  my  _  X  (x  -  r/)  +  7n(x  -  ?/) 
^'     *  x-^  4-  xy  +  771X  +.  7ny  ~  X  (x  4-  2/)  X  7ft  (X  4-  y) 
(x  -  J/)  (x  4-  7n)     X  -  y 


(X  4-  y)  (x  4-  m)      X  4-  y 

x^  —  8x  4-  3 
Ex.  6.  ^6  +  3j:^  4-X4-3-     "^^^^  ^^^*-  ^^^  ^^^  ^-   ^-  *^^'  ^^  ^^® 
cumcrator  and  denominator  is  x  4-  3,  and  dividing  both  lerms 

(x-  -  8x  4-  3)  4-  (X  4-  3)  x3  -  3x  4-  1 

by  X  4-  3  we  gpt  ^e^Sx^  4- x  4- 3)  ^  (x  4- 3)  =        x^  -M      ' 

Exercise  XXIV. 
Reduce  the  following  fractions  to  their  lov/est  terms  : — 
a~  -  ah  lam  +  t^^x  -  in^  c  +  ac 


ax+ay  '        3a^m  +  7n^      '  '    n  i- an 

a^b  +  cflr'  4-  a-677i  ah(?  ax'y'' 

5.  - 


;nx  4- 6x  4- X     '  '  a6  +  6c'  '  a-x^A7t4- axy4-x-^y-c< 

21xV  -  35x^'y2  a  -  7/1  a-^  4-  6  d^-lah  4-  6- 

7.  TT-^r^T .      8.  —, h.      9.  —r, — r>-    10- ^ ^r- 

14x5y-  a^-m^  a- -  b~  a^  -   ^ 

a^  4-6^  a^  -  m^  a^  -  tti* 

11.  -r-i-.'  12.  TTTTrv-TT— T-v.  13. 


a^  -6*  •    (a4-7n)(a-7/i)'  *  a'^  -a'!n.^' 

7x2-21x4-35  x2- 11x4- 28  4x2  4-12x4-9 

^'^'  Fix- -33x4- 55'        ^^"    X--    4X-21'        ^^'  2"x--  5x-12 

x3  4- 2x2y  4- 3xV  a^  -  la'^b  +  iab-  -  b^ 

18. 


2x*  -  3x  -hj  -  5x V  ^°-  a*  4-  a-6=»  4-  6* 
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a*  -  m*  ac  +  bd  -h  ad  +  be 

19 .  20 

a-^  -  ahn  -  airi^  ^- m^'  '  '    am  +  2bj}  +  2ap  +  bm' 

x'^+  (a  +  b)x  +  ab  2x'^  +  x'^  -  8a;  +  5 

21.  „.  ,  '.  ,     '     ,   ._■  22. 


a;'=  +  (6  +  c)a;  +  6c  7x^-12x  +  5 

(a  4-  mya  +  m  +  a;)(a  +  m  -  x) 
-""'  2ti-//(/  4-  2d^x^  +  2»r'x^  -  a^  -  iiV^  -  x^' 


99.  To  reduce  a  mixed  quantity  to  a  fractional  form : — 

Rule. — Multiply  the  entire  part  of  the  quantity  by  the  denomi- 
nator of  the  fraction^  and  to  the  product  connect  the  numerator  of 
the  fractional  part  by  its  proper  sign.  Beneath  the  whole  expres- 
sion thus  formed  J  write  the  denominator. 

X  +  y     c?m  -  abm  +  (x  +  y)      a^m  -  abni  +  x  +  y 


Ex.1.  a-b  + 


am  am  am 

3x  -  2am      4ah/  -  Say^  -  (3.r  -  2am) 


Ex.  2.  a^-2ay--^^,      -  ^^, 

_  4a V  -  Say"^  -  3x  ■'r  2am 

Exercise  XXV.  • 

Reduce  the  following  mixed  quantities  to   their  equivalent 
fractions  : — 

3  -  2a  2  3a2-30 

1.  2ax-2/+-^^.      2.  a2+a+l  +  ^^.    3.3a-2/--^r^ 

2a  +  xy  ^  3flx'2  +  xy- 

4.  3a  +  y  -  ~^^ZJ'        5-  3«^  -  r  +  ''i  -       a^x     ' 

xyz  -  z"m  -  2m^z  (a  -  b)^ 

6.  xy^-mz  + ^qr2^^ .        7.  (a  +  6)2  -     ^.^^    • 

a^  -  m^  a^  -  2ax  +  x'^ 

9.  1 


a^+  m'^  a^-k-  x" 

100.  To  reduce  a  fraction  to  a  mixed  quantity: — 

Rule. — Divide  the  numerator  by  the  denominator ,  and  place  the 
remainder  J  if  any  ^  over  the  denominator  for  the  fractional  part. 
Connect  the  fraction  thus  obtained  to  the  entire  part  of  the  quotient 
by  the  sign  plus. 
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3a2  -  12ab  +  y  -  9a  y 

Gx^  -ax  -  2x  -  ax  2x  +  ax 


^^-  ^;     3x  -f  1     '  ^^  '      3x  +  1        ^"^        3x  +  1  • 

Exercise  XXVI. 

Reduce  the  followiug  fractions  to  mixed  quantities  : — 

20m^  -  20m  +  1  d^  +  x^  x^  ■{■  2xy  +  y^  +  x^  -  y^ 

I     2    3 - 

5/71  ■         '    a-x  '         '  X  +  y 

5nr  -  5p^+  3  ■  1  -  a  -  ub  -h  a^b  'm  +  ab  ■{■  5am 

■  m-p        •         ■  ab  -b  '         '  m  ■{- b 

101.  To  reduce  fractions  to  a  common  denominator: — 
Rule. — Find  the  I,  c.  m.  of  all  the  denominators ;  then,  taking  each 
fraction  in  succession,  divide  this  I.  c.  m.  by  the  denominator,  and 
multiply  both  terms  by  the  quotient  thus  obtained. 
lb  c 

Ex.  1.  Reduce  — ,  — ,  and  —  to  a  common  denom. 
a  m  mx 

The  /.  c.  m.  of  a,  m,  and  mx  =  amx. 

amx  i-  a=  mx  =  multiplier  for  both  terms  of  Ist  fraction, 
amx  ~  m-  ax  =  multiplier  for  both  terms  of  2nd  fraction, 
amx  ~  mx  =  a  =  multiplier  for  both  terms  of  3rd  fraction, 
1  X  mx         mx  b  X  ax        abx  c  x  a  ac 

ax  mx  ~    amx  '        m  x  ax  ~    amx  '         mx  x  a  ~    amx  ' 

mx       abx  ac 

Hence  the  required  fractions  are ,  ,  and  . 

^  amx '    amx '  amx 

1  +  a    l  +  ft2  ij^a? 

Ex.2.  Reduce  j-3^,  ^  _  ^2,  and  j-j^,  to  equivalent  fractions 

having  a  common  denominator. 

OPERATION. 

The  I.  c.  m.  of  I  -  a,  1  -  a^,  and  1  -  a^  =  (1  +  a)(l  -  a^)  ^  (}  ^a) 
(l-a)(l  +  a  +  a2). 

1st  multiplier  =  I.  c.  m.   ~  (I  -  a)    =  (1  +  «)(!  +  a  +  a^)- 

2nd         "         =        "       v(l-a2)  =  (i  +  a  +  a2);  and 

3rd         "         =        "       V  (l-a3)  =  (1  +  a). 

Using  these  multipliers,  the  three  given  fractions  become 

(l-r«)(l  +  a)(l  +  m-a")     (l  +  a")(l+a  +  ag)  (l  +  a3)(i+rt) 

(l-a)(l+a)(l  +  a  +  a'0  '  (l-tt2)(l  +«+^2)'  ^^^  (1  -a^)(l  +  «) 

-  (l  +  Q)''(l+^+  ^^).  (1  +a^Kl  +a  +  cg)  (l  +  «3)(i  +a) 

1  +  a  -  a3  -  a*     '       1  +  a  -  a^  -  a*    '  ^^^  1  +  a  -  a^T^ 
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EXEECISE  XXVII. 

Reduce  the  following  fractions  to  others  having  a  common 
denominator  : — 

a     b     c  X  \      a  b  2      a  m 

^-  T'  T'  1-'^^^  m'    2.  -,  -,  and  — .    3.  -,  ^,  and  ^y, 

I  -T  in  1  -in  x^  -rj^      •      x  +  y 

'i-  ~i — ~  and   ,  ,  „  .      5.  „o  ,     o  and 


1  -  7?i  1  +  m  '         *  a;2  +  ?/2  '        a; 3  4.  ^yi- 

3x       4x  +  y  ^x-Zy  3a       4  -  2x  1 

^'  ^^    x^~  -  y2'    ^^"^  2(:r+7;)'     ^-   2TI'  "3^'  ^^^  2^2* 

I  1  '  I 

tTj  and 


fi(a  +  6)'      3a2(a2  _  52)  »  ""^   6a2(a  +  b)  ' 
102.  To  add  or  subtract  alfrebraic  fractions : — 

o 
Rule. — Reduce  them,  to  a  common  denominaior,  then  add  or 
subtract  the  numerators^  and  beneath  the  sum  or  difference  place  the 
common  denominator. 

l-a,_J_^      a2^  _  (1  -  f!)- j_    1  +  j^        ft" 
■^^*  ■*  •  1  -ra  "^  1  -a  ■     1  -a2  ~     1  -  a2    '  T^a''^      l-a^ 
1  -  2a  +  g2  +  1  +  a  +  fl2        2  -  a  +  2a2 


Ex.  2. 


l-a2  l-a2      • 


1  -  a;2  ~  1  +  j;2  -     1  -  x^  1  -  x*     ~        1  -  x* 

1  -  2a;2  +  x*  1  +  2x2  +  a;4  _  1  4,  23:-  -x^  4x2 

n^x^        ~  l-x^  ^    1  -  X*- 

a  a2  a3       ^  a(i  -g.)-  _  a2(l-a) 

^^-  ^-  r=^  "  (r^  "^  (1  -  a)^  ~    (1-a)^       (l-a)3 
a3  a(l-a)2-a2(l-a)  +  a3     G(l-2a+aS) -(a2 -03)^-03 


(l-a)3  ~  (l-a)3  (1-a)' 

a-2a~  +  a^ -a"  ^a^ -Va^     a-Sa^+Sa? 
(1  -  a)3  ^      (1-^F~* 


N 
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{x^  -I-  y^y        y      ^      X  _  xH  2x'y^  +  y^     y\x  -  yY 

^'    •    xy{x-yf  "  X  ~     '  y         xy(x-yf     '  xyix-yf 

2xy(x  -  yY      x-(x  -  yY 

~    xy{x  -yY'  "  xy{x-yY' 

x^  +2x'^y^+y'^-y^(x'^-2xy+y^)-2xy(x'^-2xy  +  y^)-x\x^-2xy  [-y^) 
_  _____ 

X*  +  2xV4-i/*-xV  +  2x1/3  _y4.2x3|/ 4-4xV- 2xy3  _ x^  +  'Ix^y-xhf 
=  xy{x  -  yY 

'  xi/(^-y)^"(x-i/)2V 

Exercise  XXVIII. 
Find  the  value  of: — 

2a      3        c  x2(a-6)  a-b        a  +  b 

2x      5x  x^  V  xy 

4.   5x-  — +  — +  x2.       -  '      ^  ^ 


7        9  •  (x  +  yY     X  +  y      {x  +  yy 

a  -b     h  —  c     a  —  c  m  p 

6.  — r-  + 


a6  6c  ac   '         '    m  ■\-  p        in  -p  ' 

3  4(1 -5a)  7  ^    x(16-x)     2x  +  3     2-3x 


l  +  2a        4a2-l        2a- 1*       '     x^  -  4         2-x      x  +  2 


1  1  /x  +  v        X  -  y\ 

7/1  4-  u  p  -r  X  m+x 

XI ±. 1 + 

"(P-2;)(x-m)     {x-m){m-p)     (m-p)(j>-xy 

a-b        b  ~  c  2ab  -  2ac 

12. 


a  +  6         b  -V  c       6(a  +  c)  +  c(a  +  6)  -  6(c  -  6)" 


113  3 

13.  , -,— -  + 


1-x        1+x        l-2x        l  +  2x 
m  m 


^^"  a(a-6)(a-c)       b{b-a){b-c)  "*"  c(c-a)(c-6)' 

103.  To  multiply  fractions  together: — 

Rule. — Multiply  all  the  numerators  together  for  a  new  numera- 
tor^ and  all  the  denominators  together  for  a  new  denominator. 
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Note  i.— If  any  of  the  giveu  quantities  are  mixed  fractions,  they  must 
be  reduced  to  the  fractional  form  before  multiplying. 

Note  2.— Before  multiplying,  the  student  must,  by  attention  to  the  prin- 
eiples  given  in  Arts.  70,  80,  strike  out  all  the  factors  common  to  a  nume- 
rator and  a  denominator. 

Pkoof  oe  Rule.  -  Let  it  ))e  required  to  multiply  —  by  — .    ' 

a  c  a        c 

Let  -^  =  X  and  -^  =  y,  then  "^  x  ~^  =  xy.   Also  a  —  hx  and  c~dy. 

ac 
Hence  ac  =  Mxy,  and  dividing  each  of  these  by  M  we  get  -j^  =  xy. 

^,a,c  -ruf       '^        ^       (^^      product  of  rMmerators. 

But  -T-  X  -T-  =  a^y-  Therefore  -—  x  -r  =  7-,  =  - — 3 — t^,        - — i 

0        a         "  b       a       hd     product  of  daiormtvators. 

1  -  a      a      (1  -  d)a  _     a  -  a'- 

^'    '  x  +  y^T~  {X  +y)b~   bx  +  by  ' 

x5  -  6^x3      ^2  +  bx     x'^-bx  +  62 


x^(x^  -b^x(x  +  b)x  (x^  -  fex  +  h"^) 
x^{x  -  h){x  +  6)  X  x{x  +  6)  X  (3:^  -  6a;  +  6') 


2' 

L 

"(x+"6)(rc2  _  fex  +  62)  X  (X  -  6)  X  a;  2  " 


1 

1  \        /        1  \  5      a2  -  1       /a  -  IN  2      a2  -  1 


a 


Ex.3,    (a-  —  )  X  (  1-—.    ~      a      ■•  \     a     j  a 


'-\       /a-lV 


a  -  1     a  -  1      (a  -  l)-(a2  -  1)      c*  -  2a3  +  2a.  -  1 
X  —  X  -—  =  " -3 = TT^ • 


Exercise  XXIX. 
f    Find  the  value  of : — 


2x        3x  27,n        ^       ^2        ^    2(a  +  6)  ^  ar(a  -  6) 

^•T  "^   2^-       2-^  ""  ^ny  ""   T'       "       ^y        ^    36  +  3a- 

x  +  1        .T-1  a2-x2        a^-^>%         ci 

4*  2^'   ^  IT  ""  ^rr6-       ^'     a  +  6  a+a:          x(a  -  a:)" 

a2-?/i2        a2  +  ^;^2  g^  -  a;2   ^   4ax2 

^*      7711/      ^    771  -  a  ■  SvZx  a  +  X* 
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x2  -  13x  +  42     x'^  -  93:  -^  20  a        b         c         d        m 

a'-i  _  4      a^  -  1      a  -  2 

s?  -  d'-  x^  ■\-  hx  ■\-  ex  -v  be 

x'^  ■{■  bx  -  ax  -  ab      x^  -;-  ex  +  dx  4-  ci' 

x2  4-  :r  -  12       x2  +  2x  -  35  '  11 

'^■x'-13:.+4Q^x^-?:.-44-     13-  0 -=^  +  «^)  x  (1+ - +-,). 

4a2  -  16m.^                     5a                     «  -f  2m 
1  4 .  ^  j^  .. 

'      a  -  2ffi         20a^  +  SOaffi  +  SOm^  a      * 


104.  To  divide  one  algebraic  fraction  by  another  :— 
Rule. — Inmrt  the  divisor  and  proceed  as  in  multiplication. 

Note.  1.— If  either  of  the  given  quantities  be  a  mixed  fraction  it  must  be 
reduced  to  a  fractional  form  before  applying  the  rule. 

Note  2.— After  having  inverted  the  terms  of  the  divisor,  bo  careful  to 
cancel  as  far  as  possible  before  multiplying. 

Pkoof  op  Eule  fok  Divisio'.— Let  it  be  required  to  divide  ^  by  — 

o         d. 

Tut  —  ~  ^  =x;  multiplying  each  of  these  by  —  we  get  —  =  a;  x  — 
ha  d  b  d 

=  —.    Again  multiplying  each  of  these  by  (Z  we  get—    =  ex,    therefore 
d  b 

ad     ^  ^  a        c,,       _        a         c         ad         a         d 

a;  =  —    But  X  ■—  — 1,-f-  — :  therefore  —  -. = =  —  x  — 

be  b*       d  b         d  be  b         c 

=  dividend  x  divisor  with  terms  inverted. 

a2  _  6^       a;^  -  2ab  +  b'^     a^  -  6-         a*  -  6* 


Ex.  1. 


a^  +  62  •  a*  -  6*  a^  +  6^     c?-2ab^b 

(t  -  b){a  +  6)  X  (a^  +  62)(a  -  6)(a  +  6)  _ 

(a^  +  6'0(a  -  b){a  -  b)  =(^  +  6)-. 

u?  ■¥  y^    a?  -  ay  ■\- y^     a^  ^  if        {a-  yY 
'  ^'     '  (.C-  -  y''  '      (a  -  ijY     "  (r  -  y'^     d^  -  ay  +  y'^ 
(a  +  y)(a2  -  ay  ^  y^)(a  -  yXa  -  y) 

(a  -  y)(a  +  y)(d^  -  ay  +  V^)       ~  ^  ~  V- 
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Exercise  XXX. 
Fiud  tbe  value  of: — 

Ir  a-fx^  5:         ^a  +  6o.2+  2ab  +  b'^ 


x-3       x'-^-  15a;  +  56 
x-9  ^  x^-  llx  +  72* 


/    a  b    \       f    a  b    \ 

^-   \a  +  b'' a-b)  '  \a-b     a  +  bj' 

/     a^  -x^  1     \       /a2  +  ax  4-  ar    a^  -  ax  +  x^^ 

\a^  -  2ax  +x^    a  +  xj  '  y      a-  x  1  J' 

•  2(a  +  6)     2j:'+2ab        [j     x  +  y     y)      \        y     x+i 

/a^'  +  52       ^2  _  52X     ^    /g  4-  6     a  -  b\ 
l''^-   (^,//  _  ft-*  "  TFVb^j   ^   [a  -  b~a  +  bj' 


105.  To  reduce  complex  algebraic  fractions  to  simple 

fractions : — 

Rule  — Reduce  both  numerator  and  denominator  to  simple  f vac 
tions,  if  they  be  not  simple  already  ;  then  having  thus  reduced  the 

fraction 
iL-hole  expression  to  the  form  of  y — r- — >  multiply    the    extremes 

together  f'jr  a  numerator,  andthe  means  together  for  a  denominator' 


Ex.  1.  7 


3-x 
1  -  ix  3  4(3 -x)         12 -4x 


{y  -  a      y  -  Aa      3(y  -  4a)      3y  -  l2a 


1 
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1  a  a  -  I 

Ex.  3.         '""""^^       .         ~^^^^        .         "^ 


1.- —       1. ^       1. 

a  a 


g-  1 

1  (a  -  1)^  _  g^  -  2f/  +  1 

a^  ~  a         ~  a         ' 


a''  -  a 

Exercise  XXXI. 
Simplify  the  following  complex  frltctions  : 

Ua  -  b)       ^  g  -fx       ^  ^  2i  -  l(x  -f  2) 

a 
1  +  2a       1  -  2a  1  1 


l4-i(x-o)         1—  2a       1  +  2a  1+a         1-a 

^-     §(a  +  x)-|     ^'  l_-_2a       1  +  2a      ''  1  1 

1  +  2tt   '    l"^"2a  1  -  a    "^  T^"a 

a^  +  62  1  +  a;2j^2 

xy 


9.  ^^ 


I  1         a'^  -  6^  1 


1- 


b  a  *■  I 

1  -  — 


1 
1-  — 

xy 


c  (1  -2my+  (2wi+  1)^ 

^  '*'  ,         c  (1  _  4//j^)  -(I-  2m)'^ 

IC.    -.H-i-.  •   (l  +  2m)--(l-4mO- 

adf-ac  (I  -  2//i)'^  -  (2//i  +  l)^ 

bdf+be  \cf 
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106.  Theorem. — If  any  two  fractions  are  equal  to  one  another, 
we  may  combine,  in  any  manner  whatever,  by  addition  and  subtrac- 
tion, the  numerator  and  denominator  of  the  one,  provided  wc  at  the 
same  time  similarly  combine  the  numerator  and  denominator  of  the 
other,  and  the  resulting  fractions  will  be  equal. 


That  is,  if  ~ 

=  T>  '^"^ 

a  +  b     c  ■]-  d 

6  -  d   (■); 

a  - b     c-d 
b     -     d     (")  5 

b 
a 

d 

-  (in) ; 

a         b 

a+b       c+d 

a-b 
a 

c-d 

=  -7-  (VI) ; 

a-vb       c  i-  d 

a             c 

a 

c 

;rrb  =  rrii  (^'")  '^  ^Tb  =  7Td  (^"^>  ^   rrb^T^d  ^'^^ ' 

(/       a  ±b  a  -hb      a  —  b 

~  =  — ; —  (x)  ;    — —-J  =  — TT  (xi),  &c..  &c, 
c        c  ±  fi  ^   ■'  ■    c  +  d       c  -d^    ^^        '       ' 

ma       inc  ma  ±  nb      mc  +  nd 

Also,  —r-  =  — ,-  (xii);      , = -7-    (xiii); 

^    nb         rJ.  '^  ^  nb  nd 

mc  +  vb     mc  4  nd  ma  ±  nb       mc  +  nd 

—  7 —  =  — -; —  (siv)  ;    ; — r  = \ — j  (xv),  &c. 

6  d        ^      ^  '     pa  ±qb        pc±qd  ^     '^ 

Or,  The  above  propositions  hold  with  any  multiples  whatever  oj 

the  two  numerators,  and  also  any  multiples  whatever  of  the  two 

denominators. 

a''     c" 
Also,  T^  =-m  (xvi),     TJiat  is,  the  above  theorerii  is  true  of  any 

similar  combinations  of  the   same  powers  of  the  numerator  and 
denominator. 


DEMONSTRATION, 

(I).  Since  ^ 

c 

a              c               a  +  b     c  -h  d 

(n).  Sincfc  - 
0 

c 

~d 

a               c               a  -  b     c  -  d 
'.  — -1=— -lor  —7—  -  — 7—. 
b              d                   b            d 

a 
(III).  Since  — 

b      d 
that  is,  —  =  — . 
'  a      c 

c 

"d  ' 

■a               c               b              d 
•.  l•f-  =  l•f-orlx-=lx- 
6              c/               a               c 
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a        c  a       b         c       b  ah 

(iv).  Since -7-  =  -7  •"•  t^  ~~  =  T  ^  ~"  '^'^   T  ~  ~J- 
^    -^  b        d  b       c         d       c  c         a 

a  +  h       c+  d  b         d  a  +  b 

(v).  Since  (I)  —^  =  -J-  and  (iii)  —  =  —  ''■   — ft"  ^ 

b        c  +  d        d  a  +  1  _  c+  d 

a  d  c  a  c    ' 

a-b     c -d  h       d  a  -  b      b 

(VI).  Since  (")-6-  =  -^  and(m)-  =  -  •••  -^  >^  "^ 

c-dda-bc-d 

d  c  a      ~      c    ' 

a  -  b       c  ^  d       -  b 

(vii).  Since  (11)  — r-  =  — r-    .'.   inverting   by   (m)     ^-7^ 

d  a  +  bc  +  di^-^f^  h  c  +  d 

~  c  -  d  ^      v.-/       jj      ~      ^  '  '     b  a  —  b  ~        d 

d  a  +  b        c  -r  d 

c  -  d        a  -  Ij  ~    c  -  d' 

a  i-  b       c  -h  d  0,  c 

(viii).  Since  (v)   =  .-.  (iii)  TTT-  ~T1' 

^       ^  ^  ^       a  c  ^    -^  a  +  b     c  +  d 

a  -  b       c  -  d  a  c 

(IX).  Since  (VI) -^  =  -^  .-.  (m)  ^-^  -  ^-^. 

a  c 

(x).    Since    (viii)    and    (ix)  -7-7   =  ~r-,    .-.    alternately 
a  _  a±b  "'-^  -'^ 

c        c  ±d' 

a  T  b        a  a-b       a 

(XI).  Since  (x)  ^^^  -  —  and  also    ^^^  =  —    .-.  (Ax.  xi) 
a  -r  b       a-b 
—J  ~  ^^1  or  XI  =  VII  taken  alternately, 

a         c         a       m 

d  ^  71   ^^  7ib       nd 


a         c         a       m        c       m       ma       mc 
(xii).  Since  -r  =  -7  •••  -7-  ^  -r  "  V  ^  T-  or  :;i; 


ma      mc 
Cxiii.  &c.)  Since  — r  =  —  .-.all  the  above  clianges  may  be 
^  'lib       nd 

made  on  these  fractions. 

a        c  a      a  c      c         d^  c'^ 

(\\-\^    Since  —=—.•.  —  x  -  =  —  x  —  or   —  =  — • 

(\^.;.  ..ince  ^        ^  b      b  d      d          U'  d' 

a?       c'  a"       c" 

Similaily  ,-n  =  -rz  and  r^  =  ,7^--     And  all   tbo  above  changes 

•'  b'^        d^  0"-        d  ^n  ^n 

may  be  made  on  the  equal  fractious  -^  =  ^. 
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107-  Theorem. — If  there  be  any  number  of  equal  fractions^  then 

we  may  combine  in  any  manner  whatever  by  addition  or  subtraction 

the  numerators,  or  any  multiples  of  the  numerators,  provided  we 

similarly   combine  the  denominators,  or  the  same  multiples  of  the 

denominators,  and  the  resulting  fractions  will  be  equal  to  any  one 

of  the  given  fractions  and  to  one  another. 

ace 
That  is,  if-  =  -  =  -, 
'      6        d       /' 

a        a  ±c  \e   _  ma  +  nc  +  pe 

'•'^^^^  T  "  b±d±f   ~  mb±nd±pf' 

ace 
Demonstration.     Let  -p-  —j-=  -p  -  x.     .-.  a  =  bx,  c  ~  dx,  and 

e  -fx,  .'.  a  ±c  ±e-bx±dx  ±fx  =  {b  ±d  ±f)x. 

Dividing  each  of  these  equals  hj  (b  ±d  +/)  vre  get 
a  ±  c  ±  e  a  a      a  ±  c  ±  e 

^"  b±d±p  ^^^^^  "  T  •'•  T"b±d+f 

Again,  since  a  -  bx,  c  =  dx,  and  e  -fx, 

.-.  ma  =  mbx,  nc  =  ndx,  and  pe  =  pfx. 

And  ma  ±nc  ±pe  =  mbx  ±  ndx  ±  pfx  =  (mb  ±ndi_  pf)  x 

ma  ±nc  ±  pe  a  a        ma  ±  nc  ±  pe 

but  X  = 


ace  a"      c"     e" 

It  follows  that  if  ir  =  "T  ~  "7>  then  rjT  -  "3^=  7^,  and   therefore 


mb  ±nd  ±  pf  b    * '    b    ~  mb  ±  nd  ±  pf 

(t-  _  c  _  e  a"      c^_  e" 

b~~d~J'  then  ^'-"-Ja-Ji 

T^  ^  6M^M7^'  ^""'^  ^^^^^^f°^'^  ''^^s°  1^  ■-■  mb-±nWiif^' 
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SECTION    VI 

SIMPLE       EQUATIONS. 

108.  An  equation  consists  of  two  algebraic  expressions 
connected  by  the  sign  of  equality. 

Thus,  Za-{-x-=zh  —  w?;  cc^  —  a,'^  -f  3  =  +  ^Jab  —  m ;  a.z;  —  6  =  0  are 
equations. 

Note,— The  part  that  precedes  the  sign  of  equality  is  called  the  first 
member  or  left  hand  side  of  the  equation ;  the  part  that  follows  the  sign  o/ 
equality  is  called  second  member,  or  right  haiid  side  of  the  equation. 

109.  An  identical  equation^  or  an  identity  as  it  is 
termed,  is  an  equation  such  that  any  values  ichatever  may 
be  substituted  for  the  letters  it  involves  without  desti'oying 
tlie  equality  of  the  two  members. 

~,         „        „      ,  V,     .     X  1  are  identities,   because    no 

Thui!,  a--x-—  {a  —  x)  [a-rx)  ,  matter  what  numerical  value 

4{a  +  b){a  +  6)  =  4a2-|-8a6  -|-462    I  may  be  assigned  to  a  and  ,« 

Ma  +  x)  +  h(a  —  x)  =  a  or  to  a  and  b,  the  members 

J  are  equal  to  one  another. 

110.  All  other  equations  are  called  equations  of  condi- 
tion, and  the  equality  existing  between  the  members  holds 
only  when  particular  values  are  assigned  to  .some  particular 
letter  or  letters  involved. 

111.  The  letter  or  letters  for  which  such  particular 
values  must  be  found,  are  called  the  unhnovrn  quantities, 
and  are  generally  represented  by  the  last  letters  of  the 
alphabet,  cc,  y,  z,  lo,  &c. 

112.  An  equation  is  said  to  be  satisfied  by  any  value 
which  may  be  substituted  for  the  unknown  quantity  with- 
out destroying  the  equality  of  the  two  members  of  the 
equation. 
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113.  The  solution  of  the  equation  is  the  process  of 
finding  such  values  for  the  unknown  quantity  or  quantities 
as  shall  satisfy  the  equation. 

114.  A  root  of  an  equation  is  any  value  of  the  unknown 

quantity  by  which  the  equation  is  satisfied. 

Thus,  4  is  the  root  of  the  equation  re  —  3  =  1. 

1|  and  —  I  are  the  roots  of  the  equation  25a;''*  —  20x  — 12  =  0. 

2,  5,  and  —  7,  are  the  roots  of  the  equation  x^  —  39a;  =:  —  70. 

115.  An  equation  which  invokes  only  one  unknown 
quantity  is  said  to  he  of  as  many  dimensions  as  is  indicated 
by  the  exponent  of  the  highest  power  of  the  unknown 
quantity  that  occurs  in  it. 

Thus,  4a;  —  3  — 11  ^  are  equations  of  one  dimension  or 

/  simple  equations,  or  equations  of  the 
2a(a;  —  ra)  ^x^h'^  —  m)  fiygt  degree. 

6a;^  _  a;  -|-  3(>r=  0  "J  are  equations  oftiL'o  dimension's,  or  quadratic 
cx'^  ^  2ax  =  &       J  equations,  or  equations  of  the  second  degree. 
4x3  —  112x2  a.  109a;  —  27  =  0  ^  are  equations  of  titree  dimensions, 
y  or  cubic  equations,  or  equations  of 
^3  -  15a:2  +  74a;  - 120  =  0  ^  the  third  decree. 

x*  —  74^2  4- 1225  =0  )  are  equations  of /our  dimensions, 

/  or  biquadratic  equations,  or  equa- 
a:4  _  4a;3  -l  6a;2  -  4a;  — 5  =  0  ^  tions  of  the  fourth  degree. 

116.  It  will  be  shown  hereafter  that  an  equation  involv- 
ing only  one  unknown,  has  as  many  roots  as  it  has  dimen- 
sions, and  only  as  many  . 

Thus,  a  simple  equation  has  only  one  root^ 

a  quadratic  equation  has  only  two  roots, 
a  cubic  equation  has  only  three  roots,  &c. 

117.  The  solution  of  simple  equations  involves  the 
following  principles : — 

I.  Any  term  may  he  carried  from  one  side  of  the  equation  to  the 
other,  or  transposed,  as  it  is  termed,  by  changing  its  sign. 

Thus,  if  4a;  —  a  =  7  +  m,  then  4a;  =  7  +  ?7i  -f  a,  this  being  equiralent  to 
adding  -f  a  to  each  side  of  the  equation  (Ai.  ii).) 

So  if  2a;  —  a  =  4&  -}-  a%  then  2a;  —  x  =  4&  -f-  a,  this  being  equivalent  to 
addiilg  +  a  and  --  x  to  each  side  (Ax.  ii). 


ARTS.  llS-119.]  SIMPLE   EQUATIONS.  83 

II.  27a'  signs  of  all  the  teriAs  of  both  members  may  be  changed 
without  altering  the  equality  of  the  iico  members. 

Thus,  if  3a  —  4x  -\-  b  =  —  m  -\-  ax  —  c, 
Then  also,  —  Sa-\-4:X  —  b  =  m  —  ax  -\-c. 

XoTE.— This  is  equivalent  to  transposing  every  term,  or  to  multiplying 
both  sides  of  the  equation  by  —  1,  which  of  course  does  not  affect  the 
equality. 

III.  Jn  equation,  any  of  whose  terms  involve  fractions,  may  be 
cleared  of  these  fractions,  i.  e.,  converted  into  another  equation  not 
involving  fractions,  by  multiplying  each  member  by  the  I.  c.  m.  of 
all  the  denominators  of  the  fractions. 

Thus,  if  —  -f  V  +  v-  +  -/^    =  20,  and  we  multiply  each  side  by  30, 

which  is  the  1.  c.  m.  of  the  denominators,  we  get  15a'  +  10.r  +  Qx  -\-  hx 
=  600. 

XoTE.— This  is  merely  multiplying  both  members  of  the  equation  by  the 
same  quantity,  and,  of  course  (Ax.  iv),  does  not  destroy  the  equality. 

\Y.  Both  members  of  an  equation  may  be  divided  by  the  same 
quantity  u-ithout  destroying  the  equality.  Hence,  having  reduced  an 
equation  by  the  foregoing  principles,  should  the  unlcnoivn  quantity 
have  a  coefficient,  we  may  divide  each  member  by  that  coefficient. 

Thus,  if  \\x  =  44,  then  dividing  each  member  by  11  we  get  a;  =  4. 


118.  Theorem. — d  simple  equation,  or  equation  of  the  first 
degree,  involving  only  one  unknown,  can  have  only  one  root. 

De.mo>-stratio]>j.— By  transposing  all  the  known  quantities  to  the  right 
liand  member,  and  the  unknown  quantities  to  the  left  hand  member,  every 
simple  equation  can  be  reduced  to  the  form  ax  =  h. 

If  it  be  possible  let  ax  —  h;  have  two  dissimilar  roots  ^  and  y. 

Then  a^  =  b  and  also  ay  =  b,  and  by  subtraction  afi—ay=b  —  b=0, 
that  is,  a{fi  —  ^)  =  0,  which  is  absurd,  because,  by  supposition,  ^  —  ^  does 
not  -j=  0,  nor  does  «  =  0. 

Therefore  ax  =  b  cannot  have  two  roots. 

119.  From  Art.  117  we  get  the  following  rule  for  solving 
a  simple  equation  involving  only  one  unknown  quantity. 
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I.  Clear  the  equation  of  fraction!;^  and,  if  necessary,  of  brackets 

also. 

II.  Transpose  all  the  terms  involving  the  unknown  quantity  to  the 
left  hand  mevilier  of  the  equation^  and  the  remaining  terms 
to  the  right  hand  member. 

III.  Collect^  by  addition  and  subtraction,  as  far  as  possible,  the 
several  terms  of  each  member  into  one  term,  i.  e.,  redxice  each 
member  to  its  simplest  form. 

IV.  Divide  each  member  by  the  coefficient  of  the  unknown  quantity 
Ex.  1.  Given  8x  +  7  =  2a:  +  43,  to  find  the  value  of  x. 


8x  +  1    =  2.r  +  43 

8x  -  2x  =  43  -  7 

Gx  =  36 

x  =  Q 


(0 
(") 
(III) 

(IV) 


=  (i)  transposed. 
=  (ii)  collected. 
=  (m)  f  6. 


Ex.  2.  Given 


+  14  to  find  the  value  of  ar. 


X 

-.  u 


6a;  +  4x  =  Sx  +  1G8 

6x  +  4a-  -3x=  168 

1x  -  168 

a:=    24 


0) 

(n) 
(m) 

(IV) 


Ex.  3.  Given  3x  + 


2a;  +  6 


=  (i)xl2,  the  l.c.m.  of  2,  3,  4- 
=  (ii)  transposed. 
=  (ill)  collected. 
=  (IV)  ^  1. 

Ux  -  37 

~ to  find  the  value  of  a:. 


SOLUTION. 


2x 


lU'-37  I 
=  5+    —2— 1(1) 


3a- -^ 

30x  +  4a;+  12  =  50  +  55a;-185|  (ii)l=(i)x  10  (l.c.m.  of  2  and  5.) 
30x  +  4x  -  55a:  =  50  -  185-12  (iii)  =  (ii)  transposed, 


21x  =  -  147 


(iv)  =  (hi)  collected. 
(v)|-  (IV) --21. 
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Ex.  4.  Given  x  + 
to  find  the  value  of  x. 


27  -  Qx 


5x  +  2  2a;  +  5     29 


4x 


12 


27 -9x     5x  +  2 


x  + 


J  1  .s-  — 


2x+5     29+4X 


4  6^-3  12 

12z-i-81-27x-10z-4^61-8x-20-29-4x 

12x-27x-10x  +  8x  +  4x=61-20-29+4-'81 

-  13x  =  -  65 

X  =5 


(I) 

(II)* 
(III) 

(IV) 
(V) 


-(1)  xl2 
=(ii)transposed 
=  (in)  collected. 
=  (iv)--13. 


*  Note.— The  student  must  remember  that  the  separating  line  of  a  frac- 
tion acts  as  a  vinculum  to  the  numerator,  and  that  in  clearing  effractions 
a  minus  sign  before  the  fraction  has  the  effect  of  changing  all  the  signs  in 
the  numerator. 

Gx  +   I     2x  -  1       2x  -  4 


-    un.u        ^^       -       ^        -    7X-16- 

SOLUTION. 

6x  +.1     2x  -  1     2r-    4 

(I) 

15              5       ~  7x  -  16 

30x  -  60 
6x+i-6x-f3=    ^^_^g 

(II)* 

=  (I)  X  15. 

30x  -  60 

(m) 

-  (ii)  collected. 

i                     ^~     7x  -  16 

23x  -  64  =  30x  -  60 

(IV) 

=  (III)  X  (7x  -  16) 

28x  -  30x  =  -  60  +  64 

(V) 

=  (iv)  transposed 

-  2x  =  4 

(VI) 

=  (v)  collected. 

X  =  -2 

!(vii) 

=  (VI)  V  -  2. 

*  Note.— When  one  of  the  denominators  is  a  binomial  or  trinomial,  it  is 
commonly  best  to  first  multiply  each  member  by  the  1.  c.  m.  of  the  other 
denominators,  and  reduce  the  resulting  equation  as  much  as  possible  before 
multiplying  by  this  compound  denominator.  This  is  especially  the  case 
when  one  of  the  remaining  denominators  contains  the  others,  as  in  this 
example. 

Ex.  6.  Given  {{x  -  j)  =  i(x  -  |)  -  Ux  -'i)  to  find  the  value 
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SOLUTION. 

K^-i)  =  U-^-T)-K-^-^) 

(0 

3(x-f)  =  4(x-i)-6(x-f) 

(") 

=  (I)  X  12. 

3x  -J  =  Ax  -  n-6x-i-2n 

(III) 

=  (11)  cleared  of  brackets 

3x--4x-T-6x--/i4-27i  +  f 

(IV) 

=  (hi)  transposed. 

5x  =  7i  +  J 

(V) 

=  (iv)  collected. 

25a;  ^  5?i  +  3n 

(VI) 

=  (V)  X  5. 

25x  =  8» 

(vn) 

=  (vi)  collected. 

x  =  ^-n 

(vni) 

=  (vu)  V  25. 

abed 
Ex.  T.  Givec  —  +  —  -f  — -  -f  --  =  ar,  to  find  the  value  of  x. 
bx     ex      dx    fx        ' 

SOLU 

TION. 

<i       be        d 
bx     ex      dx     fx 


(I) 


acdf  -}-  b-df+  bc'f+  b cd^  =  bcdfgx  (ii) 
acdnb^f+bcy+bcd' 


bcdfg 

(a  -f  b)x 

Ex.  8.  Given   -^ r"  + - 

a-  0         a" 


(i)  X  b'cdfx 
(III)  I  =  (u)  V  bcdfg 
x  +  1 


a  +  6 


to  find  the  value  of  x. 


(a  -^  b)x 


SOLUTION 

a:  +  1 
a  -rb 


a-b        a2  -  62     .  _.  ^  I  (^) 
•« 
(a  -r  6)-a;  +  a:  =  (a  -  6)(a;  +  1)'  (ii) 

a-x -r 2aOx  +b'^x  -i-  x  =  ax-bx  +  a-b  (iii) 

a-x +  2aZ>a;  +  62a;-f a:-crx  +  6x  =  a-6   (iv) 

(a-  + 2a6-f62  4- l-a+6)x  =  G-6    (v) 

a-b 

(VI) 


a^  +  2a6  +  62  +  1  _  a  -i-  6 


=  (I)  X  (a^  -  62) 
=  (ii)  expanded. 
=  (ill)  transposed. 
=  (iv)  factored. 

=  (v)  T  coef.  of  cT. 


Exercise  XXXII. 

Solve  the  following  equations  : — 

x       ^       X 

L.  X  +   ~=  1 . 

3  4 
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'3    "" 

7 

4 

1    -r 

3x  - 
5 

1 

xi-i 
3 

X-5 

X  -  7 

7 

"" 

6  ■ 

"" 

4      • 

2x 

= 

3x 

+ 

1 
—  +  X 

X- 

2.  2x  -  —  =  X  +  4. 

5 

X        X         3x  - 11 

3.  2X  -    --    -f    —    =    ;; +    X    +0. 


4.   2x 


6.  4x 

7.  2x-  16]:   =   ^^  +  U. 

x+3       x+4  x+1 

8.—  -  —  -16--— . 

2X  +  19  7x+ll 

9.  4x  -   — z =  15  -  — -. 

5  4 

7x  3ix  -  7 

10    —  +  3'-  -  21  -  — 

9  "  12 

8x-l7       14x  i-  17  31  -  X 

4x  +  4  14 -3x 

12.  — ^ —  -  X  =  2  4-  2 — • 

4x  -  5  2  -  6x       3x  +  1 

13.  3X--3—  +5X=l74--^  +  -3-. 

X  •     3-X-5       2|x -  9              7J X  -  X  +  2  9  -  S^x 

^^-  12  "^  ""7  5~  =  1  -  r~~ 6"" 

XX        3(x  -  7) 

15.  -^  +  ^^1-5—  =  2^-2i- 

5(x-l)       97- 7x 

16.  21-  — g ^—  -  X-  ii3(3x-ll)-9. 

X       X       X       X       X  5x 

^^•Y-^¥^T^¥  +  T  =  ^  +  l2^^- 

20  -  X 
18.  2x-  — - —  +  10  =-^x. 

36  +  20x      ^     _     ,,        5X+20 

^^-     25     ~  ^"^ "  ^^^  -  d^^:riQ- 
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12  +  7x       9  +  5x  _  3x-13       llj-17 
20.  333V  -  3x  -       ^       +  —^       -        Yq  8        • 

9X+20  _  4X-12  ^  X 
'^^'  ~36  5x-4    "^  4* 

22.  ix  +  K^  -  3)  -  K*^  -  4)  -  i(x  +  5)  +  3^. 

7(x-f2)  2(2x+l)       17- 3x 

23.  6x  -  —^  =  5  +  — ^ ^. 

2Cox2-9)  6x  +  9 

24.  5x  -     \  .  „„      =   9 


2(x  +  2)         7x-  ]3  6x  +  7 


+  2x  3  +  4x 

25. 

3  3(1  -i-  2x)  d 

26.  ax  -f  6  =  c. 

27.  3ax  -  62  =  6c  -  fax. 

28'.  45x  -  3x  =  |(a  -  fe^^.  s^x). 

3a  -  X  (a  -  b)x 

29.  2a'^x  -  — 7 —  =  x-  ^ . 

6  2(1 

2x  -r  a       4a-  3x       «x  -  6 

30.  3a -. —  = z — . 

d  c  5 


31. 

ax        ex 

32. 

bx  +  4a       a2  -  36x 

4       -        a        -^''-^'^ 

5tt2  -  66x 
2a 

33. 

ax  -be  =  I 

b-a. 

34. 

11a  -3x       ea-5x        a  +  fc 

2x 

a  +6            a'- b          a  -'  b 

35. 

4       -  «&^'  -  i^'- 

abc          bx         (j?}i^ 

b-x      la 

•t-  ax. 


36. 


\ia^b)       a^{a+by~^'""        a       (a  +  6F 


37.  3  4-  l-72x-  2-21X  =  •203x. 

38.  .3x  +  x(6  -  a)  =  3a  -  .23x. 

39.  Ux  -  i)  +  i  f  1  -  (X  +  f )  }  -  t  {  X  -  (1  +  ix)  }  =  X  +  Sx. 

Sax  -  6      56  7c 

40.  — ^--y  =  4-6--. 

41.  (a'-^  -  x)(b-  +  x)  -  3a6(l  -  x)  =  (x  -  a)(c  -  x). 
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PROBLEMS 

PRODUCING   SIMPLE    EQUATIONS   INVOLVING    ONLY    ONE    UNKNOWN 
QUANTITY. 

120.  A  Problem  is  a  written  statement  of  the  relations 
existing  between  certain  quantities  whose  values  are  given, 
and  another  quantity  or  other  quantities  whose  values  are 
to  be  found.  The  solution  of  problems  consists  of  two 
distinct  parts  : 

I.  The  Algebraic  Statement,  or  briefly  the  statement.  This 
consists  in  the  translation  of  the  problem  mio  algebraic  language^ 
i.  e.,  in  expressing  the  conditions  of  the  problem,  the  relations 
between  the  given  and  the  unknown  quantities,  by  means  of 
signs  and  symbols,  so  as  to  indicate  the  operations  described  in 
the  problem. 

n.  The  SOLUTION  of  the  resulting  equation. 

121.  It  is  with  the  former  of  these  parts,  i.  e.,  "  the 
statement,"  that  the  student  experiences  the  chief  difficulty, 
the  nature  of  problems  being  such  that  they  admit  of  no 
general  rule  for  their  statement.  The  student  must,  there- 
fore, be  left  very  much  to  his  own  ingenuity,  and  he  can 
expect  to  acquire  facility  in  the  operation  only  by  long 
continued  practice.  He  will,  however,  be  very  much 
assisted  in  his  efforts  by  attention  to  the  following  general 
instructions  for  making : — 

THE   STATEMENT    OF   PROBLEMS. 
L  Read  over  the  problem  carefully,  until  its  conditions  are  clearly 
apprehended,  and  it  is  distinctly  understood  what  is  given 
and  what  is  required. 
IL  Represent  the  unknown  quantity  by  x,  and  set  down  in  alge- 
braic language  the  relations  existing  between  it  and  the 
given  quantities,  as  described  in  the  problem,  or  in  other 
words,  indicate  upon  x,  by  means  of  signs,  the  same  opera- 
tion that  would  be  necessary  to  verify  its  value  in  the  equation' 
•'^  that  value  were  already  determined. 
G 
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Note.— Before  commencing  the  exercise  the  beginner  is  particular!/ 
directed  to  study  carefully  the  solution  of  the  preliminary  problems,  in 
order  to  observe  the  modes  of  proceeding  to  make  the  statement. 

Ex,  1.  What  nnmber  h  that  from  the  double  of  which  if  10 
be  subtracted  the  remainder  is  44? 

SOLUTION. 

Here  vre  have  given  that  a  certain  number  is  such  that  when 
its  double  is  diminished  by  10  the  remainder  is  44 
Let  x=  the  number. 

Then  2x  =  its  double,  and  2a;  -  10  =  its  double  diminished  by  10. 
Then,  by  the  problem,  2x  -  10  =  44,  which  is  the  required 
statement. 

2x  =  54,  by  transposition. 
X  =  27,  by  division. 
Therefore  2*7  is  the  number  required. 
Verification.     (27  X  2)  -  10  =  44 
54  -  10  =  44 
44  =  44 
Ex.  2.  Find  a  number  such  that  one-half,  one-third,  and  one- 
fourth  of  it  added  together  shall  exceed  the  number  itself  by  4^. 

30LUTI0X. 

Here  we  have  given  that  ^  -f  ^  +  5  of  a  certain  number  >  the 
number  itself  by  4|,  or  what  amounts  to  the  same  thing,  that 
^  +  J  -r  i  of  a  certain  number  =  the  number  itself  +  4^ . 

XX  X 

Letx=  the  number  ;  then  ~  =  2  of  it ;  —  =  ^  of  it ;  and  —  = 
i  of  it. 

XXX 

And  -^  -^  —  -r  -r  =  X  ■{■  4.^ ,  which  is  the  statement  required. 

6x  -f  4x  V  3x  =  12x    -F  54        (ll)  -  (i)  X  12. 

6x  +  4x4-  3x  +  -12x=  54      (iii)  =  (11)  transposed, 

X  =  54     (iv)  =  (m)  collected. 

Therefore  54  is  the  required  number, 

54     54     54 
Verification,     -^-r  —  +  -T-  =  54  +  4i 

27+18  +  13^=581 
581=  58i 
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Ex.  3.  Divide  the  number  112  into  two  such  parts  that  if  21 
be  added  to  the  less  the  sum  shall  be  less  than  one-third  of  the 
greater  by  the  third  part  of  unity. 

SOLUTION. 

Here  112  is  to  be  divided  into  two  parts  such  that  the  less 
-1-21  shall  be  equal  to  (^  of  the  greater)  -  ^. 

Let  X  =  the  greater  part ;  then  since  112  is  the  sum  of  the  two 
parts,  112  -  x  =  the  less. 

X 

(112  -  a:)  -r  21  is  21  added  to  the  less,  and  —  -  |  is  ;^  of  unity 
less  than  ^  of  greater. 

X 

Then  (112  -  x)  +  21  =  —  -  h,  which  is  the  statement. 
336  -3x  +  63  =  x-l       (ii)  =  (i)  X  3 
-3x-a;  =  -l-63-  336     (iii)  =  (ii)  transposed. 
•     -  4x  =  -  400     (iv)  =  (ill)  collected. 
X  =  100  =  greater. 
112 -X  =  112-100  =  12  =  less. 
Verification.     (112  -  100)  +  21  = -^^  -  ^ 
112-100    +21=^5^-^ 
133  -  100  =  33i  -  ^ 
33  =  33 
£x.  4.  "What  sum  of  money  is  that  from  which  if  $46*20  be 
subtracted,  one-half  the  remainder  shall  exceed  one-third  of 
the  remainder  by  $50  ? 

SOLUTIOX. 

Here  the  sum  of  money  is  such  that 

i  (Sum  -  $46-20)  is  >  by  $50  than  -J-  (Sum  -  $40-20). 

Let  X  =  the  sum  of  money. 

Then  x  -  $46-20  is  $46-20  subtracted  from  the  sum. 

a: -$46.20  a:  -  $46-20 

2 ^3  half  the  rem.,  and 5 is  one-third  of  rem. 

„,       X-  $46-20      ^  X  -  $46-20 

Then ^__550  =  — 3—  ^^^^ 

3x  -  $138-60  -  $300  =  2x  -  $92-40       (u)  =  (i)  X  6. 
dx-2x  =  -  $92-40  -}-  $138-00  +  $300. 
X  =  $346-20  =  sum  required. 

KoTE.— Tho  student  should  verify  tlic  result  in  every  case,  as  is  donp  in 
the  three  preceding  problems. 
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Ex.  5.  A  certain  number  consists  of  two  digit?,  such  that  the 
right  hand  digit  exceeds  the  left  hand  digit  by  2 ;  and  if  the 
sum  of  the  digits  be  increased  by  ?  of  the  number,  the  digits  ■will 
be  inverted.     Required  the  number. 

SOLUTION. 

Let  X  -  the  left  hand  digit. 
Then  x  ■>r  1  -  the  right  hand  digit. 
lOx  -f  (x  +  2)  =  the  number.* 
X  +  ar  +  2  -  the  sum  of  the  digits. 
2x-  +  2  +  7  (lOx  -r  X  -!-  2)  =  the  sum  of  the  digits  increased 

by  f  of  the  number. 
10(x  +  2)  +  X  =  number  with  its  digits  inverted. 
Then  2x  -l-  2  +  5(lOx  +  x  +  2)  =  10  (x  +  2)  +  x. 
14x  -f  14  -f  9(11  x-f2)  =  TO  (X  +2)  -1-  7x. 
14x  ^  14  +  99x  -r  18  =  VOX  -f  140  +  7x. 
99x  -M4r  -  70x  -  7x  =  140  -  14  -  18. 
3Gx  =  108. 

X  =  3  =  left  hand  digit. 
X  -:-  2  =  5  =  right  baud  digit. 
Therefore  the  number  is  35. 
Ex.  G.  A  can  do  a  piece  of  work  in   10  days,  which  A  and  B 
can  together  finish  in  6  days.     In  what  time  can  B  working 
alone  do  the  work  ? 

SOLCTIOX. 

Let  X  =  number  of  days  B  would  require  to  do  the  work. 

Since  A  does  whole  work  in  10  days,  in  1  day  he  would  do 
1^7  of  it. 

Since  B  does  whole  work  ir#  x  days,  in  1  day  he  would  do 
r  of  it. 

*XoTE.  — If  we  take  any  number,  as  6542,  and  represent  its  digits  respec- 
tively by  the  letters  d,  c,  h,  and  a,  then  d  -\- c -\- b  -\- a  will  express,  not 
the  number,  but  merely  the  sum  of  its  digits.  In  order  to  express  the 
number  we  must  take  into  account  the  local  as  well  as  the  absolute  values 
of  the  digits,  i.e.,  we  must  remember  that  the  first  digit  being  so  many  units, 
the  second  is  so  many  tens,  the  third  so  many  hundreds,  &c. 

Hence  d-fc-f6+a=:64-54-4  +  2=zl7  =  sum  of  digits. 

And  lOOOcZ  +  100c  -f  106  -f  a  =  6000  +  500  -f  40  -f  2  =  6542  =  the  number. 

And  of  course  1000a  -f  1006  +  10c  -\-d  =  2000  -l  400  -f  50  +  6  =  2456  = 
number  with  its  digits  inverted. 
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Since  J  and  B  do  the  work  in  6  days,  in  1  day  they  would  do 
^ofit. 

Then  Ji's  work  for  1  day  +  J5's  work  for  1  day  =  work  of  both 
ji  and  B  for  1  day. 

That  is,  -^-j+i  =  k         (!)• 

3x  +  30  =  5x       (ii)   =  (i)  X  30x  to  clear  of  fractions. 
3>r  -  5x  =  -  30     (in)  =  (ii)  transposed. 

-2x  =  -  30     (iv)  =  (III)  collected.  • 

.-c  =  15  =  days  B  would  require. 

Ex.  7.  A  person  being  aiked  how  many  ducks  and  geese  he 
had,  replied  that  if  he  had  8  more  of  each  he  would  have  7  geese 
for  8  ducks,  but  that  if  he  had  8  less  of  each  he  would  only  have 
6  geese  for  7  ducks.    How  many  had  he  of  each  ? 

SOLUTION. 

Let  X  =  the  number  of  ducks  he  had. 

Then  X  +  8  =  number  of  ducks  increased  by  8, 

X  +  8 

— 3 —  =  number  of  times  he  had  7  geese. 

a-  +  8 
-r-  X  7  =  number  of  geese  he  had  when  increased  by  8= 

X-  +  8 
Honce  number  of  geese  =  8  less  than  — ^  x  1  =  1  (x  +  8)-8. 

Also  X  -  8  =  number  of  ducks  diminished  by  8. 

}  (a:  4-  8)  -  16  =  number  of  geese  diminished  by  8  ;  and  by 
x-8      l(x  +  8)-MG 
the  question,  -y-  = ^ 

6(x-8)  =  7{'(x  +  8)-  16} 

6X-48  =  V(^  +  8)-112 

49x  +  392 
6x4-64= 

48x  +  512  =  49x  +  392. 

X  =  120  =  number  of  ducks. 
<  (120  +  8)  -  8  =  (^  of  128)  -  8  =  (7  X  10)  -  8  =  112  -  8 
-  104  =  number  of  geese. 
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Ex.  8.  A  merchant  has  tea  worth  4s.  3d.  and  5s.  9d.  per  lb. 
How  many  lbs.  of  each  must  there  be  in  a  chest  of  126  lbs., 
which  shall  be  worth  £30  ? 

SOLUTIOX. 

Letx  =  number  of  lbs.  at  4s.  3d.  or  17  threepences  per  lb. 

Then  120 -a;  =  number  of  lbs.  at  5s.9d.  or  23  threepences  per  lb. 
17x*=  worth  in  threepences  of  x  lbs  at  4s.  3d.  per  lb. 
23(120  -  x)  =  worth  in  threepences  of  120  -  x  lbs.  at  53.  9d. 
per  lb. 

2400  -  number  of  threepences  in  £30. 
Then  17a;  -f  23(120  -  x)  =  2400. 
17a;  +  2760  -  23a;  =  2400. 

.17a;  -  23x-  =  2400-2760. 
-     6x  =  ■-  360. 

a;  =  60  =  lbs.  at  4s.  3d.  per  lb. 
120  -  60  =  60  =  lbs.  at  5s.  9d.  per  lb. 

Ex.  9.  Divide  the  number  90  into  four  parts  such  that  the 
first  increased  by  2,  the  second  diminished  by  2,  the  third 
divided  by  2,  and  the  fourth  multiplied  by  2,  shall  all  be  equal  to 
the  same  quantity. 

SOLUTION. 

Let  x  -  the  quantity  to  which  the  1st  part  is  equal  when 
increased  by  2. 

Then  a;  -  2  =  1st  part ;  a-  -f  2  =  2nd  part ; 
a-  X  2  -  3rd  part ;  a;  v  2  =  4th  part. 
Then  {x  -  2)  +  (x  +  2)  +  2x  +  I  =  90. 
X-  -  2  +0;  +  2  +  2a;  +  f  =  90. 
4x  +  f  =  90. 
8a;  +  a;  =  180. 
9a;  =  180. 
x  =  20. 
;r  -  2  =  20  -  2  =  18  =  1st  part  ;  a;  +  2  =  20  4-  2  =  22  =  2nd  part. 
2a;  =  20,x  2  =  40  =  3rd  part  ;  f  =  s^*^  =  10  -  4th  part. 
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Ex.  10.  A  workman  is  engaged  forn  days,  &tp  cents  per  day, 
upon  condition  that  for  every  day  that  he  is  idle  instead  of 
receiving  anything  he  shall  forfeit  q  cents.  At  the  end  of  the 
time  agreed  upon  he  received  c  cents.  Eequired  the  number  of 
days  he  worked,  and  the  number  of  days  he  was  idle. 

SOLUTION. 

Let  X  =  the  number  of  days  he  -worked. 

Then  n  -  x  =  the  number  of  days  on  which  he  was  idle. 

px  -  number  of  cents  he  received  for  x  days  work. 

q{n  -  ar)  =  number  of  cents  he  forfeited  for  {%  -x)  days 

idleness. 

Then  px  -  q(n  -  z)  =  c. 

px  -  q7i  +  qx  =  c, 

px  ■{■  qx  =  c  -r  gri. 

(p  +  q)x  =  c  +  '^ 

c  +  qn 

=  number  of  working  days. 


p  +  q 
qn     np  +  nq  -  c  -  nq     np  -  c 


p+q  p+q  p+q 


number  of  idle  days. 


Exercise  XXXIII. 

1.  Required  two  numbers  whose  sum  is  47  and  difference  13. 

2.  There  are  two  numbers,  one  of  which  is  greater  than  the 
other  by  21,  and  the  quotient  of  their  sum  by  the  less  is  3  ;  what 
are  the  numbers  ? 

3.  After  p;.;  Itig  away  §  and  f  of  my  money,  I  had  $2'50 
remaining ;  how  much  had  I  at  first? 

4.  Find  a  number  such  that  if  21  be  taken  from  it,  and  the 
remainder  divided  by  8?,  the  quotient  will  be  5. 

5.  Divide  54  into  three  such  parts  that  the  first  divided  by  2, 
the  second  by  3,  and  the  third  by  4,  shall  all  give  the  same 
quotient. 

6.  Paid  I  of  my  debts,  and  then  paid  ?  of  the  remainder,  and 
afterwards  owe  $192  ;  how  much  did  I  owe  at  first  ? 

1.  A  drove  of  cattle  is  disposed  of  as  follows  :  ^  to  A,  I  to 
B,  ]■  to  C,  and  the  remainder,  which  was  9,  to  D  ;  how  many 
cattle  was  there  in  the  drove? 
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8.  A  farmer  has  two  flocks  of  sheep,  each  containing  the 
same  number;  but  when  he  had  sold  19  sheep  from  one  flock 
and  91  from  the  other,  the  former  contained  twice  as  many  as 
the  latter.     Required  the  number  originally  in  each  flock. 

9.  Find  a  number  whose  fourth  part  exceeds  its  seventh  part 
by  6. 

10.  What  number  is  that  the  double  of  which  exceeds  |  of  its 
half  by  25? 

11.  Find  a  number  such  that  increased  by  one-half  of  itself 
the  sum  shall  be  39. 

12.  What  number  is  that  which  exceeds  the  sum  of  its  half 
and  its  third  parts  by  17  ? 

13.  Find  a  number  such  that  when  15  is  taken  from  its  double, 
and  to  half  the  reniainder  7  is  added,  the  sum  is  greater  by  3 
than  I  of  the  original  number. 

14.  What  number  is  that  to  which  if  11  be -added,  two  and 
a-half  times  the  sum  shall  be  85  ? 

15.  Fiud  a  number  sueh  that  one-half,  two-thirds,  and  three- 
fourths  of  it  added  together,  shall  exceed  1}  times  the  original 
number  by  21. 

16.  A  farmer  sold  a  load  containing  a  certain  number  of 
barrels  of  apples  for  $36,  and  he  afterwards  sold  a  second  load 
at  the  same  rate,  but  as  it  contained  5  barrels  less  than  the 
former,  he  only  received  $21.  What  was  the  price  per  barrel, 
and  what  was  the  number  of  barrels  in  each  load  ? 

17.  A  person  starts  to  walk  from  Toronto  to  Brampton  at  the 
rate  of  3^  miles  per  hour ;  precisely  28^-  minutes  afterwards 
another  person  starts  from  Brampton  to  walk  to  Toronto  at  the 
rate  of  4  miles  per  hour,  and  they  meet  one  another  exactly  half- 
way between  the  two  places.  Required  the  distance  from  Toronto 
to  Brampton. 

j8  In  a  certain  grist-mill  there  are  three  runs  of  stones  :  the 
first  of  which  can  empty  the  granary  in  72  hours,  the  second  in 
84  hours,  and  the  third  in  90  hours.  Two  teams  are  engaged 
drawing  wheat  and  storing  it  in  the  granary,  and  of  these  the 
first  can  fill  it  in  60  hours,  and  the  second  in  78  hours.  Now  if 
the  granary  be  full,  and  both  teams  and  all  three  runs  of  stones 
be  set  in  operation,  in  what  time  will  it  be  emptied  ? 
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19.  If  from  the  number  of  Xha  year  in  -which  all  the  slaves  in 
Canada  received  their  freedom,  the  number  1780  be  taken,  three 
times  the  remainder  increased  by  1620,  will  give  the  year  of  the 
celebrated  Indian  massacre  of  Lachine,  and  if  the  two  dates  be 
added  together,  one- half  their  sum  increased  by  IIG  Avill  give  the 
year  18G2.  Required  the  date  of  the  abolition  of  slavery  in 
Cauflda,  and  also  that  of  the  massacre  of  Lachine? 

20.  Divide  $7400  among  A,  B,  and  C,  so  that  A  shall  have 
$120  more  than  B ;  and  C  $105  less  than  A.    ' 

21.  A  pupil  receives  24  music  lessons  and  32  drawing  lessons 
in  the  quarter,  and  the  former  cost  her  $3  more  than  the  latter  •, 
if,  however,  she  had  received  32  music  lessons  and  only  24 
drawing  lessons,  the  latter  would  have  cost  her,  at  the  same 
rate,  $10  less  than  the  former.  Required  the  price  per  lesson 
for  music  and  drawing. 

22.  A  library  containing  1435  volumes  contains  twice  as  many 
volumes  on  general  literature  as  on  history,  Ij  times  as  many 
volumes  on  history  as  on  biography,  as  many  volumes  on 
biography  as  on  travels,  and  three  times  as  many  volumes  on 
travels  as  on  the  sciences.  Required  the  number  of  volumes  on 
each  subject  in  the  library. 

23.  The  Rideau  Canal  is  six  miles  less  than  four  times  as  long 
us  the  Niagara  River,  and  their  combined  length  doubled  and 
decreased  by  100  miles,  exceeds  the  length  of  the  Great  Western 
Railway  by  one  mile.  The  G.  W.  R.  being  229  miles  long, 
required  the  length  of  the  Rideau  Canal,  and  also  that  of  the 
Niagara  River. 

24.  A  can  do  a  piece  of  work  in  12  days,  which  B  can  finish 
in  15  days,  and  C  in  18  days.  Now  A  and  B  work  together  at 
it  for  1  day  ;  B  and  C  work  together  at  it  for  two  days  ;  in  what 
time  will  all  three  finish  the  work  remaining  to  be  done  ? 

25.  Divide  a  number  n  into  two  parts,  such  that  one  may 
exceed  the  other  by  (a  -  c). 

26.  What  is  the  first  hour  after  12  o'clock  at  which  the  two 
hands  of  a  watch  are  (I)  together,  (II)  directly  opposite,  and 
(III)  at  right  angles  to  one  another  ? 

27.  A  man  owns  two  fields  and  a  horse,  the  latter  being  worth 
$90.    He  offers  to  sell  the  first  field  with  the  horse  in  it  for  $25 
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more  than  he  asks  for  the  second  field  alone,  but  for  the  second 
field  with  the  horse  in  it  he  asks  double  as  much  as  for  the  first 
field  alone.     Required  the  price  of  each  field. 

28.  A;  B,  and  C  can  do  a  piece  of  work  in  20  days,  which  A 
can  do  alone  in  50,  and  B  alone  in  65  days.  C  works  at  it  for 
11  days,  then  B  and  C  together  for  5  days.  In  what  time  can 
A  and  C  finish  the  remainder  ? 

29.  Divide  §7189  among  A,  B,  C,  and  D,  so  as  to  give  to  A  as 
much  as  the  other  three,  to  B  $40  more  than  two-fifths  of  the 
shares  of  C  and  D  j  and  to  D  525-40  less  than  thrte  sevenths  of 
C's  share. 

30.  A  piece  of  work  can  be  finished  by  4  men  in  9  days,  or  by 
10  women  in  1  days,  or  by  15  children  in  8  days.  In  what  time 
can  1  man,  3  women,  and  4  children  finish  the  work  ? 

31.  There  is  a  number  consisting  of  two  digits,  whose  sum  is  14 
(the  right  hand  digit  being  the  greater),,  and  three-seventeenths 
of  the  number  is  equal  to  three  halves  of  the  right  hand  digit. 
Required  the  numbtr. 

32.  A  farmer  sold  his  farm  for  $8600,  and  considered  that  he 
had  cleared  a  certain  amount  by  the  transaction.  A  note,  how- 
ever, for  $640,  which  he  had  accepted  in  part  payment,  turned 
out  to  be  worthless,  and  he  found  that,  in  consequence,  he  lost 
upon  the  whole  transaction  two-fifths  as  much  as  he  would  have 
gained  had  the  note  been  good.  What  was  the  value  of  the 
property  ? 

33.  There  is  a  fish  whose  tail  weighs  9  lbs.,  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs  as 
much  as  his  head  and  tail  together.  What  is  the  weight  of  the 
fish? 

34.  A  merchant  yearly  increases  his  capital  by  one-third  of 
itself,  but  takes  away  $1000  for  current  expenses.  At  the  end  of 
the  third  year  after  taking  away  the  $1000,  he  finds  that  the 
original  capital  was  doubled.  What  was  his  capital  at  starting? 

35.  The  fore-wheel  of  a  waggon  is  a  feet,  and  the  hind-wheel 
b  feet  in  circumference  j  through  what  distance  must  the  waggon 
pass  in  order  that  the  fore-wheel  shall  have  made  n  revolutions 
more  than  the  hind-wheel  ? 

30.  The  hour  and  minute  hands  of  a  watch  are  together  at 
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noon.     When  and  how  often  will  they  be  together  during  the 
next  twelve  hours  ? 

37  Divide  the  number  96  into  two  such  parts  that  when  the 
greater  is  divided  by  7  and  the  less  multiplied  by  3,  the  sum  of 
the  quotient  and  product  shall  be  30. 

38.  Divide  $2560  among  A,  B,  and  C,  so  that  A  shall  have 
half  as  much  again  as  B  ;  and  that  C  shall  have  half  as  much 
again  as  A. 

39.  A  steamer  makes  the  down  trip  from  the  head  of  Lake 
Ontario  to  Montreal  in  28  hours,  the  current  being  in  its  favor. 
When  returning  it  is  found  that  in  ascending  the  St.  Lawrence 
(three-sevenths  of  the  entire  trip)  the  rate  of  sailing  is  5  miles 
per  hour  less  than  the  average  rate  in  its  downward  journey, 
but  upon  entering  the  lake  it  is  enabled  to  increase  its  speed  2 
miles  per  hour,  and  again  reaches  Hamilton,  at  the  head  of  the 
Lake,  in  {1  of  the  time  it  would  have  required  had  the  rate  been 
uniformly  the  same  as  when  ascending  the  river.  Required  the 
distance  between  Montreal  and  Hamilton,  and  the  rates  of 
sailing. 

40.  A  gentleman  bequeaths  his  property  as  foUoAvs  : — To  his 
eldest  child  he  leaves  §1800  and  I  of  the  rest  of  his  property; 
to  the  second  twice  $1800  and  g-  of  the  part  now  remaining ;  to 
the  third  three  times  $1800  and  ^  of  the  part  now  remaining, 
and  so  on.  By  this  arrangement,  his  property  is  divided  equally 
among  his  children.  How  many  children  were  there,  and  what 
was  the  fortune  of  each  ? 

^  41.  A  certain  number  consists  of  two  digits,  whose  difference 
is  7  —  the  right  hand  one  being  the  greater.  When  the  number 
is  divided  by  the  sum  of  its  digits  it  gives  a  quotient  2,  with  a 
remainder  7.     Find  the  number. 

42.  Divide  $2100  among  A,  B,  and  C,  so  that  A  shall  have  $80 
more  than  I  of  B  and  C's  shares  together,  and  that  C  shall  have 
$20  less  than  B. 

43.  A  nurseryman  has  an  orchard  to  plant  with  a  given 
number  of  trees,  and  he  finds  that  when  he  has  as  many  rows 
as  trees  in  a  row  there  are  75  trees  remaining,  but  if  he  puts  5 
trees  less  in  a  row,  and  increases  the  number  of  rows  by  G,  he 
then  has  only  5  trees  remaining.   What  was  the  number  of  trees  ** 
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44.  Divide  the  number  a  into  two  such  parts  that  the  cue 

n 

shall  be  —  ths  of  the  other.     . 
m 

45.  What  are  the  two  parts  of  60  such  that  their  product  is 
equal  to  three  times  the  square  of  the  less  ? 

46.  Twelve  oxen  are  turned  into  a  field  of  grass  containing 
3.^  acres,  and  by  the  end  of  4  weeks  hare  not  only  eates  all  the 
grass  oa  it  when  they  were  turned  in,  but  also  all  that  grew 
during  the  4  weeks.  Similarly  in  9  weeks  21  oxen  eat  all  the 
grass  that  grows  on  10  acres  during  that  time,  together  with 
what  was  on  the  field  when  they  were  turned  in.  Now  assuming 
in  all  cases  that  the  original  quantity  and  quality  per  acre,  and 
the  growth  per  acre,  is  the  same,  how  many  oxen  can  in  this 
way  graze  for  18  weeks  on  24  acres  ? 

47.  Divide  the  number  a  into  three  parts  such  that  the  second 
may  be  n  times  and  the  third  ?/i  times  as  great  as  the  first. 

48.  Divide  the  number  a  into  three  parts  such  that  the  second 
shall  be  ?n  times  the  7ith  part  of  the  first,  and  that  the  third  shall 
be  the  yth  part  of  p  times  the  first. 

49.  From  the  first  of  two  mortars  in  a  battery  36  shells  are 
thrown  before  the  second  is  ready  for  firing.  Shells  are  then 
thrown  from  both  in  the  proportion  of  8  from  the  first  to  7  from 
the  second  ;  the  second  mortar  requiring  as  much  powder  for  3 
charges  as  the  first  does  for  4.  How  many  balls  must  the  second 
mortar  throw  in  order  that  both  may  have  consumed  the  same 
quantity  of  powder  ? 

SIMULTANEOUS  EQUATIONS  OF   THE   FIRST  DEGREE, 
IXVOLVIXG  ONLY  TWO  UNKNOWN  QUANTITIES. 

122.  For  the  solution  of  equations  iuvoMng  two  or 
more  unknown  quantiti(is,  as  msiUj  indejjendent  equations 
arc  rcquii-ed  us  there  are  unknown  quantities  involved. 

Thus,  the  equation  x-\-y=S  is  called  an  indeterminate  equation,  because 
an  unlimited  number  of  values  may  be  assigned  to  x  and  y,  so  as  to  satisfy 
the  equation.  For  example,  we  may  take  x=i,  ^,  1, 2, 3, 4,  5,  6, 7,  8, 0,  &c., 
and  2/=7J,  Ih,  7,  6,  5,  4,  3,  2, 1,  0.  S,  Arc,  and  the  equations  will  be  satisfied 
by  any  pair  of  these  values. 

But  if  we  take  the  equation  x  +  ?/  =  S,  and  limit  it  by  another  corres- 
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ponding  but  independent  equation,  as  for  example  2x  —  oy=- 1,  we  shall 
find  that  the  two  equations  are  only  satisfied  by  the  value  a:  =  5  and  y  =  S. 
An  equation  of  this  kind  is  called  a  determinate  equation. 

123.  A  set  of  two  or  more  equations  thus  mutually 
limiting  the  values  of.  the  unknown  quantities  involved, 
form  what  is  called  a  simultaneous  equation. 

124.  As  stated  in  Art.  122,  in  order  that  the  equation 
may  be  determinate,  there  must  be  as  many  independent 
equations  as  there  are  unknown  quantities  involved.  Now 
equations  are  said  to  he  independent  vjJien  tliey  express 
different  relations  between  the  unhnown  quantities. 

iS'OTE.— That  is,  the  two  or  throe  equations  given  must  not  be  derived 
from  one  another  by  mere  multiplication,  or  division,  or  subtraction,  or 
addition.  Thus,  if  .r  -f  ?/  —  8  bo  one  of  the  equations,  it  would  bo  useless 
to  associate  with  it  2:c  -f-  2?/  =  16,  or  ia;  -f  4?/  =  li,  or  x  -}-  2^  r=  8  -{-  y, 
2/  >—  3x  =  8  —  4:c  <fec.,  because  these  equations,  though  true  in  themselves, 
express  no  new  relation  between  the  unknown  quantities,  and  are  all 
reducible  to  the  form  of  .c  -f  ?/  —  8,  having  obviously  been  derived  from  it 
by  mere  addition,  subtraction,  multiplication,  or  division. 

125.  Simultaneous  equations  are  solved  by  elimination, 
as  it  is  termed,  i.  e.,  by  so  combining  the  given  equations 
as  to  get  rid  of  one  of  the  unknown  quantities,  and  thus 
to  obtain  from  them  a  new  equation  involving  only  one 
unknown. 

126.  There  are  three  methods  of  eliminating  one  of  the 
unknown  quantities,  and  thus  of  solving  simultaneous 
equations. 

ELIMINATION  P.Y  ADDITION  OR  SUBTRACTION. 

RCLE. 

127.  I-  If  i^^^  coefficients  of  the  quanuty  xoe  desire  iu  ctti:i-a:!i:: 
are  not  already  the  same  in  both  equations,  multiptij 
one  or  both  equations  by  such  multipliers  as  shall 
make  Ike  coefficients  of  that  quantity  slrnilar. 
ir.  Having  thus  prepared  the  txuo  equation^,,  add  them, 
member  to  member,  if  the  signs  of  the  quantity  to  be 
eliminated  are  unlike;  subtract  one  equation  from 
the  other  if  the  signs  in  question  are  like. 
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1.  Giren  4x  -  3y  =    6 
4x  +1y  =  26 

SOLUTION 

Ax-By  =    6 
4x  +  1y  =  26 


to  find  the  values  of  x  and  y. 


10y=  20 


0) 


Here  as  the  coef.  of  x  is  the  same 
I  in   both   equations    there   is    no 

(")  [  necessity  of  multiplying,  and  we 
I  accordingly  subtract  at  once. 

(Ill)    =  (II)  -  (I)' 


y  =    2  (IV)    -  (III)  -  10. 

Then  -4z  -  3?/  =  4x  -  G  ^  6  '   (v)  1  =  (i)  by  substituting  2  for  y. 
4x  =  12 
X  =    3 

Therefore  values  arc  x  -  3  and  y  =  2. 
Ex.  2.  Given  4x  -f  3y  =  43  .  ^^  g^^  ,^^  ^^^^^^  ^^  ^  ^^^ 
3z-  2?/=  11  $ 


4x 


.   4x^ 

3y  = 

43 

3x- 

2y  = 

11 

8a:  + 

6y  = 

86 

9a:- 

Gy  = 

33 

17a: 

= 

119 

X  = 

7 

i/  =  28- 

-3y  = 

43 

3y  = 

15 

?/  = 

5 

(0 

(n) 

(III) 
(iv; 

(V) 

(VI) 
(VII) 


-(i)x2. 
=  (ii)x3. 

=  (ill)  -f  (iv).     We  add  because  the 

signs  are  unlike. 
=  (V)  -  17. 
=  (i)  with  7  substituted  for  x. 


Therefore  values  are  x  =  7  and  y  =  5. 
XoTE.— "We  can  always  prepare  the  equations  for  addition  or  subtraction 
by  multiplying  each  by  that  coef.  of  the  unknown  to  be  eliminated,  which 
is  given  in  the  other  equation.  Sometimes,  however,  it  is  not  necessary 
to  multiply  loth  equations,  as  we  can  find  by  inspection  a  multiplier  for 
one  oiily,  which  will  at  once  prepare  the  equations  for  elimination. 

be  tlie  equations  as  given  and  we  wish  to  elimi- 


Thu5 


if4.r  — .3?/  =  8 

nate  x,  we  may  multiply  the  lower  equation  by  4  and  the  upper  by  2,  and 
then  subtract,  but  we  may  obviously  attain  the  same  end,  the  elimina- 
tion of  a:,  by  simply  multiplying  the  lower  equation  by  2,  and  then  sub- 
tracting. Similarly  if  we  wish  to  eliminate  the  y,  instead  of  multiplying 
the  upper  equation  by  9,  and  the  lower  by  3,  we  may  prepare  the  two 
equation?  fur  addition  by  «imply  multiplying  the  upper  by  3. 


Art.  128. 
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Ex. 


0X4-7/ 


y  = 


3.  Given  ax  +  y  =  m  ^ 
bx  -  ay  -  n\ 

to  fiD 

d  the  values  of  :r  and  y. 

SOLUTIOH. 

ax  -ry  -  m 

(0 

bx  -  ay  =  n 

(n) 

a^x  +  ay  =  am 

(III) 

=  (1)X«. 

a^x  +bx  =am-\-  n 

(IV) 

=  (n)  -f  (III). 

(a^  ^-  b)x  =am+  n 

(V) 

=  (iv)  factored. 

am  +  n 

(VI) 

=  (v)  -d'  +  b. 

^~  a^  +  b 

am  -T  n 

(VII) 

=  (i)  with  value  of  x  substi- 

tuted for  x. 

d^m  +  an 

=  "'-     d^  +  b    ■ 

d^in  ^bm-  ahn  -  an      bm  -  an 

d^-^b  d'  +  b  ' 

ELIMINATION  BY  SUBSTITUTION. 

RULB. 
128.  I.  Find  from  one  of  the  given  equations  the  value  of  the 
unknown   to  be   eliminated^  in   terms   of  the    other 
unknown  quantity. 
II.  Substitute  this  value  in  the  remaining  equation  for  the 
same  unknown  quantity,  and   there    will  result  an 
equation  containing  only  one  unknown  quantity. 
Ex.  4.  Given  2x  -  y  =    If 

7x  +  9y  =  16  i  ^^  ^^^  ^^®  values  of  x  and  y. 

SOLUTIOS. 

(0 
(") 
(III) 

(IV) 
(V) 
(VI) 
(VII) 


2x-y=    1 

1x-i-9y=  16 

y^2x-    1 

T.r  -f  9(2x  -  1)  =  16 

T.r  +  18x  -  9  =  16 

2ox  =  25 

x=     1 

r 

-  2x  -  1  -  2  -  1  -     1 

(VIII) 


=  (i)  transposed. 

=  (ii)  with  2x-  1  substituted  for  y, 

=  (iv)  expanded. 

=  (v)  transposed  and  collected. 

=  (VI)  i-  25. 

=  (ill)  with  value  of  .i-  substituted. 
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Ex.  5.  Given  5x' 


SIMPLE  EQUATIONS. 

4y  -I-  1x 


6 


Ay     1x  -  2y 
7x — i+ Z  -  o. 


11 


^y 


[Sect.  XL 


to  find  the  values 
of  X  and  y. 


-ry   +    *tx 


Ay     1x  -  2y 
11  6  -^ 


23a;  -  4j/  =  48 
539a;  -  244y  =  -  528 
48  ■\-Ay 


/48  +  4y\ 


5391      „„    "  1-244?/  = 
258*72  +  2156y 


23 
345Gy  =  38016 

V  ^=11 

48  +  4r/     48  +  44 


244^  =  -52S 


(0 
(n) 
(III) 

(IV) 
(V) 

(VI) 
(VII) 

(viii) 

(IX) 

(X) 


=  (i)  reduced.  >-. 
-  (ii)  reduced. 

=  (ill)  transp.  and  v  23. 

48  +  Ay 
=  (iv)  with — ~ — sub.  for  x 


=  (vi)  expanded. 

=•  (vii)  reduced. 

=  (viii)  ^  3456. 

=  (v)  with  11  substitut.  for  y. 


23  23 

Therefore  the  required  values  are  x  =  4  and  y  =  11. 

ELIMINATIOX  BY  COMPARISON. 

Rule. 

129.  I.  Find  from  the  first  equation  the  value  of  the  quantity 
to  be  eliminated,  in  terms  of  the  other  unknown  quan- 
tity ;  and  similarly  find  another  value  for  the  same 
quantity  from  the  second  equation. 
II .  Place  these  values  equal  to  one  another,  i.  e.,  form  an 
equation  by  placing  the  sign  of  equality  between  themr 

Ex.  6.  Given  a;  +  64v=  1552  ?  .     .    .„         ,  .  , 

GAx  +  y  =  1048  5       ""^  ^^'^  ^''^"^^  °^  '"^  ''^^^  y- 
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SOLUTION. 


x  +  641/ =  1552 

eix+     y  =  1048 

X  =  1552  -  G4y 

1048  -!/ 


1048  -7/ 

l'  .-^  1552 

64 


1048  -u=  99328 

40951/  =  98280 

y-24 
,t  =  1552  -  64i/-  1552 


(0 
(n) 
(III) 

(IV) 

(V) 


=  (i)  transposed. 

=  (ii)  transp,  aad  ■^  64. 


GAy  (v)     •.•  first  members  of  (in) 

and  (iv)  are  =  .-.  also 
the  second  members 
are  =  (Ax.  xi). 
4096J/      (vi)    =  (v)  X  64  to  clear   of 
fractions, 
(vii)  =  (vi)   transposed    and 

collected, 
(viii)  =  (vii)  -^  4095. 
1536  -    16    (ix)    =  (III)  with  24  substit- 
uted for  y. 

Note. — Although  either  of  these  three  meiJiods  may  be  employed, 
the  student  is  recommended,  as  a  rule,  to  use  the  frrst.  that  being 
on  the  whole  the  most  convenient. 

Exercise  XXXIV. 

Find  the  values  of  x  and  y  in  the  following  equations  : — 

1.  Tx  -  3.y  =  5  ;  and  4x  +  y  =  11. 

2.  a-  +  3i/  =  23  ;  and  Gx  -  y  -  2A. 

3.  3x-l\y=\]  and  5x  -  1y  =  64. 

4.  5x  +  61/  =  80  ;  and  9.r  -  5y  =  -  14. 

5.  4x-  +  y  =  4  i  and  Ax  -  \y  =  27. 

6.  t^  -  |y  =  -  11  ;  and  ^x  +  -/o!/  =  37. 


7.   llx  +  1/  4 
%x  -  3// 


-  11  ;  and  ^x  +  -^ 
11  =  59 


2y  +  9a:     Sx 


and  11 


:x+  Uy 


y-x 


(X  +  y  +  J ). 


8.  K^-  +  3y)- 

9.  19x  4-  18j/ 


J(x  -  2!/)  =  2  ;  and  -^(x  -  ?/)  +  ^(x  4-  5y)  =  10. 
:  147  ;  and  17(x  4-  y)  -  ]6(x  -  y)  ^^  168. 

10.  2x  4-  3]/  =  a  ;  and  5x  -  2?/  =  6. 

11.  3x  4-  aj/  =  771 ;  and  4x  4-  6.?/  =  n. 

n 


17.  i^—- -— ^^  +  2  =  y  -M  -  i(3y  -f  ar-3)  ;   and  — 
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12.  ax  -  2ay  =  b  ;  and  2bx  -by  -  c. 

13.  a-  -  1/  =  a  ;  and  x^  -y^-  h. 

X       y  X  +  y      X  -  y 

14. =  m :  and =  a. 

a       c  '  cm 

m       n  ^       Q 

15.  —  4- —  ~  a  •.  and  — =  b. 

X       y  '  X       y 

16.  X  +  y  =  11  ]  and  x'^  -  y-  -  55 

K45j;  -F  4v) 

17. ^-  +  2  =  y- 

33 

y-5  _  llx+  152       3y+  1 

""4  12  2~' 

X        y                       c             a 
IS. =  «;and + =  0. 

.T-6    ^     4x+7        K7^-2/)   _   19  +  2/        :Kll^-+ 18) 
~Yy~    '^    ~Yr  6      "    ~      42  56^        ' 

12x-  l5y  +  -^{^     ^   .93 -9x 

lOy  -  Sx  +~^    ~    Gx  -  ^Z* 

(8a  -  2b)ab  ab^c 

20.  3x+5y= ^jp ;  and  a^x  -^j^^  ^  (^a  -^  b  ~  c)by 

=  b^x  -r  (a  -r  2b)ab. 


SIMULTANEOUS  EQUATIONS  OF  THE   FIRST  DEGREE, 
Involving  more  than  Two  Unknown  Quantities. 

130.  If  we  have  three  equations  involving  three  un- 
known quantities,  we  may  obtain  their  values  by  the 
following : — 

Rule. — Combine  by  Arts.  127,  128,  129,  the  first  aiid  second  of 
the  given  equations^  so  as  to  eliminate  one  of  the  unknown  quanti- 
ties. Also  combine  the  first  and  third,  or  the  second  and  thirds  so 
as  to  eliminate  the  same  unknown  quantity.  There  will  result  from 
this  process  two  equations  involving  but  two  unknown  quantities, 
the  values  of  which  may  be  obtained  by  the  previous  rules. 

Ex.  Given  2x  +  4^  -  3s  =  22  j  and  ix  -  2y  +  5z  =  18,  and 

6a;  +  7//  -    c  =  63,  to  find  the  values  of  x,  y.  and  z. 
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QUAT 

[oys. 

SOLUTION. 

2x  +  4u-3z=  22  ^ 

(I) 

4x  -  2y  +  5z  =  18  > 

(") 

6x  4-  1y  -    z  =  G3  J 

(III) 

(IV) 

Ax  +  8?/  -  6s  =  44 

=  (I)  X  2. 

lOy-  ll2=  26 

(V) 

=  (IV)  -  (Ji). 

6x-r  Uy-dz=  66 

(VI) 

=  (i)x3. 

5y-8z=     3 

(VII) 
(V) 

-  (VI)  -  (III). 

10y-lls=  26  J 
5?/  -    8z=     3  ) 

(VII) 

lOy  -  16c  =     6 

(VIII) 

=  (VII)  X  2. 

5z  =  20 

(IX) 

=  (V)  -  (VIII). 

2=4 

(X) 

=  (IX)  V  5. 

51/  -  8s  =  5!/  -  32  =     3 

(XI) 

=  (VII )  with  4  for  s. 

5y  =  35 

(XII) 

=  (xi)  transposed. 

y=    7 

(XIll) 

=  (XII)  V  5. 

2x-f4y-3s  =  2x  +  28-  12  =  22 

(XIV) 

=  (i)  with  4  sabstit 
for  s  and  7  for  y. 

2x=    6 

(XV) 

=  (xiv)  transposed. 

a;  --:    3 

(XVI) 

=  (XV)  ^  2. 

131.  When  there  are  more  than  three  unknown  quanti- 
ties, and  consequently  more  than  three  equations,  we  pro- 
ceed in  a  similar  manner,  so  that  for  solving  a  set  of  n 
equations  involving  n  unknown  quantities,  we  use  the 
following  : — 

RCLE. 

I.  Combine  one  of  the  given  n  equations  with  each  of  the  others 
separately,  eliminating  the  same  unknown  quantity  ;  there 
will  result  n  -  1  equations,  involving  n  -  1  unknown  quan- 
tities. 

Combine  one  of  these  equations  with  each  of  the  others  sepa- 
rately, eliminating  a  sccorul  unknovon  quantity  ;  there  will 
result  n  -  2  equations  involving  only  n  -  2  unknown  quanti- 
ties. 

Continue  thus  combining  and  eliminating  until  an  equation  is 
obtained  involving  only  one  unknown  quantity. 


II. 


Ill 
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[V,  Having  solved  this  equation  and  thus  found  the  value  of  one 
unknown  quantity,  substitute  this  value  in  one  of  two  pre- 
ceding equations,  and  thus  obtain  the  value  of  a  second 
unknown  quantity  ;  then  substitute  the  values  of  these  two 
unknown  quantities  in  one  of  the  three  equations  which 
involve  only  three  unknowns,  and  thus  determine  the  value 
of  another,  and  so  on,  until  all  the  values  are  found. 
Ex.  Given  v  +    x  +    y  -i-    r=14 

3v  -  2x  -i-  4i/  -  3r  =    5 

2v  -  ox  +  2y  +  Az  =  24 

4f  +  3x  -  3y  -  2z  =    3 


-  to  fiffd  the  values  of  v,  x, 
y,  and  z. 


V  +  X  +  y  +  z  - 
ov  -  2x  -f  4?/  -  3c  := 
2v  -  5x  ■{-  2y  i-  Az  = 
4r  4-  3x  -  3y  -  2z  = 


3y  4-  3x  +  3«/  +  3c  = 

42 

2v  +  2x  i-2y+2z  = 

28 

4y  +  4x  +  4^/  4-  4c  = 

56 

5a:  -  y  +  Gz  = 

37 

1x           -  2c  = 

4 

X  +1t/  +  Gz  = 

53 

35x  -  7(/  +  42c  = 

259 

36x  +  48c  = 

312 

3x-rAz  = 

26 

14x  -  4c  = 

8 

I7x  = 

34 

X  = 

2 

+  4c  = 

G+  4c  = 

26 

c  = 

5 

+  Gc 

=  10  -  y  + 

30 

SOLUTION. 
(I) 

(n) 
(III) 

(IV) 

(V) 
(VI) 
(VII) 

(vm) 

(IX) 

(X) 

(XI) 

(XII) 

(XIII) 
(XIV) 

(XV) 
(XVI) 
(XVII) 

(XVIIl) 

37    (xix) 


y=     3  (xx) 

?/  +  c  =  y +  2+3  +  5=  14    (xxi) 
v=       A 
Therefore  the  required  values  are  v  -  i,  x  -  2,  y  ^  3,  and  c 


V  +  X 


=  (I)  X  3. 
=  (I)  X  2. 
=  (I)  X  4. 

=  (V)  -  (II). 
=  (VI)  -  (III). 
=  (vii)  -  (IV.) 

=  (viii)  X  7. 

=  (X)  +  (XI). 

=  (xii)  V  12. 
=  (ix)  X  2. 

=  (xiii)  +  (xiv). 
=  (xv)  +  l7. 
=  (xiii)  with  2  for  x. 
=  (xvii)  transp.  and  v  4. 
=  (viii)     with    2    substi- 
tuted for  X  and  5  for  c. 
=  (xix)  transposed. 
=  (i)  with  values  of  .r,  y, 
and  z  substituted. 
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Exercise  XXXV. 

Find  the  values  of  the  unknown  (juantities  in  the  foUowin* 
equations  : — 


2x-3y  +  4:Z  =  28 

3x  +  4y-5z  =  26 

y 

Ax-5r/-6z  =   16  , 

\ 

x+    y+    z  ---     0' 

1 

2x  +  37/  +  4z  =  -  4 

3x-\-Gy  +1z  =  -  6  , 

\ 

X  +    y  -r     z  + 

0 

2x  -3y  ~    z-2v  = 

11 

x  +  2y  -  3z  +  5v  = 

-17 

3x  +  2y  -Az-    V  = 

-    5 

x-hy=    xy^ 

X  -{-  z=  2xz  V 

(y  +  z)  =  3yz  ) 

ax  +  by  =  c  ^ 
bx  +  cz  =  a  V 
cy  +  az  =  b  ) 


10. 


,     X  +    y  i-    z=     5~) 

2x-    y  -3z  =  -5   y 

X  +  2y  -    z  =  -l  ) 

.  3x-2y-  z  =  12  '^ 
Ax-'3y-2z=11  V 
5x-5y-3z=2l  ) 

ij+r     [ 

1   ,    i.  _  .7.    1    ■ 

y+  z  -  12  -^ 


X  +3y  +  2z  =  b 
3x  +  5y  -  2z  =  m 
Ax  -    y  +    z  =  n 

V  +x  +  y  =  13 


y  -r  X  r  y  -  i-O  -\ 
V+X  +  Z  =  11  I 
V  +  y  +  Z  =  18   i 


x  +  y  +  z  =21 


11.  x  +  y  +  z  =  a  +  b  +  c 

bx  +cy  +  az  =  ex  +  ay  +  bz=  d'^  +  b^  +  c^ 

12.  x  +  a(y  +  z)  =  m^ 
y  +  a(x  +  z)  =71  V 
z  +  a(x+y)  =p) 


PROBLEMS 

Producing   Simultaneous    Equations    of    the   First    Degree. 

Ex.  1.  What  fraction  is  that  whose  numerator  being  doubled 
and  denominator  decreased  by  unity,  the  value  becomes  §,  but 
the  denominator  being  doubled,  and  numerator  increased  b^  5 
the  value  becomes  i  ? 
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SOLUTION. 
X 

Let  —  =  the  fraction  ;  then  x  =  numerator  and  ?/  =  denominator. 

y 


2x         2\ 
y-  1~  3/ 

(0 

x+  5      1} 
2y    ~2J 

(n) 

Gx-2y  =  -    2j 
2x-2y  =  -  lOj 

(in) 

(IV) 

=  (i)  reduced. 
=  (11)  reduced 

4a;  =  8 

x  =  2 

12-2y^-2 

-2y  =  -U 

y=*i 

Therefore  the  fraction  is 

!• 

Ex.  2.  A  certain  field  is  rectangular  in  form,  and  its  dimen- 
sions are  such  that  if  it  were  4  chains  longer  and  3  chains  wider 
its  area  would  be  103  chains  greater  than  at  present,  but  if  it 
were  2  chains  shorter  and  1  chains  wider,  its  area  would  be  119 
chains  greater  than  at  present.     Required  its  area. 

SOLUTION. 

Let  X  =  its  length  and  y  -  its  breadth  ;  hence  xy  -  its  present 
area. 

Then  x  -1-  4  =  its  length  when  increased  by  4  chains. 
1/  +  3  =  its  breadth  when  increased  by  3  chains. 

(x  -f  4)(y  +  3)  -  its  area,  which  is  greater  than  xy  by 
103  chains. 

Also  X  -  2  =  length  when  decreased  by  2  chains. 

y  +  1  -  breadth  when  increased  by  7  chains. 

Then  (x  -  2)(y  +  T)  =  its  area,  which  is  greater  than  2"^  by  119 
chains.     Hence  the  two  required  equations  are 
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(x-f  4)(?/  +  3)  =xy-^l03 
(x-2)  (y+1)  =xy+n9 


(I) 

(n) 

xi/  +  3x-f4i/  +  12  =  xy+103     I    (iii) 
x!/-f-7x- 2j/-14=x7/-M19     |    (iy) 


3x+4y  =  0l 
1x-22j=U3 
14x-42/=266 


(VI) 
(VII) 


(VUI) 
(IX) 


=  (i)  expanded. 
=  (n)  expanded. 

=  (ill)  transposed  and  col- 
lected. 

=  (iv)  transposed  and  col- 
lected. 


=  (vi)  X  2: 

=  (v)  +  (vu). 
=  (viii)  vl7. 
(x)    |  =  (v)  ^ith   21   substituted 

I         for  X. 


17a:  =  357 
z  =  21 
3i;4-4y  =  63-l-42/  =  91 
4y=28 
y=7       I  i 

Hence  the  a.rea.  =  xy=  21  x  7=  147  chains. 
Ex.  3.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  con- 
taining 664  gallons  of  water;  after  6  hours  one  of  them  becomes 
stopped,  and  the  cistern  is  emptied  by  the  other  in  20  hours  ; 
but  had  8  hours  elapsed  before  the  stoppage  occurred,  it  would 
only  havt  required  15h.  36m.  more  to  empty  it.  Assuming  the 
discharge  to  be  uniform,  how  many  gallons  did  each  plug  hole 
discharge  per  hour? 

SOLUTION. 

Let  X  iud  y  =  rates  of  discharge  per  hour  of  the  two  plug  holes 

Then  6x  +  6y=  No.  of  gals,  discharged  in  6  hours. 

And  20y  =  No.  of  gals,  discharged  by  second  in  20'hour3. 

Then  6x  +  26y  =  664  (i). 

Also  8.r  +  8y  =  No.  of  gals,  discharged  in  8  hours  by  both. 

781/ 
And  I5y^y  =  --  =  No.  of  gals,  discharged  by  2nd  in  15h.  36m, 


I8y 

Then  8x  +  8>/^  -r  =  664 

(») 

40x-rll8j/=    3320 

(in) 

=  (u)  reduced 

120x4-520?/=  13280 

(IV) 

=  (I)  X  20. 

120a  +  354j/=    9960 

(V) 

=  (in)x3. 
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166y=    3320 

(VI) 

=  (iv)-(v). 

y=        20 

(VII) 

=  (VI)  V  166. 

Gx  +  2G^=6x  +  520  =  664 

(VIII) 

=  (i)  with  20  substituted 

6x  =  144 

for  y. 

x=    24 

Therefore  rates  of  discharge  are  24  and  20  gals,  per  hour. 

Exercise  XXXVI. 

1.  Find  two  numbers  such  that  seven  times  their  sum  in- 
creased by  four  times  the  less  is  equal  to  50,  and  twice  their 
diflFerence  increased  by  three  times  the  greater  is  equal  to  IG. 

2.  Find  two  numbers  whose  sum  is  equal  to  a,  aud  such  that 
b  times  the  greater  is  equal  to  c  times  the  smaller. 

3.  Two  tons  of  hay  and  35  bushels  of  oats  cost  $44,  but  if 
oats  were  to  fall  in  price  20  per  cent,  and  hay  were  to  rise  in 
price  33J  per  cent.,  they  would  cost  $51-20.  Required  the 
price  of  hay  and  oats. 

4.  A  rectangular  garden  is  of  such  dimensions  that  were  it 
20  yards  longer  and  24  yards  wider  it  would  contain  4180  square 
yards  more  than  its  present  area ;  but  if  it  were  24  yards  longer 
and  20  yards  wider,  its  present  area  would  be  increased  by  ualy 
3860  square  yards.     Required  its  present  area. 

5.  Find  two  numbers  such  that  the  sum  of  one-half  of  the 
fii-st  and  one-third  of  the  second  shall  be  11  ;  and  one-third  of 
the  first  shall  be  greater  by  unity  than  one-fifth  of  the  second. 

6.  Divide  the  number  144  into  two  parts  such  that  4  of  the 
greater  shall  exceed  ^  of  the  less  by  1^. 

Y.  Divide  the  number  48  into  two  parts  such  that  the  greater 
shall  contain  4  as  divisor  four  times  as  often  as  it  contains  the 
less  as  divisor. 

8,  Find  thi-ee  numbers  such  that  the  first  is  equal  to  f  of  the 
other  two,  the  second  exceeds  half  the  sum  of  the  other  two  by 
6,  while  the  third  is  less  by  3  than  \  of  the  sum  of  the  first  and 
second. 

9.  In  4000  lbs.  of  gunpowder  there  are  3240  lbs.  less  of  sul- 
pL"jr  than  of  charcoal  and  saltpetre,  and  2760  lbs.  less  of  charcoal 


Aets.  129-131.]  SIMPLE  EQUATIONS.  113 

than  of  sulphur  and  saltpetre.     How  many  lbs.  are  there  of 
each  ? 

10.  Divide  the  number  72  into  three  such  parts  that  ^  of  the 
first,  J  of  the  second,  and  i  of  the  third  shall  all  be  equal  to 
each  other. 

11.  A  purse  hoias  16  shillings  and  27  ten-cent  pieces.  Now 
11  shillings  and  13  ten-ceno  pieces  only  fill  -^g-  of  it.  How  many 
will  it  hold  of  each? 

12.  A  work  is  printed  so  that  each  page  contains  a  certain 
number  of  lines,  and  each  line  a  certain  number  of  letters.  If 
the  page  had  contained  3  lines  more,  and  each  line  4  letters 
more,  then  the  pago  would  have  contained  224  letters  more  than 
it  now  contains  ;  but  if  there  had  been  2  lines  less  on  a  page  and 
3  letters  less  in  each  line,  the  page  would  have  contained  fewer 
letters  by  145.  How  many  lines  are  there  in  a  page,  and  how 
many  letters  in  a  line  ? 

13.  A  certain  number  of  two  digits  is  such  that  when  divided 
by  4  less  than  twice  the  sum  of  its  digits  the  quotient  is  3,  but 
when  divided  by  5  more  than  the  -diflference  of  its  digits,  the 
quotient  is  13.  Required  the  number,  the  right  hand  digit  being 
the  greater. 

14.  A  sum  of  $81 -60  is  to  be  paid  in  ten-cent  and  twenty-five 
cent  pieces,  and  2j  limes  the  number  of  twenty -five  cent  pieces 
exceeds  G  times  the  number  of  ten-cent  pieces  by  4.  Required 
the  number  of  each  coin. 

15.  A  railway  train  running  from  Toronto  to  Kingston  meets 
with  an  accident  which  diminishes  its  speed  by  ith  of  what  it 
was  before,  and  in  consequence  of  this  the  train  is  b  hours  behind 
time.  ]f,  howevor,  the  accident  had  happened  c  miles  nearer  to 
Kingston,  ihe  train  would  only  have  been  d  hours  behind  time. 
Required  tbe  rate  of  the  train  before  the  accident. 

10.  A  stage  sat  out  from  Collingwood  to  Goderich  with  a 
certain  number  of  passengers,  4  more  being  outside  than  inside- 
The  fire  of  seven  outaide  passengers  is  half-a-dollar  less  than 
that  of  4  inside  pasiengers,  and  the  whole  fare  received  amounted 
to  §45.  At  the  end  of  half  the  journey  it  took  up  three  more 
putside  and  one  more  inside  passenger,  in  consequence  of  which 
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the  whole  fare  received  was  1-,%  times  what  it  was  before.  What 
was  the  number  of  passengers  and  the  fare  of  each  ? 

17.  "What  number  of  two  digits  is  that  which  is  equal  to  twice 
the  product  of  its  digits,  or  to  four  times  their  sum  ? 

18.  There  is  a  number  of  three  -digits  such  that  the  middle 
dig-it  is  the  arithmetical  mean  between  the  others.  If  the  num- 
ber be  divided  by  the  sum  of  its  dio'its,  the  quotient  is  48,  and  if 
198  be  taken  from  the  number,  its  digits  are  inverted.  Required 
the  number. 

19.  A  given  piece  of  metal  which  weighs  p  oz.,  loses  a  oz  in 
water.  It  is,  however,  composed  of  two  other  metals,  ^  and  B, 
and  we  know  thatp  oz.  of  A  lose  b  oz.  in  water,  and  p  oz.  of  B 
lose  c  oz.  in  water.  How  many  oz.  of  each  metal  are  there  in 
the  piece  ? 

20.  Five  gamblers,  j3,  B,  C,  D,  E,  throw  dice  upon  condition 
that  he  who  has  the  lowest  throw  shall  give  all  the  others  the 
sum  which  they  already  have.  Each  loses  in  turn,  commencing 
with  A,  and  at  the  end  of  the  fifth  game  each  has  the  same  sum, 
$32.  How  much  had  each  at  first? 


SECTION    VII. 

INVOLUTION  AND  EVOLUTION. 

132.  Involution  is  the  process  of  finding  any  proposed 
power  of  a  quantity. 

133.  If  the  quantity  to  be  involved  have  a  negative 
sign,  then  the  signs  of  all  the  even  powers  will  be  positive, 
and  the  signs  of  all  the  odd  powers,  negative. 

Thus,  (-ay  =  -  a  X  -  a  =  +  a^. 

(-  ay  =  (-  «)    >i  -  a  =  +  a-  X  -  a  =  -  a^. 
(_  ay  =  (-  ay  X  (-  ay  =  +  a2  X  +  a2  =  +  a*. 
(-0)5  =  (-  a)^  X  -  a  =  +  a*  X  -  a  =  -  a^,  &c. 

134.  If  the  quantity  to  be  involved  have  a  positive  sign 
then  all  its  powers,  both  even  and  odd,  will  have  the  positive 
gigu. 
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Note  1,— It  follows  that  no  even  power  of  any  quantity  can  be  negative, 
and  that  all  odd  powers  will  have  the  same  sign  as  the  quantity  from  which 
they  are  derived. 

Note  2— Since  {a  —  b)-  ~  a~  —  2ab  -{■  h-  is  a  positive  quantity,  it  fol- 
lows that  a2  +  62  >  2ab,  as  otherwise  a2  -i-  52  _  2ab  would  be  negative. 
Hence  the  sum  of  the  squares  of  any  two  quantities  is  greater  than  twice 
their  product. 

135.  Since  (a'»)'^  =a^"  x  a"'  x  a"" ton  factors, 

it  follows  (Art.  53)  tliat  (a'")'^  =  a'«",  aud  hence  we  find  a 
required  power  of  the  given  power  of  a  quantity  by  multi- 
plying the  exponent  of  the  given  power  by  that  of  the 
required  power. 

136.  The  involution  of  algebraic  quantities  may  be 
divided  into  three  cases — the  involution  of  monomials,  of 
binomials,  aud  of  polynomials. 

Case  I. 

INVOLUnON  OF  MONOMIALS. 

137.  Rl'le. —  Raise  the  coefficient  to  the  required  i^owcr  by  actual 
multiplication  ;  also  raise  the  different  letters  to  the  required  power 
by  multiplying  the  exponents  they  already  have  by  the  exponent  oj 
the  required  power  J  and  connect  the  two  parts  thus  obtained  so  as  to 
form  one  quantity. 

Note.— A  fraction  is  raised  to  any  power  by  involving  both  numemtor 
aud  deuomuiator  separately  to  that  power,-  a  mixf  d  number  by  iuvolviug 
the  tiquivaleut  improper  fraction. 

Ex.  1.  (2a2xy3)4  =  2*  x(a2x7/3)-»  =1G  xa8a.-'j/i^=  16a«x<2/'^' 
Ex.  2.  (-  3ax2)5      (_  3)3  x  (ax^y  =-27  x  a'^x^  =  -  27ii^x^ 

EXEBCISB  XXXVII. 

Write  down  the  values  of : — 

l.(2a2)'»;  (306^)2  ;(4m2)2  J  (3ii6*cO' ;  1' ;  (2a2y)"  ;  (Sa^iy^). 
2.  (-  a^y  ;  (-  2a^bc'^y  ;  (-  ^abc^)'^  ;  (-  ^xy^y  ;  (-  2mx^y'y. 
2.(a^xy;  (-ax"y^z*y  ;(3ay^)*  ■,C'3ay*-y  ',(3ay^y  -(-Say^)*, 
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Case  II. 

INVOLUTION  OF  BINOMIALS. 

138.  By  actual  multiplication  we  find  that : — 

(a  4-  cy  =  a'  4-  Ta^c  +  21050?  -{-Zba^c^ +Z^a'^c^ +  2la-c'^  -^-nac^  +c'. 

{a-cY  =a*-  8a'c  +  2da^c^  -  56a^c3  +  TOa^c^  -  ZQa^c^  +  28a2cC 

-Sac'  i-c^ 

We  here  observe  the  following  facts  : — 
L  TJie  first  term  of  the  expansion  is  found  by  raising  the  first 

term  of  the  binomial  to  the  required  power . 
II.   The  literal  part  of  the  second  term   of  the  expansion  is 
obtained  by  prefixing  the  first  term  of  the  expansion  with 
exponent  decreased  by  unity  to  the  simple  power  of  the 
second  term  of  the  binomial. 

III.  In  the  succeeding  terms  of  the  expansion  the  exponent  of  the 

first  term  of  the  binomial  constantly  decreases,  while  that 
of  the  second  term  of  the  binomial  constantly  increases  by 
unit  I/. 

IV.  Jfwe  take  the  coefficient  of  any  term  and  multiply  it  by  the 

exponent  of  the  first  letter  of  the  same  term  and  divide  by 
the  number  of  the  term,  the  quotient  is  the  coefficient  of 
the  next  succeeding  term. 

X .  When  the  sign  of  the  binomial  is  +  all  the  signs  of  the  expan- 
sion are  +,  but  when  the  sign  of  the  binomial  is  -  the  signs 
of  the  expansion  are  +  and  -  alternately. 

Ex.   1.   (X  -  yY  =  .r  5  _  Sx^y  +  IQx^y^  -  lOx^y^  +  5xy^  -  y^. 

Here  -^—  =-.  o  =  coef,  of  2ud  term;  -^  =.  10  =  coef.  of  3rd  term: 
--;'^  ^  =  10  =:  coef.  of  4tli  term,  &c. 

o 

Note.— It  will  be  remarV  :d  by  the  student  that  in  these  expansions— 

I.  The  number  of  terras  ~  one  more  than  the  exponent  of  the  required 
power. 

II.  The  sum  of  the  exponents  of  each  term  =  the  exponent  of  the 
requh-ed  power. 

III.  ^Vhen  the  power  Is  even  there  is  only  one  middle  term,  but  when 
the  power  is  odd  there  are  two  terms  in  the  middle  of  the  expansion  haring 
the  same  coefficient. 

IV.  The  terms  followiug  the  middle  term  have  the  .«ame  coefficients  as 
these  preceding  it,  but  are  reversed  in  order. 
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Ex.  2.  (2</  -  Sby  =  (2a)6  -  6(2a)'=(36)  +  15(2a)'!(3&  «  - 
20(2a)3(36)3  +  15(2a)2(36)4  -6(2a)(36)s  +  (36)6 

=  64a6-C(32a-')(36)  +  15(16a*)(962)  -20(8a3)  (2763)  + 
15(4a2)(8l6^)  -  6(2a)  (2436-^)  +  72966 

=  G4a6  -  olGa^b  +  2160^^6^  -  4320a363  4.  4860a264  -  2916a65 
+  T2966. 

Trinomials  may  be  involved  by  writing  them  as  binomials  and 
proceeding  after  a  manner  similar  to  the  above, 

Ex.  3.  (a-6-2c)'i  =  {(a-6)-2c}4  =  (a  -  by  -  4(a-6)'(2c) 
-f  6(a-  6)'^(2c)2  -  4(a  - 6)(2c)3  +  (2c)* 

=  (a*  -  4a36  +  Ga^b^  -  ^ab^  +  6*  -  4(2c)(a3  _  3^2^  +  3052  _  ^s)  x 
6(4c2)(a2  -  2a6  +  6^)  -  4(8c3)(a  -  6)  -!-  16c* 

=  a*  -Aa^b  +  6a^62  -  Aab^  +  6*  -  (Sa^c  -  24a26c  +  24a62c  -  Sb^c) 
+  (24a2c2  -  48a6c2  +  2462c2)  -  (32ac3  -  326c=J)  +  16c* 

=  a*-4a'6+6a262-4a63  +  6*-8a3c-f24a26c-24a62c  +  86-'cr24a2c- 
-  48a6c2  +  2462c2  -  32ac5  +  326c3  +  IGc*. 


EXERCIS'5  XXXVIil. 

Write  down  tbe  expansions  of 

1.  (a-by.         2.  (c  +  x)*.       3.  (x-yy^.  4.  (a  +my\ 

5.   (2 -a)*.         6.  (x-3)^       7.  (2a +  3)6.  8.  (3  -2m)5. 

9.  (3a-2y)\  10.  (26-5c)3.11.  (3x-4y)*.  12.  (a6  +  3c)^ 

13.  (2ac-xyzy.  14.  (a  +  6-c)^  15.  (2a-6-c)*- 

16.  (2a  +  26-3c)'.   "      17.  (l+x-x^y.  18.  (a  -b  +  2cy. 

■     CaseJII. 
INVOLUTION    OF    POLYNOMIALS. 

139.  No  general  method  can  be  given  for  involving 
polynomials  to  a  given  power  except  by  actual  multiplica- 
tion. Tbe  second  power  of  polynomials,  however,  may  be 
expeditiously  obtained  by  tbe  following:— 
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Role. —  Write  down  the  square  of  the  first  term  and  tivice  the 
product  of  the  first  term  bij  each  succeeding  term  of  the  polynomial. 

Under  this  set  down  the  square  of  the  second  term  and  twice  the 
product  of  the  second  term  by  each  succeeding  term. 

Similarly  set  down  the  square  of  the  third  term  and  twice  the 
product  of  the  third  term  by  each  succeeding  term.  And  proceed 
thus  through  all  the  terms  of  the  polynomial. 

Lastly,  add  the  several  results  together  for  the  complete  square. 

Ex.  1    {a-c-d-f^g-h.y  =  a'^-2ac~2ad-2af+2ag-'lah 

+  c2  +  2cd  +  2c/-  2cg  +  2ch 

■^d^  +  2df-2dg  +  2dh 

+f'-2fg-i-2fh 

+  g-'  -  2gh 

+  h^ 

Here  ve  cannot  add  the  quantities  together  since  they  are  all 
unlike. 

Ex.  2.  (I  -  X  +  x2  -  Ix^  +  2x*  -  Ix^f  = 
1  -  2x  +  2x"2  -    x^  +  4x*  -    x^ 

+      X*   -      X^   +  4x6      _      j;7 


-   |X8 

+  4x3  _   2x9 


+  ix^o 


1  -  2x  +  3x-  -  3x3  +  6j;4  _  Qx5  +  2ij^6  _  2x'  +  Ix^  -  2x9  +  ^x^^ 


Exercise  XXXIX. 


I.  (2-{  ^x-3x^f.  2.  (x+x2-x3)^    3.  (2x-3x2-ix3)^ 

4.  (l-ia  +  2a2-a3)^     5.  (1  +  r- ^x^  -  i  x3  4-x^)'. 

6.  (2a-ax  +  2ax2)^.       7.  (l  +  ix-cx^)^. 

8.  (a-6x-cx2+dx3)^9.  (^l -a+ b^x"  -  c^x^ +d*x^f . 
10.  (a  +  6)6.  11.  (a-cy.  12.  (ax-2)^ 

13.  (2-3x  +  4x2-Jx3  +  lx'l)^  14.  (I  -  2x- x^  +  2x3 -x^)'. 


\ 
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EVOLUTION 

140.  Evolution  is  the  process  of  finding  any  required 
root  of  a  quantity. 

141.  Since  ( -t- «)-  -  +  a^  and  (-  af  also  =  -f  a^,  the 
square  root  of  a^  may  bo  cither  -f  a  or  -  <z,  and  hence  we 
always  attach  the  double  sign  +  to  the  even  roots  of  a 
quantity. 


Thus,  V^V  =±xy;  ^x^y^^  =  ±  xY;  &c. 

142.  Since  all  even  powers  are  positive,  whether  the 
root  be  negative  or  positive,  it  follows  that  a  negative 
quantity  can  have  no  even  root. 

Note.— Expressions  indicating  an  even  root  of  a  negative  quantity,  such 
^^  V-a2,  V  -  IQmi,  y  -l^a^,  V-  a^m^^z'^ «,  kc,  arc  called  irnaginary 
or  impossible  quantities. 

143.  The  root  of  a  complete  odd  power  has  the  same 
sign  as  the  power. 

Thus,  ^~^=  -a;  ^~^2a^''b^=  -  2a^b^  ;  {Jzla^'m'-'  =  3a'iu. 

Case  I. 
EVOLUTION   OF   MONOMIALS. 

144.  To  extract  any  root  of  a  monomial : — 

Rl'le. — Extract  the  required  root  of  the  numerical  coefficieni, 
and  then  extract  the  root  of  the  literal  part  by  dividing  the  exponent 
of  each  letter  by  the  index  of  the  root  to  be  extracted. 

Note  1.— We  extract  a  required  root  of  a  fraction  by  taking  the  root  oi 
the  numerator  and  denominator  separately — of  a  mixed  number  by  taking 
the  root  of  the  equivalent  improper  fraction. 


Ex.  yiQa''b^-^=yi'o  X  0^6^  =  2a263 ;  ^64a^66  =^C4  x  ab-  =  iab^. 

XoTE  2.— When  the  exponent  of  the  literal  part  is  not  exactly  divisible 
by  the  index- of  the  root  to  be  taken,  we  cannot  obtain  the  root,  and 
consequently  avc  naerely  indicate  it'?  extraction  by  ushig  the  radical  nitru 
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auil  proper  iutlox,  or  by  using  a  fractional  exponent.  Tims,  we  cannot  find 
tbe  cube  root  of  a*  because  4,  tbe  exponent  of  a,  is  not  exactlj'  divisible  by 
3,  tbe  index  of  tbe  cube  root;  we  therefore  represent  the  root  required  by 

the  expression  ya-^  or  a^'.  Such  quantities  are  called  surds  or  irrational 
quantities. 

Exercise  XL. 

1.  Find  the  square  roots  of  a'^  :  x^y^  ;  4a2m''  ;  64a'  ;  I2la^y^. 

2.  Find  the  cube  roots  of- 2 Ya^;  Gia^y^  ;  U5a^x^^  ;  -  8a^y--^z^. 

16a2         16a2     lUx^y^  ^         64a^ 

3.  Fiud  the  square  roots  of 


4.  Find   the  cube   roots  of 


C4a^2?/6     8a24a;i8yi2         343a^6a 


27?«3     '      2166^c6     '       64/n6?/-^ 


V  7;TF'  V     243r      '  ^      t>4ai^  V:c2Sy42. 

Case  II. 

EVOLUTION  OF  POLYNOMIALS. 

SQUARE  ROOT. 

145.  lu  order  to  investigate  a  method  for  extracting  the  square  root  of 

It  poljTiomial,  we  take  the  quantity  a-\-h  and  square  it ;  this  gives  us 

a2  -\-  2ab  +  62.    Jsext  we  seek  to  find  or  to  devise  some  process  by  which 

we  can  evolve  from  this  latter  quantity  its  square  root,  a  -\-  b.    Arranging 

the  square  according  to  the  powers  of  tbe 

a2  -\.2ab  +  b'^Ui  -f  b     letter  of  reference,  we  readily  see  that  we 

a2  can  get  a,  the  first  term  of  the  root,  by  taking 

„      ,    ,■"       ohiji  *^'^  square  root  of  the    first  term   of  the 

9  7   "  7  2  arranged  square.    Subtracting  a^  we  have  a 

..__Z__  remainder  2aZ> -f  62.    Now  wt  endeavour  to 

find  some  process  by  which  we  may  use  a. 

the  first  term  of  the  root,  as  a  divisor,  for  finding  the  second  term,  and 

knowing  that  this  second  term  is  b,  we  see  at  once  that  we  must  use  2a  fui 

a  trial  divisor,  because  2ab  -f-  2a  gives  b,  the  second  term.    Finally,  as  tlu; 

divisor  multiplied  by  the  last  terra  put  iuthe  root,  must  cancel  the  remaii*- 

lug  part  of  the  dividend,  i.e.,  2ab  +  b^,  we  observe  that  we  must  add  t  lo 

the  trial  divisor  in  order  to  complete  it. 

146.  The  several  steps  of  the  above  process  give  us  the 
followintr: — 
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Pa'LE. 

I.  Having  properly  arranged  the  g^iven  square,  we  take  the  square 

root  of  its  first  term  for  the  f.rst  term  of  the  root,  and  sub- 
tract its  square  from  the  given  square. 

II.  We  double  the  part  of  the  root  already  found  for  a  trial 

divisor. 

III.  We  ask  how  often  this  trial  divisor  is  contained  in  the  first 

term  of  the  remainder.     This  gives  us  the  second  term  of  Vie 
root. 

IV.  We  place  the  second  term  both  in  the  root  and  also  in  the  trial 

divisor  to  complete  it. 
V.  We  multiply  the  complete  divisor  thus  obtained  by  the  second 
term  of  the  root,  and  subtract. 
VI.  If  there  be  a  remainder  we  again  double  the  part  of  the  root 
already  found,  for  a  new  trial  divisor  ;  again  ask  how  often 
the  first  term  of  the  trial  divisor  is  contained  in  the  first 
term  of  the  remainder;  place  the  quantity  answering  this 
both  in  the  root  arid  in  the  divisor  ;  multiply  the  divisor  thus 
completed  by  the  last  term  put  in  the  root ;  and  so  on. 

147.  We  are  led  to  infer  that  tlie  above  rule  will  answer 
iu  all  cases,  from  observing  carefully  the  law  by  which  any 
polynomial  is  raised  to  the  second  power,  and  that  the 
given  method  foT  extracting  the  square  root  is  just  the 
reversal  of  this  process. 

Thus,  (a  -r  by  =  d^  +  2ab  +  b-: 

(a  +  6  -f  c)2  =  a^  +  2ab  +  b'^  i-  ^(a  -b  b)c  +  c-. 

(a  +  6  +  <:  +  (i)2  =  a=^  +  2aZ>  +  6^  +  2(a  +  b)c  +  c^  4- 

2(a  +  b  +  c)d -i- d^, 
(^u  +  b^  c-i-d  +  e)'^  =  a'^+2ab  +  b^  +  2(a  +  b)c  +  c-  + 

2(a  +  6  +  c)d  +  (i-  -r  2(a  +  6  +  c  +  rf)e*-i-  e^. 

That  is  to  say  : — 

The  square  of  any  polynomial  is  equal  to  the  square  of  the  first 
urifi,  plus  twice  the  product  of  the  fir  f  term  by  the  second,  plus  the 

I 
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square  of  the  second,  plus  twice  the  sum  of  the  first  two  terms  into 
the  third,  plus  the  square  of  the  third  term;  plus  twice  the  sun  of 
the  first  three  terms  into  the  fourth,  plus  the  square  of  the  fourth 
term, — and  so  on. 

148.  Then  also,  finding  upon  trial  that  the  rule  hold.->' 
in  every  case  in  -^vhich  it  is  tested,  we  conclude  that  it  is  a 
general  rule,  and  use  it  as  such ;  and  moreover,  we  derive 
the  arithmetical  rule  from  it.^ 

Ex.  1.  What  is  the  square  root  of  25a*  -  30ab  -i-  9^2? 

OPERATION. 

ii5a2  -  30o6  -r  9¥(5a-~  36  =  sq.  root. 
25a- 


10a  -  3b)       -  30a6  4-  96^ 
-  30ab  +  962 


Ex.  2.  "What  is  the  square  root  of  x^-  -  4x^  ^  8x  -f  4  ? 

OPERATION. 

x*  -  Ax^  -i-  8x  +  4(x^-  2x  -  2  =  sq.  root. 


2x'-^  -  2x)    -  4r*  +  8x  4-  4 
-  4x3  ^  4J.2 


2x2  _  4;i:  -  2)    -  4x^  +  8x  +  4 
-  4x2  4-  8x  +  4 


Ex.  3.  What  is  the  square  root  of  4x^  +  12x5  +  ^^^^  _  2x3+  7^2 
2x+  1  ? 


*  See  Author's  National  Arithmetic  for  the  investigation  of  the  square 
root  as  applied  to  numbers. 
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OPERATION. 

4x6  ^  i22;5  +  5x*  -  2x^+1z--2x+  1(2x3+  sx'-J-xf  1 
4x6 


4x3  ^  3J.2)         12x5-1-  Gx* 
12x5  +  9a.4 


4x3  ^g^2  _^)       _  4a;4  _  2x3  x  •^^j.-i 
-  4x*  -  6x3  a.    ^^2 


4x3  +  0x3-2x^1)  4x3+6x2-2x+l 

4x3  +  6x^  -  2x  +  1 


Note  1.— If  tLe  given  quantity  is  nut  au  txiict  square,  it  is  an  irratiuual 
quantity,  and  of  course  its  exact  square  root  cannot  be  extracted. 

Note  2.— In  the  above  examples,  and  in  a  A  others  where  an  even  r"ot 
is  extracted,  all  the  terms  of  the  root  may  have  their  signs  changed,  and 
the  resulting  expression  -will  still  be  the  root  required.    (See  Art.  141.  j 

Exercise  XLI. 

Extract  the  square  roots  of: — 

1.  4a2  +  I2ab  +  962  .  ^2  »  ^ax  +  4x2 .  4^12^,3  _  28a<:x  4-  49c2. 

2.  OaW  +  SOamxy  +  Ibx^y"^ ;  IGa^x*  -  UV^(?x'^  +  h^c^. 

3.  5x2+  1-.6X+  12x3 +4x*. 

4.  X*  -  2xV  _  2x2  +  y*  +  3,^^  +  ^ 

5.  tt2  +  2(z6  -  lac  +  62  _  26c  +  c^. 

6.  12tt3  +  9a4  +  34a2  +  20a  +  25. 

1.  (J?  +  2a6  +  62  +  2ac  +  26e  +  c^  +  lad  +  Ihd  +  2ccZ  +  d?. 

8.  x6  -  6x'y  +  15xV  _  ^.^ZyZ  ^  15x2i/4  -  6xy'  +  y^. 

9.  a*  -  8a'c  +  24a2c2  -  32ac-3  +  16c*. 

lu.   I  -  2y  +  7/  -  27/*  +  5^*  +  12i/5  +  4j/«. 
U.  4a*  +  I2a3x  +  13u2x2  +  6ax3  +  x*. 

12.  (X  -  y)*  -  2(x2  +  f){x  -  rjf  +  2(x*  +  y*). 

13.  a*  +  6*  +  c*  +  t?*  -  2a2(62  +  d^)  -  262(c2  -  d^)  -  2c2((i^  -  a2). 

;x3  +  7x* 


14. 

1  +  2 

■x'^ 

-Jx« 

+  iV«- 

-!^ 

(  x\ 

X- 

15. 

7. 

)- 

yx  + 

4^      -    -   -     y     ■ 
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149.  Theorem.— /«.  the  arithmetical  extraction  of  the  square 
root,  after  n  +  1  figures  of  the  root  have  been  obtained  by  the  rule, 
n  more  may  be  obtaiiied  by  dividing  the  last  remainder  by  the  last 
trial  divisor. 

Demonstration.— Let  iV  represent  the  number  whose  square  root  is 
to  be  extracted ;  let  a  represent  the  part  of  the  root  already  found,  and  let 
X  represent  the  part  of  the  root  yet  to  be  found. 

Then  V^=a  +  a;  -•.  N=a^  +2ax  +  x^. 

jsr—a^  =  the  remainder  after  n  +  l  figures  have  been  found,  and  2a  is 
the  trial  divisor. 

Then-^"^^    =    ^^?  +  ^^   =    »+?_!.      if  now    we  can  show 
2a  2a  2a 

that  ^  is  a  nroner  fraction,  we  shall  show  that  the  integral  part  of 
2a 

the  quotient  of  the  remainder  -j-  the  trial  divisor,  under  the  given  con- 
ditions, constitutes  the  remaining  part  of  the  root.  By  supposition  x 
contains  only  n  digits,  therefore  x'^  cannot  contain  more  than  2n  digits, 
but  a  by  hypothesis  consists  of  the  n  + 1  left  hand  digits  of  the  root,  and 
must  therefore,  affixing  then  ciphers  which  are  understood,  contaii.2/i  + 1 

diLjits.    Hence  in  the  fraction  —  the  denominator  contains  2/t  + 1  digits, 

2a 
while  the  numerator  cannot  consist  of  more  than  2/i  digits,  and  therefore 

-V.2  7^  fi'l 

L_  is  a  proper  fraction,  and  rejecting  it,  we  get  — =  a;  =  the  re- 

2a  2a 

maining  digits  of  the  root. 

Ex.  Find  the  square  root  of  12  to  11  placts  of  decimals. 

Here  we  must  obtain  the  first  6  digits  by  the  ordinary  rule ;  this  gives  us 
3  46410  and  a  rem.  111900,  the  last  trial  divisor  being  692820.  Then  111900 
-:-  692820  =  16151  =  the  remaining  five  digits  of  the  required  root,  which 
Is  therefore  =  3-4641016151. 

Note,— If  the  given  quantity  be  7iot  a  complete  square,  then  the  approxi- 
mate square  root  thus  found  may  possibly  differ  by  a  unit  of  the  lowest 
<kuomination,  from  the  square  root  carried  out  to  same  number  of  places 
by  the  ordinary  rule. 

CUBE       ROOT. 

150.  In  investigating  a  method  for  extracting  the  cube 
root  of  a  polynomial,  we  proceed  as  follows : — 

Taking  a  +  h  and  cubing  it,  we  get  a3  -f  ^a-h  -\-  Sab^  +  b'<i,  and  we 
endeavour  to  devise  some  process  by  Avhich  we  can  evolve  from  this  latter 
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quantity  its  known-  cube  root,  a-\-b.    Having  arranged  the  given  cube 

,  «  ot  ,  o  TO  .  f,  /     .  r      according  to  the  powers  of  its 

\  letter  of  reference,  we  see  that 

^       we  can  obtain  a,  the  first  term  of 

3/1?  a-aa54-62)3a264-8a^,2_j-&3  the  root,  by  taking  the  cube 

Sa^b-\-Sab~  4-6'  root  of  a-,  tlie  first  term  of  the 

cube.    VTe  subtract  the  cube  of 

a  from  the  whole  expression,  and  bring  down  the  remainder  Scf^b-'r  Sab^ 
4-  63 .  Next  we  observe  that  if  we  divide  the  1st  term  of  this  rem.  by  three 
times  the  square  of  a  (the  part  of  root  already  found),  the  quotient  is  6, 
the  required  2nd  term  of  the  root.  Finally,  as  all  the  remainder  must  be 
cancelled  by  the  product  of  the  divisor  by  6,  the, last  term  put  in  the  root, 
we  sec  that  we  must  increase  Sa-,  the  trial  divisor,  by  oah  (i.  e.,  three  times 
the  product  of  what  was  in  the  root  by  the  term  last  put  in),  and  62  (i.  e., 
the  square  of  the  term  last  put  in  the  root).  Upon  multiplying  the  com- 
plete divisor  3a-  -f  3c<6  -f  6"^  by  6,  and  subtracting,  we  find  that  tiiero  is  no 
remainder. 

151.  The  above  process  enables  us  to  extract  the  cube 
root  in  this  particular  case,  and  as  it  holds  good  in  €very 
case  in  which  it  is  tested,  we  conclude  that  it  holds  univer- 
sally.    Thus  for  the  extraction  of  the  cube  root  we  get  the 

following: — 

Rule. 
I.  ./Arrange  the  given  cube  according  to  some  letter  of  reference. 
If.   Take  the  cube  root  of  the  1st  term  of  the  arranged  cube, 
and  phice  it  as  the  1st  term  of  the  root. 

III.  Subtract  the  cube  of  the  1st  term  of  the  roof  from  the  given 

cube. 

IV.  Take  three  times  the  square  of  the  part  of  the  root  already 

found  as  a  trial  divisor. 
V.  Divide  the  Ist  term  of  the  remainder  by  the  Ist  term  of  the 
trial  divisor,  and  place  the  quotient  as  the  2nd  term  of  the 
root. 
VI.  Complete  the  trial  divisor  by  adding  to  it, 

Isf.   Three  times  the  product  of  what  was  in  the  root  by 

the  term  last  put  in  the  root ;  and 
2nd.   The  square  of  the  term  last  put  in  the  root. 
VII.  Multiply  the  divisor  thus  completed  by  the  last  term  put  in 
the  root,  and  subtract  the  product  from  the  part  of  the 
given  cube  remaining. 
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VIII.  Again  find  a  trial  divisor^  as  in  (it);  divide  the  Id  term  of 
last  remainder  by  the  Isi  term  of  this  trial  divisor,  and 
place  the  quotient  as  3rd  term  of  the  root.  Again  complete 
the  trial  divisor  as  in  ri,  by  making  the  two  addilions  there 
described;  multiply  the  complete  divisor  by  the  last  term 
put  in  the  root,  subtract, — and  so  on. 

152.  "We  may  be  led  to  infer  this  rule  for  extracting 
the  cube  root  of  a  polynomial  by  reversing  the  process  by 
which  a  polynomial  is  raised  to  the  third  power,  as  may  be 
seen  by  an  attentive  examination  of  the  following : — 

(a  4- !>)^  =  a3 -f  3a-6 -f  3a62  4- ^3 

(a  -I-  b  +  c).3  =  a3  +  3a^b  +  3ab^'  +  i^  +  3(a  +  b^c  -f  3(a  +  b)c^  +  c-\ 

(rt4•6  +  c  +  d)3  =  a•'^-3a36  +  3a&2  +  63  +  3(a  +  6)2c-^3(a  +  6)c2+c3 
H-  3(a  +  5  -{-  c)2 d  ^-  3(a  +  6  -f  c  )d^  +  d^. 
Whence  it  appears  that  :— 

The  cube  of  any  polynomial  is  equal  to  the  cube  of  the  first  term, 
plus  three  times  the  square  of  the  first  term  multiplied  by  the  second, 
plus  three  times  the  first  term  multiplied  by  the  square  of  the 
second,  plus  the  cube  of  the  second  term,  plus  three  times  the  square 
of  the  sum  of  the  first  two  terms  multiplied  by  the  third,  plus  three 
times  the  sum,  of  the  first  two  terms  multiplied  by  the  square  of  the 
third,  plus  the  cube  of  the  third  term,  plus  three  times  the  square  of 
the  sum  of  the  first  three  terms  multiplied  by  the  fourth,  plus 
three  times  the  sum  of  the  first  three  terms  multiplied  by  the  square 
of  the  fourth,  plus  the  cube  of  the  fourth  term ;  and  so  on. 

Ex.  1.  Find  the  cube  root  of  Sa^  -  SAa^x  -f  29Aax'^  -  3430.='. 

.OPERATION. 

8a^  -8ia^x  +  29iax^  -3i3x-(2a-1x 

Ba^ _^ 

3(2a)2=  J2a2  -  Sia^x  +  2'9iax^  - 343x9 

3(2a)(-7x)=  -A2ax 

(_7a:)2=  +49a:2 


84a2a:  +  294aa:2-343a:3 


I2a^  -  A2ax  +  A9x^ 
Ex.  2.  What  is  the  cube  root  of  2ta6  ~54a'  +  63a4  -  44a= 
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ExPLAKATiox.— The  foregoing  is  a  fecond  method  of  extracting  the 

cube  root,  known  as  Horner's  method.    Upon  careful  examination  it  will 

be  seen  that  the  same  trial  divisors  and  complete  divisors  are  used  as  in 

the  other  method,  but  that  they  are  obtained  somewhat  difTerently.    The 

several  steps  are  as  follows  :— 

1st,  Take  the  cube  root  of  the  first  term  and  place  it  as  first  term  of  the 
root,  also  place  it  to  the  left  of  the  arranged  cube,  under  the  head 
First  Column. 

2nd,  Multiply  the  first  term  of  the  first  column  by  the  first  term  of  the 
root,  and  place  the  product  as  first  term  of  the  second  column ; 
also  multiply  the  first  term  cf  the  second  column  by  the  first  term 
of  the  root,  and  place  it  in  the  third  column,  i.  e.,  under  the  given 
cube,  and  subtract. 

3rd,  To  the  first  term  of  the  first  column  add  the  first  term  of  the  root, 
multiply  the  sum  by  the  first  term  of  the  root,  and  place  the  pro- 
duct as  the  second  term  of  the  second  column. 

4th,  Again  add  to  the  first  column  the  first  term  of  the  root. 

5th,  Add  the  first  and  second  terms  cf  the  second  column  together  for  a 
trial  divisor.  Ascertain  how  often  this  goes  in  the  first  term  of  tlie 
dividend,  and  place  the  quotient  (-2a)  in  the  root,  and  also  attach 
it  to  the  9a2  in  the  first  column. 

6th,  Multiply  the  Oa^  -2a  in  the  first  column  by -2a,  the  last  term  put 
in  the  root,  and  place  the  product -18a3  +4«2  under  the  27a*  in 
the  second  column,  and  add :  this  gives  27a*  -  18a3  -f  4a2  for  com- 
plete divisor. 

7th,  Multiply  the  complete  divisor  by -2a,  the  term  last  put  in  the  root, 
and  place  the  product  in  the  third  column. 

8th,  Subtract  and  go  again  tlj"ough  the  whole  process  as  before. 

Exercise  XLII. 
Extract  the  cube  root  of  each  of  the  following  qnantities  : — 

1.  8x-  +  36x2  +  54x  +  27. 

2.  n^-  40a=?  +  Ba"^  +  9Ca  -  C4. 

3.  l-.Ca-!-12a2-8a3. 

4.  a'5-6a5 +  15a''-20a"  +  15a2-6a-M. 

5.  8a3x3-84a26a;*  +  294a62a:-5 -3436^0:^. 

6.  8x6  _  20ax^  -f  102a2r4  -  iTla^x^  +  204a 'x-  -  144a^a:  +  64;^ 
7    x6  -  3x^  +  6x*  -Tx^  +  ex2  -  3x  +  1. 

8.  a3+3a26  +  3a62+&^  +  3(a-}-J)2c-f3(a  +  6)c2  +  c3  +  3(a  +  5  +  c)^d 
+  3(a  +  6  +  Od*  +  d3  +  3(a  +  6  +  c  +  rf) -e  +  3(a  +  6  +  c  +  d)e^  +  e^. 

Note.— In  Ex.  8  endeavor  to  keep  the  quantities  in  brackets,  and  the 
later  of  extracting  the  cube  root  will  be  materially  lightened. 
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153.  Theorem.— /u  the  extraction  of  the  cube  root  of  a  numher 
when  u  4-  2  figures  have  been  found  by  the  ordinary  rule,  n  figures 
more  may  be  found  by  dividing  the  remainder  by  the  last  trial 
divisor. 

Demoxstratiox.— Let  X  represent  the  number  whose  cube  root  is 
required;  let  a  represent  the  ?» -f  2  figures  already  found,  and  let  x  repre- 
sent the  n  remaining  figures. 

Then  ^X=  a-\-x,  . • .  iV  rr^r  a 5  -f  oa'ix  -f-  oox-  4-  x^^ . 

jV—  a?  =  the  remainder  aftt?r  n  -{-2  figures  of  the  root  have  been  found, 
and  3a2  —  the  trial  divisor. 

iVj-ft^  _  3<T-?.r  +  3<x j2  -i-x^   _     ,  j_  £f  _L  f?i^ 

.'•2         a;'' 
Now  if  we  can  show  that ~  oTT   ''^  a  proper   fraction,  we    shall 

have  proved  that,  neglecting  the  remainder  ansing  from  the  division,  we 
may  obtain  the  next  n  figures  of  the  root  by  dividing  by  the  trial  divisor. 
By  hypothesis  x  contains  only  n  digits,  while  it  is  manifest  that  10"  contains 
n  -f  1  digits;  hence  x  <  10"  and  .-.  x'^  <10^".  And  since  a  contains  the 
left  hand  n  -]-2  digits  of  the  root,  taking  into  account  the  position  of  these 
with  reference  to  the  decimal  point*  a  must  contain  2n  +  2  figures.    And 

-n+i  x^         10^"      ,       .        ^- 

therefore  a  is  not  less  than  10'        •     Hence  -—  <  jgj^ni  ^        ''''       a" 

<  -1,.     Similarly  ^  <  -^2^^^.  that  is  <  ^—^^ 

Hence    ^   -^  ~2  <  "'''^'  "^  slTlO^^^  ^""^   ' '  <  ""^^J'- 

Ex.  Required  the  cube  root  of  10973936866941015122085048. 

Here,  since  there  arc  26  figures  in  the  cube,  there  are  9  in  the  root,  and 
we  proceed  to  obtain  the  first  5  of  these  by  the  ordinary  rule.  The  five 
digits  thus  obtained  are  22222,  with  a  remainder  329181893015122085048, 
and  a  trial  divisor  148145185200.  Then  329181893015122085048  -^  148145185200 
_  2222 -f  =  remaining  four  digits  of  the  root,  which  is  therefore  — 
222222222. 


EXTRACTION  OF  ROOTS  IX  GENERAL. 

154.  By  observing  the  mode  of  writing  the  square,  cube, 
&.C.,  of  polynomials,  we  can  deduce  the  following  general 
rule  for  the  extraction  of  any  root  of  a  polynomial : 
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TcULE. 

I.  Arrange  the  given  polynomial  according  to  a  letter  of  reference. 
II.  Extract  the  required  root  of  the  first  term,  this  will  he  the 
first  term  of  the  root, 

III.  Subtract  the  power  of  this  first  term  of  the  root  from   the 

given  polynomial. 

IV.  Divide  the  first  term  of  the  remainder  by  twice  the  first  term 

of  the  root  for  the  square  root,  three  times  its  square  for  the 
cube  root,  four  times  its  cube  for  the  fourth  root,  five  times 
its  fourth  power  for  the  fifth  root,  and  so  on  ;  the  quotient 
will  be  the  second  term  of  the  root. 

V.   Involve  the  xohole  of  the  root  now  found  to  the  specified  power, 
and  subtract  it  from  the  given  polynomial. 

VI.  Divide  the  1st  term  of  the  remainder  by  the  same  divisor  as 
before,  and  the  quotient  will  be  the  third  term  of  the  root. 
Again  involve  the  whole  of  the  root  now  found  to  the  speci- 
fied power ;  subtract,  and  so  on. 
Note.  -It  is  manifest  that  the  rule  verifies  itself. 

Ex.  What  is  the  fourtli  root  of  IGx^  -  32a:'  +  88x6  -  104r5 
+  145x'i  _  104x3  4-  88x2  _  22x  +  16  " 

OPERATION. 

(root=  2x^  -X  +  2) 

I6x«-32a;' +88x6-104x^4  145  r4-l04x=^+88x2-32x  }-16 
(2x2)4  =  16x8 

32x'5)     -32x'  =  1st  term,  of  rem. 
(2x''^-x)*  =  16x^-32x7  +24x6-8x5  +  x*. 

32x6)        (542:6  =:  jgt  term,  of  rem. 
(2x2-x  +  2)*  =  16x''-32x'+8Sx6-104x5+145x4-104.t3+88x2-32x+16 
Rem.  =  0.     Hence  2x'^~x  +  2  is  the  fourth  root  required. 


SECTION    YIII. 

THEORY  OF  INDICES. 
155.  It  has  been  stated  (Art.  17)  that  when  a  frac< 
tional  inder  is  employed,  the  niiinerator  of  the  fraction 
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donates  the  power  to  be  taken,  and  the  denominator  indi- 
cates the  root  to  be  extracted.  We  have  now  to  add  that 
a  negative  exponent  is  sometimes  employed  for  the  purpose 
of  denoting  the  reciprocal  of  a  qiiantifi/  with  flic  same 
exponent  tahen  jyositively. 

Thus,  a    "*  is  used  to  denote  ~l^  whether  m  bo  fractional  or  integral. 

156.  Theorem  l.Ifm.  and  n  be  any  positive  integral  quantities, 
then  a™  x  a°  =  a"^*°. 

Demonstration,  a"*  =  ax  a  x  a  ... .  to  m  factors,  aud  a^  ~  a 
X  ax  a to  71  factors. 

Therefore  a''"'  x  a''^  =  a  x  a  x  a  ....  to  m  factors  x  a  xaxa. .  . . 
to  n  factors  =  a  x  a  ....  to  rn  +  n  factors  =  a""*",  which  was. to 
be  proved. 

157.  Theorem  If.  If  in  and  n  be  any  positive  integral  quantities, 
then  (a"i)n  =  a'"^  =  (a°)™. 

Demonstration,  (a'^)"  =  a'^  x  a"^  x  a"^ to  n  factors  = 

qVi  +  TO+m  .,..,  to»i  terms  r:  a"^'* 

(O""  =  a^  X  a^  X  a'^ to  m  factors  -  a"  +  "  +  '»  •  •  •  •  to  m  terms 

But  7nn  =  mn  .-.  a"^'^  =  a^'^,  and  since  (a")"*  and  (a'"-)^  are  eax;h 
=  a"^  .-.  (a"»)^  =  r"'"  =  (a")"*  which  was  to  be  rrovcd. 

158.  Theorem  III.  Tfm  and  n  be  any  positive  integers,  then  the 
mth  root  of  the  nth  power  of  a,  is  equal  to  the  nth  power  of  the  ruth 
root  of  R.     Thatis,^{a^)  =  {^aY. 

Demonstration.  Let  ^(a")  =a;"  ;  raising  botli  to  the  mth  power 
we  get  a"  =  {x^-y-  =  {x:^)^  hj  the  preceding  theorem. 

Extracting  tlie  TJth  root  of  each  of  these  we  get  a  =  x'^  ;  and 
extracting  the  wth  root  of  each  of  these  we  get  ^a  =  x  ;  and 
finally  raising  each  of  these  to  the  nth  power  wc  have  (^a)"  =  x". 
But  7(a")  ^  x"  .-.  7(a")  =  (^a)",  which  was  to  be  proved. 
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159.  Theorem  IV.  liotk  numerator  and  denominator  of  a  f rat- 
tional  exponent  may  he  multiplied  by  the  same  quantity  without 
altering  the  value  of  the  whole  expression,  of  which  it  forms  part. 

Trt  rnr 

That  is,  a""    =  aJ^'. 

Demonstration.  Leta""=T.     Then  a^  =  x^  ;  also  a'"'"  =  j:"*". 

mr  m 

Therefore  extracting  the  nrth  root  of  each,  c^'  =  x\  but  o^ 

m  mr 

Therefore  a"^  =  ('^ ,  which  was  to  be  proved. 

160.  Theorem  V.  If-^  and  -j- are  any  positive  fractional  guan- 

m  r  "^   I   '' 

tities^ihen  a^   x  a'  =  a"  '  ■^ 

m  ms  r  nr 

DE\fONSTARTio2i.  By   Ust   theorem  a  "  =  a"*  and  a'    -  a^ 

m  r  ms         nr 

Therefore  «"  x  a  *'  =  a^'^x  a*^ 

ms  _2_  rtr  1 

m  r  ms  nr  \  '^  1 

Therefore  a^  x  a^  =  g^  x  a'^  =  {df^'Y^  x  (a"'-)''^^'  =(«"!« ^^nr^m 

1  ms  +  rir         ms  ,     "'"         m    ,   r 

._  ^^TTis  +  nr-jns  _  ^    ns      _  ^ni       ?T7_  „"n   "^T    -^Jjich  WES  tO  be  prOVed. 


Corollary.  Similarly  it  may  be  proved*  that  o"  -r  a*      a 


71  ~  ? 


161.  Theorem  TI.     a"  r     =  a 


77!r 


/  m\  r_  f  rn\  r 

Demonstration.  Let  (a")*  =    a;,    then     (a")   =  •''"';  that  is 

mr 

(Art.  157),  0^  =  .r^     Therefore  a"""  =  a;%  and  therefore  extract- 

mr  /  n»\  r  /  m\  r 

\ng  the  nsth  root  of  each,  a*^"  =  x,  but  {a^y~x  .-.  f  a**  )*  = 

a***,  which  was  to  be  proved 

162.  Theorem  VII.  a'^  x  a"  =  a^  +  "  when  m  or  77,  or  both  m 
and  n  are  negative  quantities. 
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Demonstration.  First,  let  either  one  of  the  exponents,  as  for 
nstance  n,  be  a  negative  quantity. 

1      a"^ 

Then  a"^  x  a-""- =  aP' x -y^  =  ~j.=  a'"  -  "  =  a'"  +  (" "). 

Next  let  both  m  and  n  be  negative  quantities. 

Thena-'>^xa-"  =  ^x  ~  =  ^.  =  a""'-"  =  a-'"T^), 
vvhich  was  'to  be  proved. 

163.  Theroem  VIII.  (a"^/  =  a*""  when  m  or.n  or  both  in  and 
■I  are  negative  quantities. 

Demonstration.  First,  let  n  be  negative  then  (a*^)""  =  (a™)"" 
1  1 

Second,  let  m  be  negative. 

Then  (a-r  =  (^^Y=  -~  =  a"'--  =  a"'-". 
Third,  let  both  m  and  n  be  negative. 

TJien  (a -"»)-"  =  (^p:i^  =  ^pi^  (V  second  part  of  demon- 
>tration)  =  a^'''^  =  a-'^*^'''\  which  was  to  be  proved, 

164.  Theoem  IX.  (i^  X  6"  =  (ai)". 

Demonstration.  L^t  a'"'  x  b^  =  x,  then  (a^  x  6'^)™  =  x". 

that  is,  a  X  6  =  x"  or  ab  =  x'^  . •.  ((zi)"  =  x. 

But  a"  X  6"  =  X.     Therefore  also  a'^  x  6^  =  (a6)". 

Corollary.  (a6)'»  =  a"  x  6".     Similarly  J^a  x  :^'6  =  '^(ab),  and 

conversely  (a6)"=  a"x  6^. 

165.  Theorem  X.  ^ny  factor  may  be  trcliisf erred  from  one  term 
yf  a  fraction  to  the  other  by  changing  the  sign  of  its  exponent. 

Demonstration,  ^n    =    ^ir    x     f-'n    =    in^^-n    =    l^b^^ 
,1^1) -n      a^b-"^ 


b''  1     • 

Again,  ^  -  ^  X  jr^  =  ^71 X  «-«i  =  6"IF"'  ~  6"(r^'*  ~  F'Ji 
which  was  to  be  proved. 
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166-  By  these  Theorems  it  has  been  proved  ihat  whether  m 
and  n  are  positive  or  negative,  integral  or  fractional, 
d!^  1 

'  a"  a" 

(a'"/  =  a""*  =  (a";'*- ;  uJ^  =  a^^  ]  d"  x  i'^  =  (ab/'  ;   u'*'x  i**  =  (ai)" 

That  is  :— 

(1)  Powers  of  the  same  quantity  are  multiplied  together  by  adding 

their  indices. 
(II)   One  power  of  a  quantity  is  divided  by  another  power  of  the 
•     same  by  subtracting  the  index  of  the  divisor  from  that  of 
the  dividend. 
(IW)  A  power  of  a  given  power,  or  a  root  of  a  root,  is  obtained  by 

multiplying  together  the  two  indices. 
(l\)  Powers  having  unlike  fractional  indices  may  be  reduced  to 
equivalent  expressions  having  fractional  indices  with  a 
common  demoninator. 
(V)  j1  factor  may  be  removed  from  one  term  of  a  fraction  to  the 

other  by  changing  the  sign  of  its  exponent. 
(VI)   The  product  of  the  same  root  or  power  of  two  or  more  dis- 
similar quantities  is  equivalent  to  the  same  root  or  power 
of  their  product,  and  vice  versd. 


Illustrative  Examples. 


4//1        4 //I        4          J           4//1              4 
Ex.  1.   —r  =  ir-r  =  7.  "^^'  ":  <^^ 


^^•-  5V(/nnO    -    5(/n/r^)^   "    5mM         ^^^'c'm    ^ n' - 

3 
5a    '  b.  ^  c    3  m»;i2 
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a'h'"^       m^c^^        (mc'^y        Jhnc^) 


2  3  5!     .      3  -8x9  X7  2  _  5.  2    4.    /_  2.\ 

Ex.    5.    a^xa^  =  a^     *=a'^     '^^^a'-^-.a^xa    ^  =  a^     ^    ^^ 

/  /  3         5  -  -7  !  5  ""  'la'  _  n'l  5' 


Ex.  7.  a^  -^a2  =  a'^     2  ^  a"*       ^  =  a*^ ;  a'   -f  a     *  =  a"      ^    ""^ 
?  +   3         aa 
i  a'       "^  =  a'*'". 

Ex.  8.(ay^a^'''^=a^  ;  (a--)-=a    -"^^a-^;  (a -^)- ^  =  ^-^"-^ 

r.        /K""^  — 5*^        -1        ,—  7N-7 

Ex.  9.  {(a^)~2  I    ^-=(J^~'^)     '^  =  (a"^)"*  =  a"^^'6=^i3 

Ex.   10.  i^(a36^^{a6c*V(«^^?)|)^  =  i'^(a36-^{a6c^(a-i6-2c-3)^p)i2 
Ex.  11.  Dixida  a^-a^  ■^2a^ -2 -a~^ +a-'^  by  a^-ha^  ^a^^ 


OPERATION. 
3  i         _  1         a  \  4.  i  _  2  /     -1       2  j^  5 

13  J 

a"*  +  a  *>  -  a°  -  1 


-a  *^  -o'* +a*^ +  2a' -  1 -a    ^+a-^ 
-a  ^-a^  +  a^  +  a~<''^ 


at" -a     ^■i  +  o-'-l-a      ^- 

l       h        -%       - 1  '- 
a"  +  a"*  -  a     -'  -  a     *• 

_  A         _  1 L 
-1-a     <'+a      ^+a" 
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Exercise  XLIII. 

1.  Express  V«;    '^"' i    V^'  ;    VC"^'^^)  ;   ^(abc)^;   ^(a^bc^^f 
and  t^{a^h''(fy  -with  fractional  indices. 

2.  Express    a^  ]  i^ ;  c^  ;    a^i^   ;    (a6c)-^  ;    aU^^' ;  (a^i'c)^  ; 

2.  /      1_    ^     "  \  JL 

{arb^c^m''')^  J  and    ^a''6"c'"  _/ "•  with  the  radical  sign. 

1     X 

_    „  2a  2         3a         m^         Sa&m        2a^ffi2 

3.  Express  _   ;     _  ;.    _  ;     ._    ;  ;     _^^  ; 

Zah-JUirv^)  1  (h^c^ 

aTaT '  ;    r>  and      .    1    ,  with   negative    indices, 

so  as  to  remove  all  the  literal  factors  into  the  numerators. 

h'^      3nm       2a  i         Zaxy^        Aac 

4.  Express  2a  ;  -  ;  -;^  ;  3^  ;  ab^-c^  ■    -^^^^ ;  —^  and 

ri  ).  -L  ■^-.  ,  with  nesrative  indices  so  as  to  remove  all  the  literal 
3  '^(ahx^)  '  ^ 

factors  into  the  denominators. 

3a^6-3  6-3        2    1  a^_b-J 

5.  Express  c-.i»«^6--    -^,   ,   ;;^   ;    " TT;;;^- 

1  (  /"^a  )      (*       with  positive  indices. 

6.  Simplifj  («~^'  X  a~^)     and  (a*  x  a  ~  ^  x  a^)"  3  and 
(a-3xVax.>xV«)'^". 

7.  Simplify  (^/{V(f^   ■'x^^)ac\y''  and  {V(V1V«])  x  « V '• 

8.  Simplify  the  following  expression  : 

^•{'•7(!/™my)'"V(?/^)P^  ■  tW'V  j  • 


iRTS.  167,  168.] 
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10.  Multiply  a^'  -  Zab^  ■{■  zJ  b  -  b^  by  J  ~b\ 

1 1 .  Multiply  u^  -  a^x^  +  x^  by  a^  +  a'x^  +  x^ . 

12.  Multiply4a;-2x*7/~2  ^2x*s^-j/-i+y"*sHy2x» +j/~*-s  ' 

13.  Divide  dx'^y  -  ix    ''y'^hy  -  3x-*y  -  2x-^. 

14.  Divide  a  +  Jb~  ^  -  ah'  ^  -  6 '  i  by  u^  +  a  ^6  ""  *  4-  a  «  6  "^ 

15.  Divide  x-i+x~^-l+x"  +xbyx""^+x^  +1. 

16.  Square  a^  _  a.  +  u'  +  1  -  a     *  -  a    *  +  a     *. 

17.  Extract  the  square  root  of  a*  +  2a^  -l-2a~^  +  a"^. 

1  ■  5  i 

18.  Extract  tbe  square  root  of  x»  -  4x  +  lOx''  -  15x^    +  19  - 
16x"^  +10x""^   -4x-i  +  x~3. 

19.  Extract  the  cuberootofx"  ii/^-3x"~  ^y  +  Sx^y  -  i-xy    ^. 

20.  Extract  the  cube  root  of  x^  -  ex^  y'^  4-  21x3  y^  _  44^^*  + 
63x^?/'  -  54x^j/^  +  27?/. 


SURDS. 

167.  A  ^urd  or  an  irrational  quantity^  is  a  quantity 
which  cannot  be  represented  without  the  aid  of  a  fractional 
exponent  or  the  radical  sign. 

Thus,  V3,  VO)  \/2,  '^w'^  or  a^,  ^{a  +  6)  or  (a  4-  6)^,  &c.,  are 
surds  or  irrational  quantities. 

168.  A  rational  quantity  is  one  which  does  not  neces- 

mr'dy  involve   the  use  of  a   radical  sign  or  a  fractional 

exponent. 

>  I  1 

Thus,  «,  d-b,  Z.iin,  (a^)-',  (Sa^)',  (32//iU-^ ")%  &c.,  are  ratioual 

quantities. 

Note  1.— The  last  three  of  the  quantities  given  above  are  written  in  the 
Ibnu  of  surds,  but,  the  power  being  such  that  the  root  indicated  in  each 

case  can  be  extracted,  the  quantities  are  really  rational.  Thus,  (a3)2  =  a; 
i_  I 
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Kote2.— The  terms  rational  and  irrational  are  used  simply  to  express 
the  fact  that  the  quantity  has  or  has  not  some  determinable  ratio  to  unity. 
Thns  .^2  is  irrational  because,  since  it  is  equal  to  unity  plus  a  decimal 
tchich  neither  repeats  nor  terminates,  we  cannot  compare  it  with  unity  so 
as  to  say  that  it  contains  unity,  or  that  unity  contains  it  any  definite  num- 
ber of  times. 

169.  Surds  2ire  either  entire  or  mixed.  An  entire  surd 
is  one  in  which  the  whole  expression  is  affected  by  the 
radical  sign  or  fractional  index  A  mixed  surd  is  one 
composed  of  two  or  more  factors,  one  of  which  is  not 
affected  by  the  radical  sign  or  fractional  index. 

1  3 

Thus,  Vo6  ;  V^  ;  (a  +  i  -  *lcy  ;    (aiV)*  are  entire  surds. 

26'  ;  4V5  ;    ^{ahy  ;  4^27  ;  ah{acH^)^  are  mixed  surds. 

170.  In  mixed  surds  the  part  not  affected  by  the 
radical  sign  or  fractional  index  is  called  the  coefficient  oj 
the  surd,  and  the  part  affected  by  the  radical  sign  or 
fractional  index  is  called  the  surd  factor, 

171.  Surds  are^ither  similar  or  dissimilar.  Similar 
surds  are  such  as  have,  or  may  be  made  to  have,  the  same 
surd  factor  :  all  others  are  dissimilar  surds. 

Thus,  V2,  VV2,  (a  4-  6)V2,  V8,  which  is  equal  to  2V2,  &c.,  are 
similar  surds.  So  also  aYoZ*  ;  m^ab  ;  (a  +  7n)(aby,  I7x(u6)^, 
and  pa^b^  are  similar  surds. 

172.  A  surd  is  said  to  be  reduced  to  its  simplest  form 
when  the  surd  factor  is  made  as  small  as  jx)ssible  without 
putting  it  in  the  form  of  a  fraction. 

Note.— A  quadratic  surd  is  one  in  which  the  fractional  index  *  is   em- 
ployed; a  cubic  surd  is  one  in  which  the  index  ^  is  employed,  &c. 

173.  To  express  a  rational  quantity  in  the  form  of  a 
surd  : — 

Rule. — Raise  it  to  the  power  vjhose  root  the  surd  expresses,  and 
place  it  beneath  the  radical  sign. 
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Ex.  1.  2a=(2a)2=  {^20)2}^^=  (4a2)^  =  ^(4a2). 

Ex.  2.  a^ni  =  (a^my  =  (a^m^y  =  ^(a^m^). 

174.  To  reduce  a  mixed  surd  to  an  entire  surd  : — 

Rule. — Raise  the  coefficient  to  the  power  indicated  by  the  denom- 
inator of  the  surd-index,  and  place  beneath  the  radical  si^n  thi 
product  of  this  power  and  the  given  surd  factor. 


Ex.  3.  4V2  =  Vl6xV2-Vl6x2  =  V32;  a^Jm  =  '^Ja-'^m  = '^a^m 

Ex.  4.  2 

=  {l{ac^m). 


Ex.  4.  2^7=-^8x^7  =  -^(8x  7)  =  ^56  ;  cS^m^  =  ^c^  x  ^{am) 


Ex.  5.  Qa 


^(72a-/>0. 

175.  To  reduce  an  entire  surd  to  a  mixed  surd  : — 

RcTiE. — Resolve  the  quantity  under  the  radical  sign  into  two 
factors,  one  of  which  is  the  greatest  possible  perfect  power  of  the 
root  indicated.  Extract  the  root  of  this  factor,  and  place  it  as 
coefficient  of  the  remaining  surd  factor.        . 


Ex.  6.  ^/12  =  V36  X  2  =  V36  x  V2  =  6^2  ;  ^20a^=  ^W  x  5a  = 
2a'^/5a. 

Ex.  7.  -^135  =  -^27  X  5  =  -^27  x  ^'o  =  3^5  ;  ^a^x^  -  a^x'^  = 
^Vx^(x«>  -  a^)  =  ax^x'^  -  a?. 

176.  To  reduce  surds  to  their  simplest  form  : — 

Rule.  —  Reduce  the  entire  surd  to  a  mixed  surd  by  last  rule,  and 
if  the  remaining  surd  factor  be  fractional,  multiply  both  its  nume- 
rator and  denominator  by  such  a  quantity  as  will  enable  us  to 
remove  the  latter  from  under  the  radical  sign. 

Ex.  8.  '^4'32  =  ^216  xT=  -^216  x  -^2  =  6^2. 
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177.  To  compare  dissimilar  surds  so  as  to  xietermine 
which  is  the  greater  : — 

Rule. — If  mixed  surds,  reduce  them  to  entire  surds^  then  reduce 
their  indices  to  a  common  denominator,  and  raise  each  surd  to  the 
power  indicated  by  the  numerator  of  its  surd-index  when  thus 
reduced. 

Ex.  11.  Compare  3^3,  4^/5,  and  ^325  with  one  aaother, 

that  is,  ^8l  ;   VSOand^sJB';  that  is,  (81)^,  (^80)*  and  (325)6, 

iliat   is,    (81)6,  (80)6  and  (325)6  ;  that  is  (81^^   (80^)^  and 

(325)^ 

that  is,  (6561)6,  (512000)6  and  (325)6  whence   it   is    evident 
that  4V5  is  the  greatest  and  ^325  is  the  least. 

178.  To  add  or  subtract  surds  : — 

Rule. — Reduce  them  to  the  same  surd  factor,  when  similar,  and 
then  add  or  subtract  their  coefficients.  Dissimilar  surds  are  unlike 
quant  i I  ley,  and  we  can  only  indicate  their  addition  or  subtraction 
by  connerling  them  by  their  proper  signs. 

Ex.  12.  4724  +  2V54  -  V6  -r  3V"96  -  SVTsO 
^  8V6  +  6V6  -  V6  +  I2V6  -  25V6 
=  (8  +  6  -f  12)V6  -  (1  +  25)V6  =  26VC  -  26v6  =  0V6  =  0. 

Ex^l3.  3Vi-2VT^  +  Vf_=3V^?_-2Vi'c^V-^ 

.  2^  -  ivio  +  wio  =  yio  +  ^vio  =  iWio. 

179.  To  multiply  two  or  more  simple  surds  : 

Jli.'.E. — Reduce  them  to  the  same  surd  index,  then  multiply  the 
rocfficirnts  together  for  a  new  coefficient  and  the  surd  factors  together 
for  a  new  surd  factor . 


Ex.  14.  4a/7  X  3V14  =  3x4x-^7  x   14=  12V49  x  2  ^  84V2 
Ex.  15.  2V5 

X  3-^4  ^  c^ysoo 


Ex.  15.  2V5  X  3^2  ='2(5)'  x  3(2)^  =  2(.5)^  x  3(2)6  =  2^125 
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180.  To  divide  one  simple  surd  by  another  : — 

Rule. — Reduce  both  to  the  same  surd  index.  Then  divide  coeffi- 
cient by  coefficient  and  surd  factor  by  surd  factor. 

Ex.  16.  4VlT  r  2V5  =  IVV  "■-  2Vll  =  tV55. 

2^2         3V3         7?/'5 
Ex.  17.  (2^/2  -  3V3  +  TV5)   ^^^2^-^^    -  ^    -^  -^^ 

=  m  -  m  -  m  =  mi  -tm  +  im  =  a  x  m^-)  - 

181.  To  find  a  multiplier  \Yhich  sliall  rationalize  a 
binomial  quadratic  surd,  and  hence  to  rationalize  the 
denominator  of  a  fraction  when  it  consists  of  a  binomial 
quadratic  surd. 

Rule. — Change  the  connecting  sign  of  the  given  binomial  quad^ 
vatic  surd,  arid  the  resulting  expression  will  be  the  multiplier  re- 
'quired. 

Ex.  18.  What  multiplier  will  rationalize  2V2  -  3V3  ? 

Jns.  2V2  +  3V3. 

PnooF.  (2V2  -  3V3)  x  (2V2  +  3V3)  ^  8  -  GV6  +  Q^Q  -  27  = 

8  -  27  ^  -  19. 

5V2-V7 
Ex.  19.  Rationalize  the  denominator  of  the  fraction  ^  ,-  ^   ,^. 

Here  the  multiplier  is  3V5  -  V^. 

5V2  -  V7  _  (5V2  -  V7)(3V5  ~  VQ 
'*''^^"  375  ~  V6  ~  (3V5  +  V6)(3V5  -  V*^) 

_  isyTo  -  syss  -  ioV3  +  V43 

45-6 

182.  To  find  a  multiplier  which  shall  rationalize  a 
trinomial  quadratic  surd  : — 

RcLE. — First  use  as  multiplier  the  given  trinomial  quadratic 
surd  with  one  of  its  connecting  signs  changed,  the  result  will  be  a 
binomial  surd  which  can  be  rationalized  by  the  last  rule. 

1 

Ex.  20.  Rationalize  the  denominator  of -t^ x/2  +  zJz' 
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Here   the  first  multiplier  =  V5  -  V^  -  3V3  or  V5  -r  V2  +  3V3 
Use  either,  say  the  former. 

1 V5  -  V2  -  3V3 

'^''^°  V5  -  V2  +  3V3  "  {(V5  -  V2)  +  3V3}  {(V5  -  V2)  -  3V3| 
_  Vo  -  V2  -  3^3  _    V5  -  V2  -  3V3    _  V5  -  V2  -  3V3 
~  (V-^-V2)^-27  ^  (5  -  2V10  4-  2)  -  27  ""   -  20  -  2V10 
_  V2  -  V5  +  3V3 
"^  ~20  +  2V10   • 

Next  multiply  both  terms  of  this  by  20  -  2VlO. 

V2  -  V5  +  3V3  _  (V2-V5  4-3V3)(20-2V10) 
^"^^        20  +  2V10       ■       (20  +  2VlO)(20-2VlO) 
30V2  -  24V5  4-  60V3  -  6V30       5V2  -  4V5  +  10V3  -  V30 


400  -  40  60 


Exercise  XLIV. 

1.  Expres32^;  i^ ;  2^  ;  (Uy  ;  (3i)~^;  3^  ;  (Va')~^  as 
equivalent  surds  with  indices  whose  numerator  is  in  each  case 
+  1. 

2.  Reduce  a  ;  3;  4^;  2a;  3a-b ;  Ax^y^,  to  equivalent  surds 
having  indices  I,  -  ^,  and  i. 

3.  Reduce  a^  ;  V3 ;  20^63;  ^^2.  42..  3-2  .  (i3)-3  ^nd 
(.r  '  ^  y  "  ^  z^y  1  to  equivalent  surds  with  indices  -  i  and  I. 

—  1  1  /  a2\  - 1 

4.  Reduce  4V3  ;  oVo  ;  2V31 ;  4y/a]  ^Qy  and  o  (  y  )      ^"^ 

entire  surds. 

5.  Reduce  -f^yj^;  ^(^4]    i    l(3D^  i  K^  and 

£rf(|fc)~  ^  to  their  simplest  form. 

6.  Reduce  3^4;  2^a;  3(f)^  ;  o(c/*  ;  2a(ia2)~  J;  f(^m)i -and 

/am  +  pq\  -  A- 
(^'"  "  P9)  (^a;^  _  p  J         to  entire  surds. 

_  1  /    11a    N-i- 

7.  Reduce  .^/ISS  ;  Vl62  ;  ^80  ;  7^324,  W?  i   2  (  "704^ 

aud  (a^m'''  -  a^m^  +  a^m^y  to  their  simplest  form. 
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8.  Reduce  V  (eT^TTj)  5  T\/ [-^)  '  VCa^-'^x)   and 

V  1 ' r  +  z I    ^°  ^^^'''  simplest  forms. 

9.  Compare  as  to  their  magnitude  3V2  and  2,^Z\  3-^2^,  2Vll 
and  3^7.  _         _  _  _ 

10.  Simplify  4V18  +  3V32  -  V2  -  4V8  +  5V98  ;  also  SVi  -f  V60 

-  wrs  +  Vi- 

11.  Simplify  V28  "r  ^bI   +   2V63    -  2^24;   also   Zh\nhy   -r 


12.  Simplify 72"»a"*i'  +  ^6"''**  5  +  j^s^i^stti -  mn  +  a^«  +  s  .'^a-'b'c^'. 

13.  Multiply  5V6  by  3V7  ;  3V40  by  2V5  j  7V6  by  S^Tu  ;    and 
3V6  by  4^'6b. 

14.  Multiply  ^16  by   V8  ;    4a^  by  Ta'    ;     2V3     by   -f/72  :  and 
(V4  X  VJG)  by  -.^^5. 

ar  hy  c^d 

15.  Multiply    together     ^  ^/ax, -j-J^'by  and  —  ^/cc  :    also 

X  -  V^  +  y  by  V^  +  Vy- 

16.  Multiply  4V3  +  Z^l  by  2^2  -  4V5  ;  and  2V3  +  yi  by 

SVn  -  4V3. 

17.  Divide  3V2  by  4V3  ;  5V7  by  3V8  ;  2Vj  by  Vh  ;  and  2V2i 
by  3V3l.  ^  _ 

18.  Divide  G'/u  by  3^7  ;  3^4  by  2V5  ;  4-/!  by  S-^f-and  4^(7x 
by  3Vaa:. 

19.  Divide  V2  +  3Vi  by  yi  ;  4V3  -  5^4  4-  6-^7  by  2^3 ;  and 


1  r^  bv    V 


d-^ 


Kjab"-  ^  r^  by   Y  '^- 


1^-2- 


20.  Rationalize  V7  +  G ;  V^  -  V2  I  4V3  --672^  ;  iV>^  +  W"^  and 

2  V2  +  V3 

2 1 .  r.    :  .nalize  the  denominators  of   /.  ^  2V6 '    2V5  -  376 
^^^^    7V8-8V7* 
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22.  Rationalize   the  aenominalors  of  -t:^ r-  :    — -, — ; r 

2  +  3^2.  V3  -  V-r  '  OAJni  +  m^ja 

and 


Vik  -  HI 


yx^  +  X  +  1  -  y  r^  -  a:  -  1 

23.  Rationalize  the  denominator  of  : - 

•^x^  +  X-  +  1  +  ^}x^  -  X  -  1 

1  1  -  3V2 

24.  r^alionalize  the  denominators  of  .-o.^^^^^  ;  ,+3V2-V3 

'"^"^^    1  -f  2V3  -  V2 

THEOREMS. 

183.  Theorem  I. —  The.  product  of  tivuaissimilar  quadratic  surds 
imoi  be  a  rational  quantity. 

Demonstration. — Let  V^^  and  V^  be  any  two  dissimilar  surds. 
Then  V''  >^  V^  cannqt  be  equal  to  r,  a  rational  quantity.  For  if 
it  be  possible  let  V«  >'  V^  =  '*•     Then  squaring,  Ave  get  ab  =  r"^ 

j-Z  ^.2^  .,.2 

.•.  b  =  ~-  =  -^  =  —  a.  Her.t;e  extraditing  the  square  root  we  get 

r 
^b  =  -  V^  ;  tl^'T't  is,  V^  may  be  made  to  have  the  same  surd  factor 

as  V^')  find  therefore  V^  and  V6  are  similar  surds  (Art.  l7l),  but 
by  hypothesis  they  are  dissimilar,  therefore  they  are  both  similar 
and  dissimilar,  -which  is  impossible.  Hence  V«  ^  V^  cannot  be 
equal  to  a  rational  quantity. 

184.  Theorem  II. — Jl  quadratic  surd  cannot  be  equal  to  the 
sum  or  difference  of  a  rational  quantity  and  a  quadratic  surd. 

Demonstration. — For  if  it  be  possible  let  ^/a,  a  quadratic  surd, 

be  equal  to  the  sum  or  difference  ofr,  a  rational  quantity,  and  V^» 

another  quadratic  surd,  i.  e.,  let  V^  =  ?*  i  V^-    Then  a  =  r^i  2r\/b 

a  -r"^  -b 
-K  0  .-.  4  2r^Jb  -  a-  r^  -  b  or  ±  'Jb  =  r-; ,  that  is,  a  quad- 

ratic  surd  equals  a  rational  quantity,  which  is  impossible  from 
the  definition  of  a  surd 

185.  Theorem  III. — J  quadratic  surd  cannot  be  equal  to  the 
sum  or  difference,  of  two  dissimilar  quadratic  surds. 

Demonstration. — For  if  it  be  possible  let  ^a  =  ^y/b  ±  ■\/ni  where 
V«j  V^  fin<3  V'/'i  f^re  dissimilar  quadratic  surds, 
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Then  rr  =  6  4;  2(^6  x  *//«)  +  m  .  • .    +  2(-^b  x  a/wj)  ^  6  +  7>i  -  j  or 

b  +  m  -a, 
Vi  X  V//i  =  ^^ — 

That  is,  the  product  of  two  dissimilar  surds  equals  a  rational 
quantity,  which  is  impossible  by  Theorem  I. 

186.  Theorem  IV. — In  any  equation  consisting  of  rational 
quantities  and  quadratic  surds,  the  rational  parts  on  each  side  are 
equal,  and  so  also  are  the  quadratic  surds. 

DsMOKSTRATiox.     Let  a  +  ^b  ~  X  •}-  'Jy,  then  a  =  x  and  V^  =  V?/- 

For  since  a  + -^6  =  X  +  Vy,  then  ^/b  =  (^-.«)  +  Vy>  hence  if 
r  -  a  does  not  =  0,  that  is,  if  x  does  not  =  a,  then  we  have  ^/b  = 
the  sum  of  a  rational  quantity  and  a  surd,  which  (Theor.  71)  is 
impossible.     Therefore  x  -  a  and  consequently  V^  =  Vi'- 

Cor.  1.  Hence  if  a  +  V^  =  -^  +  Vy  then  also  u  -  ^/b  =  x  -  \'y. 

Cor.  2.  Hence  also  if  a  ■{■  '^b  =  0,  then  o  =  0  and  also  V^  =  '^■, 
as  otherwise  we  should  have  ^/b  =  -  a.  i.  e.,  a  surd  -  a  rational 
quantity,  which  is  impossible. 

187.  Theorem  V. — If  the  square  root  of  a  ■{■  '^b  -  x  +  Vi/,  i'len 
the  square  root  of  a  -  '^b  =  x  -  Vy. 

Demonstration.  Since  by  hypothesis  \f(a  +  \'b)  -  x  +  -sjy, 
squaring  these  equals  we  ;f' t  a  +'\/b  =  x-  +  Ix^jy  +  y,  and  .-. 
(Theor.  lY)  a  =  x^  +  y  and  ^/b  =  2.rVy-  Then,  subtracting  equals 
frum  equals,  we  have  a-  ^Jb  =  x"^-  2xVj/  +  /;  whence  V(^  "  V^) 

Cor.  Hence  if  V(V^  +  V^)  =  V-^  +  Vy?  then  also  V(V<'  -  V^) 
r-  Vx  -  Vy. 


188.  Suppose  it  is  required  to  extract  the  square  root 
of  a  binomial,  one  of  whose  terms  is  rational  and  the  other 
a  quadratic  surd,  we  may  proceed  as  follows :  — 

Let  the  given  binomial  whose  square  root  is  to  be  extracted 
De  0  +  4^5,  and  let  \Jx  ■{■  ^Jy  =  the  required  square  root. 
T!ien  \/(9  +  4V5)  =  V^?  +  Vv  •"•  9  +  ^V^  =  a;  +  2yfxy  +  y. 
Hence  (Theor.  iv)  x  +  y  =  9,  and  2^xy  -  A\/o  or  Axy  -  80. 
Then  (x  4- y)^  -  x^  +  2x7/ +  7/^- 81.      Subtracting  the  equals 
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Axy  and  80  from  these  equals,  we  get  x'  --  2xy  -r  i/  =■  1,  whence 
X  -  y-  \,  but  X  +y  =  9  .-.  2x  =  10  and  x  =  5.  Also  2«/  =  8  and 
y  -  A.     Hence  V-^  +  Vz/  ==  V^  +  V-i  ~  V^  "^  2  =  square  root  required. 

189.  Instead,  however,  of  working  out  the  question 
thus  in  full,  we  can  easily  deduce  a  general  rule  for  ex- 
tracting the  square  root  of  certain  binomials  of  the  kind 
alluded  to. 

Thus,  let  J  +  V^  represent  the  given  binomial,  and  letV^-r  V.(/ 

=  the  required  square  root.     Then  we  have 
a/ (a  +  V^)  =  V^  +  Vy  j  then  by  Cor.  Theor.  v, 
"J (a  -  V&)  =  V-^  ~  Vy  ;  multiplying  equals  by  equals  we  get 
'J(a'--b)  =  X  -y,  but  by  squaring  the  first  equation  we  get 
a  ■{■  '>Jb  =  X  ^-  2\lxy  -f  y  ]  therefore  by  Theor,  iv, 
zA-y  =  a,  and  we  have  showu  that  x  -y  =  '^(a?  -  6), 
Hence  by  addition  2x  =  a  +  'J (or  -  b)  .-.  x  =  ^[a -h  '^(a^  -  b)}, 
By  subtraction  2y  =  u  -  -^{a^  -b)  .-.  y  =  ^{a  -  VCa'*  -  b)], 
And  substituting  these  values  for  x  and'yin  the  first  equation 

we  get  the  square  root  required. 

Ex.  1.  Find  the  square  root  of  11  ^  GV2. 

OPERATION. 


Let  VI 1  +  6V2  =  V-'^ 


Vy 


Then  V11-6V2  =  V-^ 
V121  -72  =  a-  -  1/ 
V49  ='x  -y* 
. •.  x  -  y  =  1 
■    11  +  CV2  =  X  -}-  2^/7y  -i-  y 
.-.  X  +  y  =  11 
But  X  -y  =    7 
.-.  2x         =  18  and  x  =  9 
Also  2y        -    4  and  y  =  2 


(I) 
(n) 

(TIl) 
(IV) 

(V) 
(VI) 
(VII) 

(V) 
(VIU) 

(IX) 


Theor.  v  Cur. 

=  (I)X(1I). 

=  (ni)  reduced. 

=  (i)  squared. 

from  (vi)  Viy  Theor.  iv 

=  (VI!)  +  (V). 

=  (vn)-(v). 


Hence  VH  +  GV2  =  V-^  +  Vi/  =  V^  +  V"^  =  3  +  ^2. 
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Exercise  XLV. 

Find -the  square  roots  of  : — 

1.  G  +  V20.  2.   12  -  V140.  3.  32  +  V63. 

4.  23  -  2V22  5.   10  -  V96.  6.  42  -[-  3Vl74-3. 

T.   2  -f  V3.  8.  43  -  15V8.  9.  a  -  2Va~^  1. 

a- 


10.  2a  +  2Va^  -  t>^.       H.  8  +  V39-  12.  y  +  iNa'-b-. 


190.  It  appears  from  Art  189  tliat  when-  a^  -  h  i.s  not 
a  perfect  square,  -Jx  and  V^  will  be  complex  surcLs,  and  the 
expression  ^/x  +  Vy  will  be  more  complex  than  the  given 
expression  '/(^a  -f  V^)-  Sometimes,  however,  the  square 
root,  may  be  similarly  found,  of  a  binoniial  consisting  of  the 
sum  or  difference  of  two  quadratic  surds,  i.  e.,  a  binomial 
both  of  whose  terms  are  quadratic  surds.     This  -is  evident 

from  the  faci  that  V«^c  +  \^b  may  be  written  Vc  (a  ±  \^—), 

and  then,  as  above,  if  a^  -  —  be  a   perfect  square,  the 

square  root  of  a  ±  V—  may  be  represented  by  V>k  ±  Vy. . 
Ex.  Extract  the  square  root  of  V27  +  2^/6. 

OPERATION. 

V27  ^  2V6  =  V9V3  +  2V2V3  =  V3(V9  +  V-)  =  V3(3  +  2V2). 
Hence  V(.V27  +  2V0)  =  V[V3(3  +  2V2;}  =  ^/d^TTlr^. 
Let  V3  +  2^1  =  V^  +  Vy>  then  V3  -  2y2  =  V-^  -  V^- 
And  V9  -  8  =  X  -  1/  .'.  a:  -  3/  =   1. 
But  3  -r  2V2  =  a:  -f  2-/^  +  ?/.•.  x  +  ?/  =  3. 
Hence  2x  =  4  and  a:  =  2  ;  2j/  =  2  and  y  -  1. 
Therefore  '^TVWl  =  V^  +  1,  and  V3(V2  ^  1)  =  V3  (V^  +  VO 
=  V12  -i-  V3. 

Exercise  XLVI. 

Find  the  square  roots  of: — 

1.V32-V24.       2.  3V5  +  V40.       3.  3V6  +  2Vl2.       4.  V18  -  4. 
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IMAGINARY     QUANTITIES. 

191.  An  imaginary  quantity  i.s  an  expression  which 
represents  an  even  root  of  a  negative  quantity.  (See  Art. 
142.) 

Thu3,  -/  -  1  ;  ^  _  a  ;  ^  _  1  ;  y  _  a  ;  ?/  -  a,  &c,,  are  imaginary 
quantities.  We  caa  approximate  to  the  value  of  surd  quantities, 
but  vre  cannot  even  indicate  an  approximation  to  the  value  of 
an  iraaglnarj'  quantity,  which  must  therefore  be  regarded  as  a 
purely  symbolical  expression.  Such  expressions,  however,  often 
occur  in  practice,  and  so  far  from  being  useless  have  lent  their 
aid  in  the  solution  of  questions  recfuiring  the  most  skillful  and 
delicate  analysis. 

192.  Imaginary  quantities  may  be  added,  subtracted, 
njultiplied,  divided,  &c.,  like  ordinary  surds,  attention 
being  paid  to  tlie  few  simple  principles  given  in  next  para- 
graph. 

193.  I .  A  ny  imaginary  quantity  may  be  reduced  so  as  to 
involve  only  the  imaginary  expression  V  -  1 ;  because  V  -  a' 
=  ^!a^  X  -  1  =  V^V  -  1  =  +  aV  -  1-  So  also  V  -  a  =  '~}a^}  ~  1  ; 

II.  (V  -  of  ^  -  a,  that  is  V  -  «  X  V  -  a  =  -  «.  For 
though  it  is  true  that  V  -  ''*  ^  V  -  «  =  V  -  «x  -  «  =  'Jcl^  =  ±  ci, 
we  say  here  that  V^^  =  -  a  because  we  know  that  the  a^ 
has  arisen  from  squaring  -  «.  We  only  use  the  double 
sign  +  where  we  wish  to  indicate  that  a^  migJit  have  arisen 
from  squaring  either  -r  a  ox  -  a. 

IIL_(V^)^  =  V^  ;  ( V"^' =-  ^jA/^y  t^-^' 

X  7  - 1  =  - 1 X  v"^  -  -  V  - 1 J  ( v~=i)^  =  y  -  i)T  = 

(  -  1)^  =  -f  1,  and,  since  every  whole  number  may  be  ex- 
pressed by  one  of  the  four  expressions  4??,  4?!  +  1 ,  4/i  -f  2, 
4?i  4-  3,  according  as  when  divided  by  4  it  leaves  a  remain- 
der of  0,  1,  2,  or  3,  and  (V^''*  ^  '  =  V"^  ;  (V^)'"  ^ ' 
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_  1  ;  {^^~lf'^'  =  - Vjl  aud  (V^)'"  =  -  1,  it  fol- 
d's that  the  formulae  V  -  1,  -  1,  -  V  -  1,  and  -f  1  express 
the  powers  of  V  -  1  •  

IV.   V^  y-  V3  =  VaV^  X  ^|h^J^^  =  Vti?^(V  -  ^y 

lab  y  -  1  =-  'Jab. 

Ex.  1.  The  sum  of  V'^  +  V^^  =  W^^  V9V"^=  2V^2 

.^T^=5V-2.  

Ex.  2.  The  sum  of3-V-64-(2+V-l)  =  3-  V64V  -  1  -  2 
^~  =  3  - 8V~-  2  - yll  =  1  - 9V~.      .  

Ex.  3.  (2V  -  2)  (3V  -  3)  =  (2V2V-  1)  (3V3V  "  1)  =  6VG(V  -  1)' 

6VC)  X  - 1  =  -eys.  -__       __  _ 

Ex.  4.  (1  +  V^)-  =  1  +  2V-  1  4-  (a/H)-  ^J_t-  2V-  1  -  1  =  2V-  1. 
Ex.5.  (5-fV-7)(5-V-7)  =  (5)2-(V-7)?  =  25-(-T)  = 
+  7  =  32.  

Ex.  C.  2V3  -  •/  -  10  -  -  V  -  2  =  — ^  -  ^— =  =  —-= 
^  ^ -V-2__-V-2       ~V-2 

v/5V-2  4V2  V5V-2        -V5V-2        4  V  "  2  V  -  1 


V-2  -V-2  -V-2  -V" 


o 


^-^I-^— +  (4  V  -  1) -^^^-=^  =  V5  v4V  -  1  (- 1)  =  V  5 -4V  -  1 
—  \/  —  2  — V~2 

Ex.  7.  Find  the  square  root  2  -i-4V  -  43. 


Let  V2  +  4V  -  42  =  V-«^  +  Vi/- 
V2  -  4V*^T2  =  Vx  -  Vy. 


^4  _  16  X  -  42  =^  V^  +  672_=_Vt>76  =  26  =  x  -  J/. 

Also  2  +  4V^^2  =  X  +  t/  +  2Vxi/     .-.     2  =  x  ^  y._         

Hence  x  =  14  and  y  -  -  12  and  ^Jx  ^  yJu  =  Vl^  +  V  -  12  - 
il  +  2V^T. 


Exercise  XLVII. 
Find  the  value  of .  — 

1.  (4V^^)  -  (2V-  12)  and  also  of  (a  +  V~^)  +  («  +  V  -  0' 

2.  The  sum  of  V"^,  V^  and  V  -  H- 
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3.  The  square  root  of  7  +  6\/  -  2. 

4.  (4V^3  +  V"-^)  X  (4V~^  -  V~)- 

5.  The  square  of  (V^  -  3V~). 

1 

C. =  with  denominator  rationalized. 

V2  +  V  -  5 

7.  (aV"^>2^  ;  (V^^)J_^  (V~)'%  and  (V'^)'^ 

8.  The  square  of  (a  -  ^  -  a). 

9.  The  cube  of  V2  -  V^-^- 

10.  The  square  root  of-  2  -  2^f^^. 

11.  The  square  root  of  V  -  1  and  of- -/- 1. 

12.  The  square  root  of  31  +  42  V^- 

13.  (4  +  V"-^)  divided  by  (2  -  V^^- 

14.  14  -  Vi^  -  (7V3  +  2V5)V~  divided  by  7  -  V^. 

15.  («  -r  6  ^  -  1)  multiplied  by  (a  -  6  V  -  !)■* 


SECTION  IX. 

QUADRATIC-    EQUATIONS. 

194.  A  quadratic  equation  is  one  which  involves  the 
second  power  of  the  unknovrn  quantity,  but  no  higher 
power  than  the  second. 

Note.— Quadratic  equations,  like  equations  of  the  firet  degree,  may  in- 
volve only  one  unknown  quantity,  or  they  may  involve  two  or  more 
unknown  quantities.  la  the  latter  case  they  are  called  simultaneous  qumU 
ratic  equations, 

195.  Quadratic  equations  are  of  two  kinds  : — 
I.  Pure  Quadratic  Equations ;  and 

II.  Adfected  Quadratic  Equations. 

196.  A  Pure  Quadratic  Equation  is  one  which  involves, 
when  reduced,  only  the  second  power  of  the  unknown 
quantity. 

*  This  example  indicates  a  mode  of  resolving  a^  +  6-  into  factors. 
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Thus,  X'  =  a;  x'^  =  9  ;  x^  =  {x^y 


16 


=  <x5)2  =  4 


^25    :: 

at-  -  b  -  cx-  -  m,  &c.,  are  pure  quadratics. 

137.  All  Atlf acted  Quadratic  Equation  is  one  which 
involves  the  first  power  as  well  as  the  second  power  of  the 
unknown  (juantity. 

Thus,  x-  +  6x  =  27  ;   ax-  -  bx  ^  c,  Ax^  -  3x  ^  2x  -x^  -a,  &c., 
Ite.  t  udfected  quadratic  equations. 

198.  Any  equation  may  be  solved  as  ^  quadratic  if, 
when  reduced  by  transposition,  &c.,  the  unknown  quantity 
appears  in  but  two  terms  and  its  exponent  in  one,  is  double 

thit  in  the  other.  Thus  x^  +  x'^'  =  3,  x  -  b^/x  =  50  ; 
a/.«  -i-  'Sx/x  =  d,  X*  -  2x^  =  8,  &o.,  may  be  solved  as  quad- 
ratics, but  they  are  not  properly  speaking  quadratic  equa- 
tions. 

199.  Equations  involving  quadratic  surds  are  generally 
capable  of  being  solved  only  by  the  methods  employed  for 
quadratic  equations,  but  they  are  frequently  reducible 
to  simple  equations  by  the  following :  — 

RcLE. — Arrange  the  surd  terms  on  one  or  both  sides  of  the  equa- 
tion, as  appears  most  convenient ;  square  both  sides  of  the  equatiO'U, 
transpose  and  reduce;  a^ain  square  if  necessary ^  and  so  on. 


^''   Ex.  1.  Given  V7  +  Vo  +  V-*^  =  3  to  fmd  the  value  of  x. 


OPERATION. 


V?  +  V«5  +  V^  =  3 
7  +  V^W^  =  9 

6  +  Vx  =  4 

X  =  4 


(0 
(") 
(III) 

(IV) 
(V) 
(VI) 


=  (i)  squared. 

-  (n)  transposed  and  reduced. 

=  (III)  squared. 

=  (iv)  tracsposed  and  reduced. 

=  (V)  squared. 
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Ex.  2.  Given  V  { -^  +  '-^VC^^  +  Q')}  -  V-^  =  V^  to  find  the  value 
ofa:. 


OPERATION'. 


V{x  -f  2V(a-r  -r  a-)|  -  V-^'  =  V^ 
V{x-  +  2V(ctx  +  a-)}  =  V^  +  V-c 
x-  -I-  2\/("J^  4-  a^)  =  a  +  2'y/az  +  x 

•Z-Jiax  +  a^)  =a  +  2Var 
4;ZA'  +  4:a"2  =  a'  +  ^uaJox  +  -iax 
4Vax  =  3a 
16aj;  =  9a2 


(0 
(") 
(III) 

(IV) 
(V) 
(VI) 

(vii) 
(vm) 


=  (i)  transposed. 

=  (u)  squared. 

=  (m)  transposed. 

=  (IV)  squared. 

=  (v)  transp.  and  then  -r  a. 

=  (vi)  squared. 

=  (vii)  -r  a  and  then  t  16. 


Ex.  3.  Given  '^a->r  x  -  '^"sfx^  +  5ax  +  6^  to  find  the  value  of  x. 

OPERATION. 


^a  +  x  =  2^x-2  +  5aj;  +  6-'' 

(0 

(n) 
(m) 

(IV) 

(i  +  x  =  ^x*  +  5ax  +  6-' 
a^  +  2ax  -i-  x^  =  x-  +  5ax  +  6^ 
3ax  =  a^  -  6- 

=  (i)  raised  to  the  vi^^  povrer, 

=  (n)  squared. 

=  (m)  transp.  and  reduced. 

a2  -b'^ 
^=      3a 

(V) 

=  (iv)v3a. 

Ex.  4.  Given  -  .    _^^  =    ,   ^  ^^    to  find  the  value  of  x. 

OPERATION. 

V9X-4       15  +  V9^ 
Vx  +  2  ~  V^  +  40 

CO 

3x-4Vj^  +  40V9x-160 

-15Vx  +  3x  +  30-r2V 

-4V^-^120Vx-15v^x-6Va-  =  30 

95Vx  =  190 

Vx  =  2 

x  =  4 

dx\ 

H60 

(m) 

(IV) 

(V) 
(VI) 

=  (i)  cleared  effractions. 

=  (u)  transp.  and  red. 
=  (ra)  collected. 
=  (IV)  ^  95. 
=  (v)  squared. 

ACT.  2<?0.]  QUADRATIC    EQUATIONS.  loO 

Exercise  XLYITI. 

Fiml  tlio  viilue  of  x  in  the  foriowing  eqiation^^  :  — 
X  -  2        2V-X 


1.  -^[-2  +  x  =  2  tV-c 


./x 


>.  ^Jx  -  2-i  =  \fx  -  2.  4,  y/x  -  '^ax-'^  -  V'-^  -r  x. 


r-   V  V  VVV-^"  +123 +  4+5  +  3+7  =  2. 


Jx  +  28      38  +  V-f  ,  '  .         .     ', 

4  -r  \Jx       '^X  -i-  (.>  V  V  \ 


10.  './u  +  X  -r  '^a  -  X  -    'J ax.     11.    a  ■]-  x  -  'Jn'^  +  x^jU^  +  x^. 

\lx  +  2a      4a  +  \/a; 
''  ^  '^  /»  ;-  'Jx     ^x  +  3/j 

14.  V'''+74«  +  ^'  =   -^(i  +;i)~'''.     15.  V-c  -^2  =   16  -  V-f. 
_^__         3  /      a:       \  I 

17.  V^  -1-  Vx  -  V^  -  V^  =  Y  l^xTvT-y 

18.  '\/x+a  =  c-y/'x  +  b.     19.  a--i  +  «-i  =  Va"-  +  V-ia~-^*^^^^"* 

V^-  +  a  +  '^x  -  a 

20.   -=T=: r  =  ;//. 

V^  +  tf  -  '^x  -  a 


•200.  To  solve  pure  quadratics  we  proceed  by  the  ol- 
Ijwing: — 

liuLE — Having  reduced  the  equation  to  the  form  of  x-  =  6*, 
eiiraxt  the  square  root  of  each  side,  and  prefix  the  double  sif^n  ±  to 
the  ri'^ht-hand  member  of  the  resulting  equation. 

Ex.  1.  Given  x-  =  a  to  find  the  values  of  x. 

OPERATIC^. 

x^  =  a^     I     (I)      I 

X  =  ±  n  I     (ii)    I  =  1  with  square  root  extracted 
L 
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Jf  OTt.— Tlic  yoiiugbtudc'iit  in  AJgcbra  is  somctimca  at  a  lois  to  know  wby 
tlic  double  sign  i  is  not  also  prefixed  to  tbe  loft-band  member,  since  ex- 
tracting the  square  root  of  oacb  side  does  really  give  Ix  =  ±a  instead  of  a- 
=  ±a.  The  former  of  tlie?e  expressions  is,  however,  easily  reducible  to  t};c 
latter.  Thus,  if  i  .t  =  ±  a.  then  -f  .r  =  -f  o,  or  -f  .r  =  —  a,  or  —  :>:  — 
—  a,  or  —  x  =  ~  a,  but  the  last  two  of  these  expressions  are  ermivalent  {<> 
the  first  two  transposed.  So  that  on  the  whole  x  =  a  or  x  =  —  a,  tiiat  i.-. 
X  =±a.  It  appears  from  this  that  when  we  extract  the  square  root  of 
the  two  members  of  an  equation  it  is  sufficient  to  put  the  double  sign 
before  the  root  of  one  of  the  members. 

Ex.  2.  Given  4x-  -!  11  =  .r^  -j.  14^  to  f.nd  the  values  of  ar. 

OPERATIOX. 

4>-  -r  11  =  x-  4-  u  :  (1)  : 

3x-  =  3  (u)  i  =  (1)  transposed  nnd  cullected. 

.v;2  =  I  (,ii)  I  =  (II)  V  3. 

X  =  ±  1  (iv)  I  =  (ill)  with  V  of  each  member  tuken. 


Ex.  3.   Given  3r--  4  = 


to  find  the  values  of  x. 


X-  +  2 

x-  -  4  -  -7—77- 
5x^ 

15.t2_20  =  X'  r2 

14x2  =  22 


0) 

(") 
(III) 


=  (i)  X  jx'^,  i.  e.  >^  5  since  x'^  =   1 
=  (II)  transposed. 


(IV)  1=  (III) -M  4 


2a2 

Ex.  4.  Given  x  -f  V" "  '■■  ^'  =    .  to  find  the  val'ies  of  ^. 


\a^-rx- 

OPERATIOX. 


X  V  Va' 


2a'- 


Va^  -}-  a;  = 


X'^a-  -r  X-  +  a-  -r  X'  =  2a- 


x-y^a-  4-  X-  =  a*  -  X- 
a -X-  -}-  X*  =  a*  -  2a2x-  -r  x* 


(0 

(") 

(m) 

(IV) 
(VI) 


=  (i)  X  V^^  T  X- 

=  (11)  transposed. 

=  (ill)  squared. 

=  (iv)  transposed, 

=  (V)  -  3u\ 


X  -^  ^  "Vj  -  i  ^\'l  =  -^  i<'y/^^' 


Aet  .  2CK). 
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Vtt^  —  X^  —   Vc"  -r  X'  b 

Ex.  5.  Given  — == :  =  -r  to  find  the  value  of  x. 

OPERATION. 
(0. 


g^  -  x'  (b  +  dy- 
f-  +  X*  ~  (6  -  rf)^ 
«'-'  -  a:-        (6  +  c/)2 


(III) 

(IV) 


=^  (i)  taken  as  in  Art,  lOG  (vii). 
=  (11)  cancelled  and  then  squared. 
=  (ill)  taken  as  in  Art.  106  (vin). 
=  (iv)x(a--!-c-). 


«'*  -i-  t-       2(6-  +  t/-> 
(6  -t- 1/;2 

(6   h  d)'^  ,        2a-('/-  +  (/-)  -  (6  -;-  dfa?  -  (6  +  dYc"^ 

""•  ^  "'  -  W~^)  ^""  "  '"^  ^  WT¥) — 

0-C26'-  +  2(/--6-  +  26<i-</-)-c^(&4-rf)^  a'^(&''^-2fe</-KZ-) -c"(6  +  ^)- 
^  2(6-4- d-)  ""  2(6- -:</-') 

_  "'^^  -  ^/)"  -  c-(6 +  </)- 
"  2(6-  -i-  (i-) 

Note.— In  equations  ol"  the  form  of  E^:.  5,  in  which  the  imkuown  quan- 
(iiy  does  not  enter  into  both  sides,  the  principles  deduced  in  Art.  106  maj 
be  u<cd  with  much  advantage,  as  is  here  illustrated. 


EXEBCISE  XLIX. 
Find  the  values  of  x  in  the  following  equations  :— 


1 .  2x-  -  G  =  X-  -!-  3, 
2x       x'^  -{-  3 


3-T=  ^ 


2  -f  2x       2  -  2x 
4.  4x--  8x^^  =   1. 


5.  (X  -  3)-  =   13  -  Gx.  C.  3(x  +  5)^  -  7x  =  23x, 

10x2  +  17       5x''^-4       12x2  +  2 


18 


llx-  - 


!.  24  -  V9  +  2x'^  =15.  9.  fl  +  V(x  -  3)(x  +  3)  =  4iZ. 


10. 


Va2 


=  y.  11.  ^Jd'x  -  -^  ^  V^-'^Ja'x'  ^  ^f'  -  h. 


X  b 

12.  2ax2  +6-4=rx2-5  +  i/-  ox^, 
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13.  V^-  -  X-  ^  X'Ja^  -  1  =:  aVl  -  x^. 

14.  .r  +  V^-  -^  X-  = 


V6•^-^a•-• 


1  o.  \/3  ']-  {x  -  ^J'ix  =  Vix  -  3.  IG.   '/rt  +  X-  -^  .^a  -  a:  =  6. 


201.  By  transposition  and  reduction,  and  change  of 
signs,  if  necessary,  every  adfected  quadratic  equation  may 
be  reduced  to  the  form 

a;-  +  7).r  4-  5  =  0 
\vhere  p  and  7  arc  cither  positive  cr  negative,  integral  or 
Aactional. 

202.  To  investigate  a  rule  fur  .solving  adfected  <]und- 
raiic  cijuations,  we  proceed  as  follows: 

If  we  lake  any  binomial,  as  .r  -:-  a^  and  square  it,  we  obtain 
a-  -f  2ax  4-  d^.  Now  we  observe  that  (a-)  tbe  last  term  of  tbis 
square  is  the  square  of  half  the  coefficient  of  x  in  tbe  second 
term,  and  We  bcnce  conclude  tbat  wben  we  Lave  reduced  a 
given  quadratic  equation  to  tbe  form  x'^  -^  px  ~  -  9,  we  may 
regard  tlio  kft-band  member  as  being  composed  of  the  first  two 
if'inis  of  Ibc  square  of  a  binomial,  and  tbat  we  may  make  tbe 
1st  number  a  tomiiletc  square  by  adding  to  it  tbe  square  ofbalf 
liiC  coefiRcient  of  its  second  term,  and  of  course  adding  tbis  to 
one  side  wc  must  also  add  it  to  tbe  otber,  in  order  to  preserve 
tbe  equality  of  tbe  members.     Tbus  wc  get 

P'  P" 

X-  +  px  -h  Y  =  -  'I  ■'-  X- 

Tbe  first  member  of  tbis  equation  is  now  a  complete  square,  aud 
we  observe  tbat  by  extracting  the  square  root  of  each  side  we 
shall  get  rid  of  tbe  second  power  of  the  unknown  quantity,  and 
tluis  reduce  the  quadratic  to  a  simple  equation.     Thus, 


Whence  by  transposition  x 


That  is,  X  =  l(  ±^Jp'  -  47  -  p). 


Art.  20i-20S. 
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203.  Hence  for  the  golution  of  quadratic  equalions  'wo 
have  the  following 

Rule. — By  transposition  and  reduction  arrange  the  equation  in 
suck  a  manner  that  the  two  terms  involving  the  unknown  quantities 
shaH  be  alone  on  the  left-hand  side,  <ind  the  coefficient  of  x^  shall  be 
+  1. 

II.  Add  to  each  side  of  the  equation  the  square  of  half  the  coeffi- 
cient ofx. 

III.  Extract  the  square  root  of  both  sides  of  the  equation,  and 
thence  by  transposition  find  the  values  ofx. 

Ez.  1.  Given  x-  -f  10a;  =  -  24  to  find  the  values  of  .c 


X-  +  10a;  =  -  24 
x^+  10a; +  25  =  I 


X'  +  5  =  ±  1 
4-  I  -  5  =  -  4  01' 


OPERATIOX, 

(0 
(n) 


(III) 

(IV) 


25  added  to 


=   (I)  w[ih0^y=-r 

each  side. 
-  (n)  with  square  reot  taken. 
=  (III)  transposed. 

Note.— When  we  solved  the  general  equation  x--{-px-{-q  =  0,  we  obtained 
V  —  ;l(i  Vy>-  — 4 17  —  ;>)•  Now  wo  may  use  this  as  a  formula  for  finding 
the  value  of  :c  in  a  riuadratic  equation.  Tha.^,  in  the  last  example  ^j  =  10 
and  7  =  24;  then 

7. 


X  =  U±yp'  -  4(/  - 1>)  =  H±  V 100  -  9.j  -  10)  -  I  a  v^  -  10) 

-8  -  12 

=  K±  2  -  10)  =  —  or   -2-  =  -  4  or  -  G. 

Jiut  although  quadratic  equation.s  may  thas  bo  solved  by  formula,  this 
method  should  bo  resorted  to  only  by  the  advanced  student,  as  the  junior 
student  requires  all  the  practice  he  can  get  in  the  solution  of  quadratics 
by  completing  the  square,  &e. 

X  X    'r  I  1  ?' 

Ex.  2.  Given  — — r  -i-  =  -tt  to  fmd  the  values  ofx. 


X  X  -r  \ 

+ 


X  G 

Ori^R.VTION 

12    I 


X  +  I    ■       X  G 

Ga'-^  +  eCxM-  1)-=  13x(x-  i-  1) 
Gx-  +  G.r-  +  12x  -i-  G  =  ISx^  +  13x 
X-  H-  X  -r-  G 
X-  h  X  -1-  i  ^  G  +  i  -   '^ 

X  =  +  ti  -  ^  =  2  or  -  3 


(0 

(iO 
(III) 

(FV) 

(V) 

(VI) 
(VII) 


-  (1)  cleared  of  fractiouo. 
=  (II)  e.'cpanded. 

-(Ill)  transp.  and  red. 
-■-(IV)  with  I  ^  a )^  added. 

-  (v)  with  sq.  root  taken. 
=  (vi)  transposed  and  red. 


158 


QUADRATIC   EQUATIOXvS. 


[Skct.  IX. 


Es.  3.  Givcu 
values  of  r. 

•2r4  9       4.C-3 


;.r  f  9       4x  -  3 


4x  +  3 


4-  — r-: —  to   find   the 


OPERATION. 


0       "^  4x  +  3      ^  "^ 


3.r-IG 
18 


i  0) 


4^+18+    ^^.  ^  g    =54  4-30.-- 16'  (Ji)     =  (O  x  18. 


72a:  -  04 


20  -  X. 


4x  -r  3 

72x  -  54  =  SOx-  +  60  -  4i-  -  3x 
4t''  -  5x  =  114 

^-  ^  ±  ^«^  +  -^  =  6  or  -  4i 

a-x-       2ax 
fCx.  4.  Given   — rr  -  —  = 

Wi-  c 


(III)    =  (II)    trausp.  and  red. 

(iv)    =  (in)   X  (4x4-  3). 
(v)  I  =  (iv)  transp.  and  red. 
(VI)    =  (v)  V  4. 
(vii)    =  (vi)  with  $1)- added, 
(vin)   ~  (^lO  '^ith  square  root  of 
each  side  taken, 
(viii)  transp.  and  red. 


(IX) 

in- 


to  find  the  value  of  x, 


OPERATION. 


u-c'x'  -  2acni-x  -  -  m^ 
2m"  VI* 


oc    '    '   d-c- 

—  =  0 
ac 

Hi" 

ac 


0) 

(") 
(III) 

(IV) 
(V) 


=  I  -r  a-c'^ 

/rn-\  - 
=  II  with      —     added 

=  111  with  sq.  root  not  taken, 

=  IV  transposed. 


Xori:.— Ill  this  example  wc  may  conclude  that  tha  two  roots  of  the 
ctiuation  arc  equal. 


Exercise  L. 

Find  ihc  value  of  x  in  the  following  equations  : — 
1 .  2.t->f  8x  -  20  -  70  2.  i2  _  19  ^  gx  -  10. 

2,^^-8x^20  4.  3^^  29-  16- 12x 


Ar.T? 
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5. 

,  2x''4-a:- 15=  70-x-a;^     G. 

X-  -4j:4-  15  =  lOx-  2x-. 

7. 

USx-^x^  =^x-  -h  231          8. 

4x-2-3x-20  =  5x4-300. 

0. 

X      a      2 

-+-  =  ".                            10. 

a      X      a 

.V"v3x-72  =  201  -x-4x 

11. 

3.C      X  - 1 

x-^-rl2 

— 7— -4xt-U  =  0. 

13. 

x^-x  =  lx-2.                     14. 

«cx-  •;-  bcx  =  adx  +  hd. 

15. 

xr^/x       X--X 

x^-x-40=l70. 

It. 

X        3        .r        4        11 

3~  "•  X  ~  4  "  X  ~  yz'     ^^' 

X  -  2     X  -'3      X  +  4     x^-1 
X  X  2      X  -r  3  ~  X  -  4  ~  X  -  'i 

10. 

(Ta;-i-3)(3f  7a-)=  10[2(x-l 

)(3  4-x)-(3-2x)(x-3)|, 

20. 

ax'  -  l>x-\-c  - /x^  -f  ex  -  h. 

21. 

(</  —  /«  -i-  x)  " '  =  a  "  •  -  7/1 " '  -1-  i- 

-'. 

22. 

cihx^  -  2x{a  4-  hyf^  =  (a  ~  hy 

159 


204.  Many  of  the  foregoing  equations  when  reduced 
assume  the  general  form  ax?  -r  h:c  -\-  c-0,  where  a,  h  and 
c  may  be  any  quantities  whatever ;  now  when  we  further 
reduce  this  to  bring  it  under  tlie  rule  (Art.  203)  we  get 
:r?  n-  ~x  =  ^,  and  consequently  we  liave  the  inconvenience 
of  dealing  with  fractions  throughout  the  entire  process. 
To  obviate  this  difficulty  we  may  proceed  as  follows  : 

Taking  the  equation  ax-  -\-  hx  -  -  r,  let  us  multiply  every  term 

Ijy  Alt,  ii:  1  then  add  6^  to  each  side  of  the  resulting  equation. 

:ind  wc  -v-t  4a-x=  -'r  'labx  -f  i"-  =  -  4'ic  t-  h^.     The  left  hand  mem- 

Wi-  is  now  a  complete  square,  and  e.ttracting  the  squ.ire  root  of 

caci)  member  wo  get  2ax  -f-  6  =  4  ^6''  -  4(JC 

-b  ±  ^Jb^i  -  4ac. 

whence  x  - 

2  a 

205.  Tiii^-  upoi  ation  translated  gives  us  the  following  :— 
\\'ChY..  —  Uaciii^  reduced  the  equation  to  the  form  ax-  +  bx  -  c 

ir.uHiphj  ccenj  term  by  four  times  the  coefficient  ofx~,  and  to  each 
mrmbn- of  the  re^unin<^  equation  add  the  square  of  the  coefficient 
(f  the  ucoaa  lerm. 

Then  extract  the  square  root  of  both  term^^  tran^po^e  and  reduce 
and  thus  obtain  the  values  of  x. 
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Ex.  1.   Given  3x'-  -  2x  =  65,  to  find  the  values  of  x. 

OPERATIOV. 

(0 


3x 


•2x  =  Go 

24x  =  ISO 


(") 


30x-  -24x-l-4=  784  (ill) 
Gx  -  2  -  i  28 
Ox  =  2  i  28 
Gx-  =  30  or 
X  -  5  or  -  4^-  l(vii) 
3x-  7 

X 


i(iv) 

i(v) 

26|  (VI) 


Ex.  2.  Given 


19GX- 


39x  =  70 
]092x=  I960 


=  (i)  X  12  i.  e,  4  limes  3,  the  coef.  of  x^. 

=  (ii)  with  (2)2  =  4  added  to  each  side. 

=  (ill)  with  square  root  extracted. 

=  (iv)  transposed 

=  (v)  reduced. 

-  (v)  V  G. 

4x-  10 

— r~v-  -  o'i  to  fiud  the  values  of  x. 

X  -T  0 
OPEilATlOy. 

H 

'  (ii)  i  =  (I)  X  2x  (x  -f-  5)  and  red. 
j  (m)  j  =  (II)  X  28  i.  e.  4  times  7. 


]9Gx-^-l002x-f  (39)^=19604-1521 '(IV)    =  (m)  -?-  (39)^ 
14r  -  39  =  V3481  =  ±  59  I  (v)  !  =  Viv 


(vi)    =  (v)  transposed. 


14x  =  39  +59=  98  or  -  20 

.-.  X  --  7  or  -  1^  i(vii)i  =  (vi)  -^  14. 

Ex.3.   Given    (Sa- ■{■b^)(x'' -x -\-l)  =  (3b"  +  U'Xx- -^  x  ■]- l>    '.o 
fmd  the  values  of  x. 

OPEUAilON. 

(3rt-  ^b-){x'~  -X  -r  1)  j         j 

=  (3J>-  -ra2)(x-'^  -i-x-i-  ])    j  (i) 

'  (II)    =  (I)  V  (3a24-62)(x-2  +X-M). 

(Ill)    =  (ii)  as  in  Art,  100  (vii). 

,  ^        .,  (iv)  1  =  (Hi)  reduced. 

X  b-  -  a~  V    /        V     / 

{^b'^-a-)x- ^ b''-a^~ -2{b'--r a')x  (v)  j  =  (iv)  cleared  of  fractions. 
(i'-a-)x'--{-2(i- +a')x  =  «--6',  (vi)  1  =  (v)  transposed. 
4  (6--  u?fx-+  8(6^-  a-^)x  -}-  4(i-+  ay=  4(a--  b-)(b--  d^)^^{b-^  d')-(yii) 
4  (//-  -  fl2-)2^2  _;.  3  ^7^4  _  r,iy-^  -^  4  (6"  +  fl^):^  =  iGfl-i^  (Vlli) 


X- 

-XH- 

1 

31"-  4-  «' 

x- 

+  X  -r 

1 

3a2  4-6- 

2x 

-'  -;-  2 

46 

"  26 

2  -r  4a2 

- 

2x 

•'  -  2a- 

.1-' 

-^  1 

2b' 

4-  2^2 
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^b2  -  a^x  +  l{lr  +  a2)  =  +  4a6  (ix) 
(62  -  a^x  +    (6^  4-  0.2)  =  ±  2a6 
(fc^  -  a2)x  =  -  (y^  ^  a^  IZnh  ^  ^  a^  i  lab  -  fr^ 
(a-  -t^x^o?^  2<ib  -!-  /.^ 

(a  -  i)2        (a  +  6)3 


X  = 

d' 

'■  -  //^ 

or 

a/-'- 

"6'^^ 

a 
a 

-6 

T7.  ° 

a 

-f  6 

'  a 

-6 

(Til)  -  (vi)  X  4  times  coef.  of  a;^,  i,  e.  x  4-(6^  •-'  a-)  and  then  eaC-h 
sirde  increased  by  tlie  sq.  of  2(6^  ■^«^),  tlie  coef.  of  the  2nd  terra. 
(Tui)  ^  (ni)  with  rigbt-hand  member  reduced-     (lx)  =  \^rm. 


EXEECISB   LI. 
Find  ihe  vj.lue  of  x  in  th?  following  equ'itloiio  r— 
1.  3x2  -  9  =  7»3  _  2x.  2.  x^  -  x  =  210. 

X         5 

3.  4c-  -  3x  =^  85.  4.   -r  -5-  ~-  =  5-. 

5        X         ^ 

5.  4X-2  +  G-r  -  2x  -  ^-  T  2  73.      G.   3.r^  +  8x  -f  11  ^  32  -  x- 


7. 

2          7 

0. 

^2x2+  5  =  |x  +  5|. 

11. 

x2  +  6ax  =  6-. 

13. 

X       7;i       5 
m       X  ~   m 

8.  <z-x2  +  fi6x  =  acx  +  be. 


1>. 

7x 

2-: 

!--(2-V3)x 

f  -IxV  3, 

5  - 

-  X 

^       ,    ,       ' 

-:-  4x 

3- 

r  X 

19  • 

14. 

7?1X2  ^ 

77m  =  Imx'^ii  ■ 

:-  '/U-. 

X 

IG. 

x-i 

X- 

-r3x3  +  G 

+  x-4  =  ^^^- 

2x4-15, 

(a4-l)(l-l-x2  +  xi). 

15      (1+Xfx2)^=:^— ^— 


TUEORY  ':)F  QUAJ)RATIC  EQUATIONS. 

20a.     We  have  seen  (Art.  204)  that  tho  r.x>ts   ^f  the 
'general  equation  ax"  r  hx  ~  r  -  0  are 
-  &  ±  V  6'  -  4gc 
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(QUADRATIC   EQUATION' 3. 


[Sect.  IX 


Now  from  this  it  appears  that 

I.  The  two  roots   arc  real  and  diffcrout  in  lvalue  if 

II.  The  two  roots  are  real  and  equal  in  Taluc  if  Ir-  4<tr. 

III.  The  two  roots  are  impossible  or  inaagiiiary  if  I?  <  4i7c. 

•kiici  ifaay  tqudtion  be  expressed  in,  the  form  of  as? -rhz  f  c  =  0, 
itb  roots  are  real  and  differext,  real  and  equal,  or  imacin>-2Y, 
according  as  b^>,  -  or  <4ac;  and  similarly  if  th-e  equation  be  of 
th-  form  x^  T  px  +  q  =  0,  its  roots  are  real  and  ditfeeext,  real 
and  KQUAL,  or  imagixarv,  according  as  p^  >,  =  ,  or  <  4q. 

207.  Theokem  1, — J  quadratic  equation  cannot  k-ave  vvirc  than 
two  rcois. 

Demonstration*.— For  if  it  be  iwssible  let  the  quadratic  equa- 
tion ax'^  -'r  bx  ^-  c  hare  three  roots  as  /3,  y  and  5.     Then 


a0^  +  bfi^  c  =  0 
ay-  4-  fr>  -f  c  =  0 
aj2  +  65  +  c  =  0 


a{^^-y^)-\-b(0-y)  =  (\ 


(0 
(") 
(m) 

(IV) 
(V) 


(0  -  (n). 
(0  -  (in) 


0(5  ^y)  ^b  ^  0  (vr)      -  (iv)  V  ($  -  7)  which  is  not  =  0, 

•.•  by  hypothesis  y8  is  not  =  7. 

t/!/3  r  0)  +  6  -  0  •     (VII)     =  (v)  ~  ($-0)  which  is  not  =  0, 

•.•  by  hyp.  /3  is  not  =  5. 

0(7-5) -G  i(viu)     =  (VII) -(VI). 

Now  II  is  not  =  0,  otherwise  ox-  -h  5a;  -r  c  =  0  would  become 
bx  r  c  =  ^y  which  is  not  a  quadratic  equation  ;  therefore  (7  -  8) 
must  =  0,  and  therefoi-a  7  =  0;  but  by  hypothesis  7  is  not  =  5, 
which  is  absurd.  Hence  a  quadratic  cauation  cannot  have  three 
roots. 

208.  Theorem  II. — In  any  quadratic  equation  reduced  to  the 
form  t/x^  +  px  +  q  =  0  the  coefficient  of  the  2nd  term  is  equal, 
when  its  sign  is  changed,  to  the  sum  of  the  roots,  and  the  3rd  term 
is  equal  to  the  product  of  the  roots. 
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Demoxstba-Tion. — Let  the  two  roots  of  the  equation  x"^  ■{- vx 
■r-q  =  0  be  3  and  y.    Then  -  i  i>  +  Vdi^  -  ?)  =  /^ 

By  addition  -p  =  j3  -h  y  =  sum  of  the  roots. 

Bj multiplication!- ip  +  Vap'-9)}[- ip-V(ii>'-9)l-^ /?;• 
That  is,  ip^-  (ipi^  -  5)  -which  h  =  q  =  fiy  =  product  of  roots. 
Cor.  If  i  and  y  are  the  roots  of  the  equation  ax^  +  bx  "i-  c  -  0, 

b  c 

theti  /3  +  y  =  «  —  and  3\  =  — . 

'  a  'a 

209.  Theorem  III.— ^/3  ami  y  are  the  roots  of  ifieequution  x^  ^^ 

p^  +  q  =  0,  then  (x  -  ,*3Xx  -  7)  =  x^  +  px  +  q. 

DEMo::f3TEATiON.  (x  -  /?)(a,'  -  ; )  =  i2  _  (3  -I-  >)  ar  +  ,5/. 

But  (3  +  ;)  =  -/7  and  3y  =  q.     (By  Art.  208.) 

.-.  (X  -  3)(x  -  y)  =  x2  -  (  - ;?)x  +  g  =  x2  +;jx  -f  5. 

Cor.  If  ,'3  and  7  are  the  roots  of  the  equation  ax-  i-  bx  -^  c  ~  0, 

b  c 

ihat  i3,  of  the  equation  a(a^  +  —  a;  +  ~)  =  0.     Then  we  have 

ax-  +  6x  +  c-0  =  a(x-  3)(x  -  ;). 
Cor.  2.  If  ax^  +  bx'^  +  cv  +  d  -  0  he  a  cubic  equation,  rmd  if  iia 
ro-ot3  be  o, } ,  o  ;  then  a  (x  -  $)(x  -  yX  x  -  c)  -  cx^  +  tjx'  +  fx  +  rf. 
iLLrSTRATIVfc    EXAMPLES. 

E.T.  I.  Form  the  equation  whose  roots  arc  -•  3  and  4 

OPERATIOX. 

Since  x  =  -  3,  x  -f  3  =  0,  and  since  x  -  4,  x  -4  =  0. 
Then  (r  +  3)(x  -  4)  =  0,  that  is  .r^  _  ^  -  12  =  0. 
Ex.  2.  Form  the  equation  whose  roots  arc  2,  -  2,  3  and  '\ 
opehation. 
X  -  2  =  0,  X  -1-  2  =  0,  X  -  3  =  0,  X  ^  0.     Then  we  hare 
(X  -  2>(x  +  2)(x  -  3)x  =  (X- -  4)(x^-  3x)  =  x*  -  3x'  -  4x2  ,  i2x  -  0. 
Ex.  3.  Form  the  equation  whose  rootg  are  1,  -  I,  .^,  -  2,  and 
2  i  ^■•■7. 

OPEBATIOX. 
X  -  1  =  0,  X  r  1  =  0,  r  -  3  ^  0,  X  +  2  ^  •',  X  -  2  -  V^  =  ',  find 
r  -  2  +  v"7  ~  0. 

Then  (X  -  l)(x  +  l)(x  -  3)(x  -f-  2)(x  -  2  -  V^X^  -  2  1  V")  -  >, 
that  is,  (x2  -  l)(x-  -  X  -  6)(x2  -  4x  4-  4  -  7)  -  0, 
that  is,  x"  -  ".Of''  -  Gx^  +  32z'»  +  23.x2  -  27x  -  13  -  0. 
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Ex.  4.  Find,  ^rithout  solring  the  equation,  the  sum,  difference, 
ami  prodm^t  of  the  roots  of  a;^-  42x  +  117  ^ 

OPERATION. 

Let  ;8  and  y  be  the  roots,  then  Art-,  208  j3  4-  /  =  42  and  Py  =117. 

Then  by  inspection  find  two  numbers  whose  sum  =  42  nnd 
piodact=  117,  and  they  are  evidently  3  and  39,  and  hence  th-i 
difference  of  the  roots  =  36. 

Ex.  5.  For  what  value^f  c-/7i  will  tlho  equation  3x^  -i-  7^  -i-  c^in. 
-  0  have  equal  roots  ? 

OPEPwATIOX. 

From  Art.  20G  it  appears  tliat  in  the  equation  ax^  -r  bx  -.■  c  =  0 
the  roots  will  be  real  and  equal  when  6^  =  4a-c,  that  is,  in  this 
equarion  wiien  7^  =  4  x  3  x  crni^  or  wiien  I2(p.'n  =  49,  or  c^m  -  472. 

Ex.  G.  If  8  and  7  be  the  roots  of  the  equation  x''^  ~  px  i-  q  -  0, 

fi        7 
find  the  value  in  terms  of  p  and  q  of  —  +  —   nnd  of  6^  -r  y\ 

OPEIl.AJ'ION. 

A:-!.  208.  i8  +  7  =i3  ana  /S/  =  5. 


3 

7 

^^  +  /- 

/S^-J-t'      , 

fi' 

+  2)3/  + 

y' 

Then 

7 

-^  J  = 

/3/ 

=  ^^-^-- 

"  Id  ■ 

Py 

(^-r: 

■'i 

o_z! 

«o.>:! 

-2? 

^/ 

3 

2      * 

And  3'  +  /'  -  ^^  -:-  3P^/  -1-  3i3r  +  /*  -  (3;3^;.-  -i-  3$f)  ^  (S  i-  yf 


ExEECisa  LIL 

1.  Form  the  equation  whose  roots  are  -  2,  and  -  7. 

2.  Form  the  equation  whose  roots  are  4,  -  2,  1,  and  0. 

3.  Form  the  equation  whose  roots  are  2,  -  2,  3,  -  3,  and  0, 

4.  Form  the  equation  whose  rootsure  5,-5,  2, -2,  and  3 +  V-- 

5.  Form  the  equation  whose  roots  are  1,  2,  3,  4,  and  5  ±  \/(j, 
t>.  Form  the  equation  whose  roots  arc  5,  4,  1,  0,  and  2  ±  V  ~  ^• 

7.  Given  5  and  -  2,  two  roots  of  the  equation  x*  -  6.r^  +  5x- 
12j;  =  CO,  to  find  the  other  roots. 

8.  Given  1  +  V  -  ^t  two  roots  of  the  equation  x"'  -  \x^  +  8r* 
8^  =  21,  to  find  the  other  roots. 
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9.  Given  14,  one  root  of  the  equation  x^  +  6x^  -  3920  =  0   to 
Gnd  the  other  roots. 

10.  Given  2,  one  root  of  the  equation  a*  -  Gx^  +  13.r-  -  lOx  =  -0 
to  find  the  other  roots. 

11.  Given  3  and  -  4,  two  roots  of  the  equation  x'^  ~2x-^  -  2or' 
f  260^-  -r  120x  -  0,  to  find  the  other  roots. 

12  Given  +  V"-^?  two  roots  of  the  equation   r'  -  x^  -  ■2x^ 
-  4x  =  Oi  to  find  the  other  roots. 

13.  For  what  value  of  c  will  the  equation  2x'-'  -r  4a;  -i-  c  =  0  have 
equal  roots. 

14.  If  $  and  y  be  the  roots  of  the  equation  ax-  -r  bx  -;-  #  =  0, 
form  the  equation  whose  roots  are  the  reciprocals  of  these. 

15.  If  ^  and  7  be  the  roots  of  the  equation  x'^  -l-  px  •;-  q  =  0,  find 

1         1 
the  value  of  0-  +  -/.  of  (B  -  -.f  :  of  6"  -  r  i  of  —  -i-  —  and  of 


^ 


i^-r 


EQUATIONS  WHICH  MAY  BE  SOLVED  LIKE 
QUADRA.TICS. 

210.  There  arc  many  equations  which  though  not  quad- 
ratics  iu  reality  may  be  solved  by  tlie  rules  for  quadratics. 
Such,  among  others,  are  equations  which  come  under  one 


or  other  of  the  2;eneral  forms  a:c-"  ;-  6x" 


Oor 


-;-  hx 


-!-  (■  =  0,  in  which  n  is  any  integral  number,  and  a.  h,  c, 
positive  or  negative,  integral  or  fractional. 


Ex.  1.  Given  .T  +  6x^  = 


-  8  to  find  the  values  of  x 

OPKR.VTIOX. 


X  +  Gx 


l_ 


a:  +  Gx'  +  9  =  1 

i 
x'-  +  3  =  i  1 

x^  ^  ±  1  -  3 

x^  =  -  2  or  -  4 

X  :i  4  or  1 G 


(0 
00 

(ni) 

(IV) 
(V) 
(VI) 


=  (i)  with  square  completed  by  adding  9 
to  each  side. 

=  (11)  with  square  root  extracted. 

=  (ill)  transposed. 

=  (iv)  reduced. 

=  (v)  squared. 


1G6 
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Ex.  2.  Given  ^'*v-  +  22^^ix  ^  2:j  to  Ond  the  vuUies  of  a 


OPER.\TION. 


x^  +  22.?-'  r  23 


(0  1 


•x'  +  22i-^  -f  121  =  1 14    (ii) 

•x-'  +  1)  =  i  12 

1 
a  "  =  1  or-  23 

a-  =  I  or-  121G7 


(111) 

(IV) 

(V) 


E.\.  S.  Given  Vi 


=  (i)  with  (11)2  added  to  each  side. 
=  (ii)  with  square  root  extracted. 
=  (ill)  transposed  and  reduced. 
=  (iv)  cubed. 
12  -1  ijx^  12  -  6  to  find  the  values  of  x. 

OPEItATION- 


(.I-!-l2)^-r(u+12)*  =  G  I    (!) 

{X  -h  12)5  -f  (.r  4- 12)*  +  I  =  ^AJ  („) 


(j:Tl2)*r  i  =1'^ 

(.c+  12)^=  2  or -3 
it  +  12  =  IC  or  51 
r  =  4  or  09 


I  ("0 

I  (IV) 
|(v) 

i(^I) 


=  (1)  with  .i  added  to  each  side 

=  (ii)  with  sq.  root  taken. 

=  (ill)  transposed  and  reduced, 
=  ^iv)  raised  to  4  th  power. 
=  (v)  transposed  and  reduced. 


Ex.  4.  Given  i"  -  35j;''  =  _  21G  to  find  the  values  of. 


x^'  -  Zoxr^  -  -  216 
4a'''  -  140a"  +  1225=  361 
2x«  -35  =  419 
2r-=  54  or  IG 
a"=  27  or  8 
a:  =  3  or  2 


OrER.\.TI0N. 

(0 


(II)  =  (i)  x4  anc^  (35)2  added, 
(in)  =  (ii)  with  sq.  root  taken, 
(iv)    =  (III)  transposed  and  reduced. 

(T)      =^IV)v2. 

(vi)    =  (v)  with  '7  taken. 
Ex.  5.  Given  5v'(a'  +  5i-  +  28)  =  x^  -j  5r  -r  4  to  find  the  values 


oi  X. 


OPEUATION. 


jr  +  5.r  H-  4  -  5V(i^  T  OX  4-  28)  =  0 
(.i-'r  5jr+  2^8)  -  5(x-T  53-  +  28)^  =  24 

(.t2+ 5a-  + 28)-5(x2-[- 5.T -!- 28)^+ -/' = -^  5 
(z^+o;r +  28)=  -^  ^  +  V- 


(0  I 

(ii)    -(i)  wiih24addedto 

each  side, 
(lu)  =(ii)with(5)-added. 

(fv)|~  (in)  with  V  taken. 
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0-^- 

-r  OX    r 

28)^ 

= 

8  or  • 

x~ 

+  o.r  + 

28  = 

e< 

O)-0 

x- 

f  5x  - 

30  r... 

•o 

.r- 

-;-  5x  ■; 

-■;  . 

»; 

'  or  - 

^+2=± 

v  cr 

4 

aV-Ti 

.    (V) 
i   (VI) 

!(vii) 


(iv)  transp.  and  retl. 

(v) squared. 

(vi)  transp.  and  red. 

:(viii)i  =  (yii)  with  ({:)'  added  to 

j  (ix)    =  (viii)  with  sq.  root  taken 

a'  =  4  or  -  9  ;  or  K-  5  ±  V-^T)  •  (x)  i  =  0^)  transp.  and  red. 

NoTL.— la  tnis  example  we  ;?hould  find  by  trial  that  only  the  first  two 

roots,  j.  e.  4  and  -9  are  roots  of  the  proposed  equation,  the  other  two  being 

roots  of  the  equation  x^  r  Gx'  -f  4  +  5V  {X'  +  ox  -f  28)  —  0. 


Ex.  G.  Given 


values  of  x. 
(5x-irl0x-+l)(5ftH-10«--fi> 


7-7— ^-^—-^V7-;.   1-.  ■>   ,   '\  =  ^-i'  to  find  tlie 


Ol'EitATIO.V. 


5  a 


(x-xlOx--+o;(a-'+lUa 
5.r* +  10x2^-1      a^ -flOci 
x^TT0x"»"T5x  ""  5a*  +  lOa'^'l-l^ 
x'i  +  5x*  +  lOx^  +  lOx'  4-  .^.T  +  1'  ^ 
aT^  5x*  +  lOx «  -  lOx-'  -1-  5x  -  ij  I 

1  +  5a  +  lOa-  4-  lOa'  +  5o*  +  a* 
~  T 


(0 


!    (n) 


!                   1          G*  +   10u2   -f    5 
=    (l)X  —  X ; 


5ti-i-10a'=-10£i^  +  5u-' 

(f _ii2: .  (^  -^  ^)' 

(X  -  1)^   - 


a 


X  +  1 
2x 


1  -r  a 

n7« 


X  =  — 
a 


\  (111)  :=  (ii)  taken  thus  : 

I  \Dcn.-r Xum.    Den . -i- Num . 

i  Den.  - Xiim. ~  Den.- Xuin, 

\=  (hi)  bracketed. 


(IV) 

(V) 

(VI) 
(VII) 


Ex. 


=  (iv)  with  'V  taken. 

-  (v)taken  as  in(iii)above 

=  (vi)  cancelled. 


Given  x'"' 


x6  -  1=0 

(x'+  l)(x3-l)=0 

xH  1  -  0 


1  =  0  to  find  the  values  of  x. 

OPERATION. 


0) 
(n) 
(III) 


1  =  0!  Civ> 


=  (i)  factored. 

1  Equation  (ii)  is   satisfied  by   taking 

I  either  x''-l  =  0  or  x-^+  1  =  0,  and  there- 

^  fore  we  consider  x^  -  1  =  one  root  and 

I  j  x3  +  1  =  other  root,  and  we  get  sepa« 


riitel' 


1  ^  0  and 


1  --  0. 


1G8 
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(r-])(x-  \-x-r])  =  ()     (VI) 
a:-!-  1  =  0    (vii) 


=  (hi)  factored. 
-  (iv)  factored. 
=  one  fnctor  of  (v). 
a--a:4- 1  =  0  {(vfii).  =  other  factor  of  (v). 

a:  -  1  =  0  I  (ix)  i  -  one  facicJr  of  (vi), 
X-  -:-  X  -r  1  =  0  I  (x)  j  -  other  factor  of  (vi). 
.\  X-  \jX--  l,x=  I  (\±'s/  -  3)  and  x  =  ^  (  ~  I  ±',J  - '6). 

XoTE. — ^Nos.  (ni)  and  (ix)  give  us  by  transposition  x  —--land  x  —- 1, 
and  solving  thequadratic  equations  (viii)  and  (x)  \vc  get  iho  oiln-r  four 
roots  X  —  A(l  4-  '/~3)  and  x=  i  (-  1  s^ZToy 

The  above  is  of  cour--e  equivalent  to  finding  the  six,  sixth  roots  u'.  unity. 

Ex.  8.  Given  x^  ^x^  -  4r^-r  x  -!-  1  ^0  to  find  the  v?due3  of  .r. 


OI'i^ItATl'jN. 


x^-.x"^  -4.r2-fx-r  1  =  0|  (I) 

'      '       '(.0 


x2-x-  4  4---l-^=0 
a-2  -f  _  -;-  a-  -f  —  =  4 


(i)  -f  a;-, 
(ill)  ]=  (ii)  transposed  and  arranged 

(IV) 


I'W 


r^J    V    -/ 


1\ 


^,,1V.   ,,l]=o 


(V) 


=(iii)  ^ith  2  added  to  each  side, 
=  (IV)  differently  expressed. 


f  ^.L_  ]  -r  f  a;  j-_  )^4  =  5^5  (vi)..=  (v)  with   sq.    completed   by 
V        ^  /       \       ^  J  "  i  I         adding  \  to  each  side. 

/        1  ^     ,       .  . 


X  -;-  —  =  2  or 


(vu) 
!(vm) 


(vi)  with  V  taken. 

(vif)  transposed  and  reduced. 


Thus  we  get  two  distinct  quadratic  equations  :— 
I.  X  -f—  =2  or  X-  -  2r  =  -  1  whence  x  =  1  ; 

X 

ir.  X  4-  — =  -3  orxH3x=-l  whence x  =  i(  -  3  +  V^)- 

X 

Ex.  9.  Given  x^  r  3x  =  14  to  find  the  values  of  x. 
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OPERATION-. 


X^-h3x=  14[    (I) 

a:4  +  3x2=  Ux\  (11) 


(III) 
(IV) 


(I)  X   X. 

(n),  4x2  added  to  each  side, 
(ill)  with  sq.  completed  by 

adding  \^  to  each  side. 
(it)  with  V  taken. 


^^+l  =  ±  (2x  +  I)  i  (V) 

This  gives  us  two  separate  quadratic  equations  : — 
I.  x^  +  1  =  2x  +  I  or  x^  _  2x  =  0  whence  x  =  2  or  0  :  and 
n.  x^  +  5  =  -  2x  -  ^  or  x^  4-  2x  =  -  7  whence  x  =  -  1  4  V^-^- 

6 


49x2       48 
Ex,  10.  Given  —7-  +  ^ 


49 


9  + —  to  find  the  values  ofx, 

X 


operation. 


49x2       4g 


49x2 


49x2 
4 


49  4- 


49 

49 


49 

48 

72 


6 
9  4-  — 

X 

G 

—  4-9 

X 


6 
4-  —4-9 

X"  X 


Yx        7  /I  \ 

T  -  X  =  i  (t  ^  ^) 


(0 
00 

(III) 

Ov) 


(i)  arranged. 

(11)  with  —  added. 


(in)  with  V  taken. 


This  also  gives  us  two  distinct  quadratic  equations  : — 
1     J_ 

X     '    X 

!f   -I-    JL 


7x 


4-  3  or  7x2  -  6x  =  16  ^iience  x  =  2  or  -  U  ;  and 


3  or  7x2 4.  6x=  12  whence  X  _  i(-3  4^93). 


Exercise  LIII. 
Find  the  values  ofx  in  the  following  equations : — 
1.  X  -  GV^  =  IG.  2.  x2  _  4x*  =  -  3. 

3.  x*  4-  20  =  14x2  _  20.        4.  x'  4-  7Vx^   =  1107  - 
5.  x-Z\lx  4-  6  =  2 -Va: 4- 6.     6.  2x4  _  a;2  _  495^ 
7.  x5  -  Sx''  =  513.  8.  X  4-  5  -  6  4-  ^]x  4-  5. 

M 


7x^ 
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_         —  jjx  +  2       4  -  V« 

11,  V^  +  21  =  12  -  V^  +  21.     12.     V^  -  2V-r  -  a:  =  0. 
+  X*  +  2       a;3  +  x2  -  2 


13. 


a;**  -  a:^ 


54  -  9Vf  7x^  -  3x  +  4  23x  -  46 Va; 

^"^^  m'Vx"  ~  (6  +  V^)(a;  +  2V^)  ^      6  +  V^     " 
15.  x3  -  3x2  4-  3x  =  9. 


16.  V(^  -  1)(2^  -  2)  +  V(^  -  3)(x  -  4)  =  V2. 

17.  x^  -  3x  +  2  =  0. 


2^x^  +  eOx'^  +  9x  +  540  +  89 

20.  V^  +  60  +  V^"*  +   9  =        ,  ;  ,         . 

21.  a:i2  =  1^ 

22.  x^  -  ex'^  +  lU  =  6. 

23.  x^  -  Ax^  +  X  +  e  =  e. 

24.  x3  -  8x2  +  iia;  =  _  20. 
X  +  a  _   fix  +  g  +  cV 

^^'  xTi  "^  (^2x  +  6  +  t-y  • 

26.  3x=*  -  14x2  ^  21x  =  10. 

27.  X  +  a  +  3^a6x  =  h. 

28.  9x  -  4x2.+  (4j;2  _  9x  +  11)»  =  5. 

29.  (X  +  6)2  +  2x^(x  +  6)  =  138  +  ^jx, 

30.  X*  -  4x3  +  6a;2  _  4^  =  5. 

31.  2xVl  -  x4  =  a(l  +  x4). 

32.  {(X  -  2)2  -  x}2  -  (X  -  2)2  =  88  -  (X  -  2). 

33.  ax*  +  hx^  +  cx2  +  ix  +  a  =  0. 

12x  -  8 
35.  V(2x  +  4)  -  2V(2  -  X)  =  ^^.9^2  +    i^j  • 

2x^  +  1  +  xV(4x2  +  3) 
^^'  2x2  +  3  +  xV(4x2  +  3)  ""  **• 
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31.  (X  -  l)(x  -  2)(x  -  3)(x  -  4)  =  8. 

38.  (X  -  l)(x  -  2)(x  -3)(x  -  4)(x-5)(x-6)(x-7)(x-8) 
r  (x2  _  9x)(17x2  -  153x  +  230)  +  401. 

39.  (X  -  l)(x  -  2)(x  -  3)  =  (X  +  l)(x  +  2)(x  +  3). 

40.  (VxTl  -  2)(Vx  + 1  -  3)  +  5V{V^1(V^1  -6)  +  V~l - 11  =  0. 


41. 

8x4- 

-16xN 

-4x'^- 

x-2(2x2- 

2x  + 

l)V4x4-8x^-4x^  +  3x- 

-1  =  0. 

42. 

abx 

-.,1 

(a  +  a 

ax 

-b) 

bcx 

43. 

8x3. 

f  22x2+24x 

+  9  =  0. 

44. 

3x4 

-4xM 

-  17x2 

-  6x  =  -  5 

- 

45. 

xH 

2x(V3- 

X- 

-V5)- 
V3  + 

V5 

X2. 

-2x(V3-V5)-V2(V30- 

-V32) 

X  +  V3-V5 

=  x2 

+  8  - 

2Vl5 

SDa^LTANEOUS  EQUATIONS  OF  THE  SECOND  DEGREE. 

211.  No  general  rule  can  be  given  for  the  solution  of 
quadratic  equations  involving  more  than  one  unknown 
quantity.  In  dealing  with  these,  therefore,  the  student 
must  be  left  very  much  to  his  own  ingenuity.  Very  often 
by  attentively  considering  the  question  an  artifice  will 
suggest  itself,  by  means  of  which  the  roots  may  be  easily 
found.  The  following  solutions  afford  illustrations  of  the 
employment  of  artifices  which  are  very  frequently  used 
with  much  advantage. 

Ex.  1.  Given  x^  -  y-  =  51 


x2-i/-=  51  1 
X  +y  =  17  ) 


find  the  values  of  x  and  y. 


OPEB 
x2  -  y-^  =  51 

x-f-y=17 

ATION. 

^    (0 
(") 
(III) 

(IV) 
(V) 
(VI) 
(VII) 

x-y=    3 

=  (0  -  ("). 

2x  =  20 
x=  10 

2y=14 
2/=    t 

=  (n)  +  (III). 
=  (IV)  ^  2. 
=  (II)  -  (m). 
=  (V)  -  2. 
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Ex.  2.  Given  x^ 

X 


+  2/2  =  74| 

+  y  =  12/ 


to  find  the  values  of  x  and  y. 


OPERATION. 


x"-  +  y' 


74 


X  i-  y  =     12 


x^  +  2xy  +  y^ 
2xy 
r2  -  2xy  -i-  y'^ 
x  -  y 
2x  =  14  .-.  X 
2y  =  10  .-.  y 


144 
70 
4 
2 
7 
5 


(I) 
(n) 
(III) 

(IV) 
(V) 
(VI) 
(VII) 
(VIII) 


=  (ii)  squared. 

=  (m)  -  (I). 

=  (I)  -  (IV). 

=  (v)  -with  V  taken. 

=  (II)  +  (VI). 
=  (II)  -  (VI). 


Or  thus 


(12 


144 


Z2    +    1/2    ^     74 

X  +  y  =  12 

(0 
(n) 
(III) 

(IV) 
(V) 

X  =  12  ~y 

'2  =  (12  -  yY 

yf  +  2/'  =    «4 

-  24'y  +  y^  +  y^  - 

2(/2  -  24//  -  - 

1/2  -   12i/  =  - 

r  -  12^  +  36 


74;  (VI) 
70  i  (vii) 
35  I  (viii) 

:     1   i      (IX) 

i 


y  -  e   =   ±l\     (X) 
2/  =  7  or  5  i    (xi) 
Then  .r  =  12  -  y  =  12  -  7  or  12 
Ex.  3.  Given  x  +  7/  =     33 
xy  =  266 

OPERATION 


=  (11)  transposed. 

=  (in)  squared. 

=  (i)  with  (12  -  yY  subs,  for  x\ 

=  (v)  expanded. 

=  (vi)  transposed. 

=  (vii)  -f  2. 

=  (viii)  with  sq.  completed  by 

adding:  36  to  each  side. 
-  (ix)  with  V  taken. 
=  (x)  transposed. 
5  =  5  or  7. 


to  find  the  values  of  x  and  y. 


a:  +  y  =  33 
xy  =  266 


a:2  +  2xy  +  y^ 


1089 


4x?/  =  1064 


c2  -  2xy  +  1/2   -  25 
a;  -  7/  =  +  5 


Ix  -  38  or  28  .-.  a:  =  19  or  14 
2y  -  28  or  38  .-.  y  -  14  or  19 


(I) 
(") 
(III) 

(IV) 

(V) 
(VI) 

(VII) 


=  (i)  squared. 
=  (II)  X  4. 

=  (III)  -  (IV). 

=  (v)  with  V  taken. 

=  (I)  4-  (VI). 
=  (I)  -  (VI). 
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Or  thus. 


a:  +  y  =  33 

0) 

xy  =  266 

(n) 

a:  =  33  -  y 

(III) 

2/(33-y)  =  266 

(IV) 

yi  -33y  =  ^  266 

(V) 

41/'-- 1321/ +  (33)2=25 

(VI) 

2?/  -  33  =  i  5 

(VII) 

2?/  =  38  or  28 

(vm) 

2/  =  19  or  14 

(IX) 

X.  4.  Given  2x2  ^.  ^j^y  +  y^  =  20 

5x2+^ 

l2/2  =  41 

=  (i)  transposed. 
=  (u)  with  33 -y  sub.  for  x. 
=  (iv)  expanded  and  x  -  I. 
=  (v)  X  4  and  with  1089 

*dded  to  each  side. 
=  (vi).with  V  taken. 
=  (vii)  transposed. 
=  (vm)  T  2. 

I  to  find  the  values  of  x. 


OPERATION, 

In  equations  like  this,  in  which  either  or  both  of  the  equations 
are  homogeneous  in  all  thc^e  terms  which  involve  the  unknown 
quantities,  put  x  =  vy,  then  x^  =  v'^y'^,  and  xy  =  vy'^,  and  the  so- 
lution will  be  much  facilitated. 


2x2  +  3^y  +  ?/2  =  20  ) 
5x2  +  ^-i           ^  41  j 

(I) 

(") 

2vY  +  ^vy^ -^  y^  =  20 

(ui) 

-  (i)  with  vy  written  for  x. 

5vY  +  4?/2  =  41 

(IV) 

=  (ii)  with  vy  subs,  for  x. 

(2y2+3y+  l)y^  =  20 

(V) 

=  (III)  factored. 

(5y2  +  4)y2  ;_  41 
20 

(VI) 
(VII) 

=  (iv)  factored. 

=  (v)  -r  (2y2  +  3v+  1). 

y    "  2«2  +  3i;+l 

,2  -        41 

(rai) 

=  (VI)  V  (5i'2  +  4). 

^    -    5t;2  +  4 

20                     41 

(IX) 

=  right    hand    members    ol 
(vii)  and  (vux)  equated 
to  one  another  (Ax.  xi). 

2«-+3y  +  l  ~    51)2  +  4 

6y2  -  41v  =  -  13 

(X) 

=  (ix)  reduced. 

r  =  i  or  V 

(XI) 

=  (x)  solved  by  ordinary  rule 

41               41 

41 

^    "  5J;2  +  4  ~  5(0'+4^^f 

»(¥)^+ 

2  =  9  or  -Jj.    Hence  y  =  3  or 

V?r  =  riV2l  .-.  x  =  vy=l 

X  3  or 

^i  X  ii^Tl  =  1  or  iiV2r. 
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Ex.  5.  Giveu  x^  +  ^3  =  ^89 )      ^    ,   , 

x^y  +  xy2  =  180  I '°  ^^^  ^^^  ^^^^^^  °^  -^  ^'^'^  ^• 
OPEHATION. 

la  order  to  show  that  several  different  plans  may  generally  be 
adopted  in  dealing  with  simultaneous  quadratics,  so  as  to  evolve 
the  values  of  x  and  y,  we  shall  give  two  or  three  different  solu- 
tions of  this  problem. 

-^    1st  Method. 


x'  +  f=  189 

(0 

x^y  +  xy'  =  180 

(") 

3x2j/  +  3x2/2  ^  540 

(III) 

(IV) 

=  (II)  X  3. 

x^  -r  3x^y  +  3xy^  +  y^  =  729 

=  (I)  +  (ui). 

X  +y=      9 

(V) 

=  (IV)  with  ^  taken. 

xy(x  +  2/)  =  180 

(VI) 

=  (ii)  factored. 

xy  =    20 

(VII) 

=  (VI)  V  (v). 

Hence  x  =  9  -  y ;    xy  =  y(S 

►  -y)  = 

20  or  y"^  -  9;/  --  20,  whence 

y  =  5  or  4  and  x  =  4  or  5. 

2nj 

>  Meth 

3D. 

x3  +  ^3  ^  189 

(I) 

x^y  +  xi/2  =  18C 

(n) 

xy(x  -ry)-  180 

(m) 

=  (II)  factored. 

180 

^+y=-— 

(IV) 

=  (III)  -r  xy. 

xi/ 

1803 
x3  + 3x^^+3x2/2  +  ^3  3  -3^ 

(V) 

=  (iv)  raised  to  3rd  power. 

180^^ 

3x^  +  3x2/2  ,  __  _  189 

(VI) 

=  (V)  -  (I). 

5832000- 189xY 
3x!/(x  +  y)  =  -             ^3^ 

(VII) 

=  (vi)  simplified. 

1944000 -63xY 

xy(x-ry)-             ^,^ 

(VIII) 

=  (VII)  -  3. 

1944000 -63xY 
180=             ^3^ 

(IX) 

=  (vm)  with  18C  substituted 

for  x2/(x  +  y). 

180xV=  1944000 -63xy 

(X) 

=  (ix)  cleared  effractions. 

243x-y  ^  19440 CO 

(XI) 

=  (x)  transposed. 

3^if^  =  8000 

(xn) 

=  (XI)  T-  243. 

xy  =  20 

(xin) 

=  (xn)  with  y  taken. 
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Thea,  as  before,  since  xy(x  +  y)  =  180  and  xt/  =  20  /.  x  +  y  =  9 
and  X  =  9  -  y,  whence  y(9  -  y)  =  20  or  y^  -  9y  =  -  20,  wherefore 
y  .--  5  or  4  and  x  =  4  or  5. 


3ED   JJ.ETHO. 


x^  +  2/3  =  189 

x^y  +  xy2  =  180 

,,y  +  zy  +(v-  zf  =  189 


(I) 
(") 
(in) 


i^'ru'"-c2)  =  180    (IV) 


2tJ* 


Gps2  =  189 
2vs2  -  180 
Qvz^  =  540 


Sv^  -  729  or  2o  =  9  or  t;  =  I 
8j;22=9or8c2xfx9orz  =  ±i 


(V) 

(VI) 
(VII) 

(VIII) 
(IX) 


=  (i)  wiia  i^v  +  z)  written 
for  X  and  (v  -  z)  for  y. 

=  (ii)  written  thus,  xy(x  +  y) 
and  then  (v  +  z)  and  (v  -  z) 
substituted  for  x  and  y. 

-  (ni)  expanded  and  red. 

=  (iv)  expanded. 

=  (VI)  X  3. 

= (V) +  (vu) 

=  (V)  -  (VI) 


Hence  x  =  u  +  s  =  |±^  =  5or4. 

y  =  y-c  =  |-(±i)  =  |±i  =  4or5. 
4th  Method. 


x3  +  y3  =  189 

x^y  +  xy'^  =180 

xy(x  +  y)  =  180 

180 

-+2/  =  — 

I89xy 


x^  -  xy  +  y^ 


**!/' 


180 
189r3/^ 


180 


180tjV-  ISOvy^i-  180J/2  =  I89yy2 

20t)2  _  41u  +  20  =  0 

20t>2  -  41t;  =  -  20 

180 
uV  4-  vy^  =  180  or  y^  =  ;-5 


Hence  y* 
RDd  X  =  5  or  4 


180 


V  +  V 
180 


(0 

(") 
(m) 

(IV) 

(V) 
(VI) 


(vn) 

(VIII) 


=  (ii)  factored. 
=  (hi)  V  xf- 

=  (0  V  (IV 


=  (v)  with  vy  subs,  for  x. 

=  (VI)  X  180. 
=  (vn)  trans,  and  -=-  Oy^^ 
which]  is  a  quadratic  equation, 
whence  v  =  ^  or  i. 
=  (ii)  with  vy  subs,  for  x. 


(IX) 


3fi  ^  5  or  TK~:r~l  -  S-*  ^r  125  whence  y  =  4  or  5 
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In  order  to  save  figures,  the  second  method  is  better  applied 
by  letting  x  +  y  =  s  aLd  xy  =  p,  then 


x^  +  y^=  189 

x^y  +  xy^  =180 

s^  -  3sp  =  189 

sp  =  180 

_  180 

P 

,3 


1803 


p' 

189 


1803 
540  =  -^  -  189 

180^ 
729=  — r 


180 
9=    — 
P 

p  =  20 

s  =  9 


(I) 
(n) 
(III) 

(IV) 

(V) 

(VI) 
(VII) 

(vm) 

(IX) 


.•  a;'  +  J/'  =  (i*  +  yy-  3xy(x  ~y). 
•.•  x^y  -t  xy^  =  a:y(x  +  y), 

=  (III)  v;>. 

=  (v)  cubed. 

=  (V)  -  (ni). 

=  (iv)  X  3  and  subs,  for  iefi-hand 

member. 
=  (vm)  transposed. 

=  (ix)  with  ^  taken. 


=  (x)  X  p  and  4-  9. 

=  (iv)  with  value  ofp  substituted. 


(X). 
(XI) 

.       180  .-.5  =  91  (xii) 
Hence  p  =  xy  -  20,  and  s  =  a:  +  ?/  =  9,  &c. 

Exercise  LIV. 
Find  the  values  of  x  and  y  in  the  following  equations : — 


1.  x3-y2:^45)        2.  x2- j/-2=  105) 
X  -y   zz    b]             x-J-y=2lj 

3.  a:2  +  ?/2  =  41 ) 

a;   +y  =    9j 

4.  x^  -r  ?/=  =  113  )      5,  x^  +  J/2  ^  89  ) 
a:  -   J/  =     15}                  a;y  =  40  ) 

6.  a:2  -  ?/2  =  55 ) 

Zxy  =  72  J 

7.  a:2  + 31/2  =  148)     8.  3x2-2i'2=ii5 
2x4-    ?/  =    24)           2x    -3]/=        2 

9.   4x2  +  3^2=511 

3x  +27/  =    27 

10.  x3- 2/3^  26)      11,  a;  +2/  =4 

X  -J/  =    2j             x'^f={x^yy 

12.    ^yx+  V!/  =  3) 

13.  a:  -r  4j/  =  14          )                14.  2^2  +  . 
1/2  + 4a:  =  2i/  +  llj 

ry-5j/2=20) 
2X-3J/  =    IJ 

.    9x  +  5y            -^ 

15.        4        -  ^y  /                         16.  xY 

+  4xr/  =  96) 
«  +  ya    6) 

x-v=    2 \ 
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x2       Ax 

¥'^1       ;    ^  xy^y^.  12 


=  2      5 


x'       y'  -^ 

19.  x^  +  xy  =  Q6)  20.  y  +  -  =  18  < 
rc2-7/2=llJ  x  +  2/=12? 

21.  x'+y' =  33^81  22.  a:3  + 7/3^133) 
a;  -i-  y  =  8        J  x  +  y=1     ] 

23.  a:*  +  t/*=97)  24.  x^-\-7f=91^ 

x-y=    I)  x2?/  +  xy^  =  84J 


6. + 

*^'xj/"4  >  x-y      x^y       -^   > 

X  +  y  -  13  =  13  -  a'2  -  2/2  )  a;2  +  7/2  =  52  > 

27.  x  +  2/  =  a;2     )  28.  x*  +  t/*  =  14xV| 

77/  -  2x  =  36 )  X  +  7/  =  m  j 

29,  x^  +  2f  =  74  -  XT/    )  30.  x*  -  x'-^  +  t/*  _  ^/Z  ^  34 

2xy  -I-  7/^  =  73  -  2x2  j  x"-  +  2xV  +  7^2  =  85 

31.  3x^  -f  2xy  -  47/2  ^  ^qs  1  32.  ^2  _  ^a  _  ^  _  ^.  ^^;^2  ) 

x2-3xy  -  7y2  =  -81J  (y  -  a:)2(7/ +  x)  =  48  j 

X  +  8  =  42/  '  ^ 

V(y2  +  i)  +  i       y(x  +  9)  +  3l  36.  x*  +  a^  =  xj 

^^"  V(^2  4.i)_i  =  V(-^  +  9)-3  !-  x3  +  7/3  =  1 

x(y  +  l)2  =  36(7/5 +  U)      J 

37.  (x--^  +  1)2/ =  (7^2  ^  1)^3 
(y6  +  i)x-  =  9(x2+  1)7/2 


38. 

x2        y         X        27       y^  \ 
x-y =  2 ) 

39. 
40. 

V(5V^  +  5Vy)  +  Vj/  =  10  -  V^ 

Vx^+Vr  =275 
.C-*  +  j/^  =  X  -  7/ 
0=2  +  y-  ^  axy 
XT/  +  a(x  -y)  =  d^  ) 
x  +  7/2  +  a3  =  0    J 

41. 
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42.  x^  +  y'^  +  a^  =  0  ) 

43.  x2  +  3y+a^  =  0  ) 
x6  -  3y3  +  a6  +  xhf(3x^  -  j/)  =  a^x2(a;2  +  2)  j 

44.  X  -  y  --  a      ) 

45.  x2  -  xj/  +  2r  =  a2    j 

46.  3x6  «  i8x*  +  27x2  =  2^6  -  llj/*  +  52y^  +  27       )  tofind  ^-and 


X*  +  y*  -  3  +  2x2(a  -  1)  =  2a(?/' 


[j/*  +  52^^4-27        )  tofind  A'an( 


47.  (l/2-x2)(y2_x2+4)+5  =  2V4(?6_a;6)_(5^2^12x2y3-5y2)(j/^-X^)  I 

7/4  _  3j/^  _  1  =  5x2  _  8x(l  '  ^x^  -  2x  +  5)  +  4:  \ 

48.  (X2  -  7/2)(a;2  +  3^2  _  4)  =  4^^ 


x2/+7(x2-2/2)  =  6xj/V2/' 


X2J 


PROBLEMS  PRODUCLNG  QUADRATIC  EQUATIONS. 

1.  "What  two  numbers  are  those  whose  difference  is  5  and  the 
product  of  whose  sum  by  the  greater  is  228  ? 

SOLUTION. 

Let  X  =  the  greater,  then  x  -  5  =  the  less. 
a;  +  a;-5  =  2x-5  =  their  sum 
Then  x(2x  -  5)  =  228  (i) 

2x2  _  5a;  =  228         (ii) 
16x2  -  40x  +  25  =  1849  (in) 
4r  -  5  =  i  43  (iy) 

4x  =  48  or  -  38 
.-.  X  =  12  or  -  9i  =  the  greater. 
X  -  5  =  7  or-  14|  =  the  less. 

2.  A  poulterer  bought  15  ducks  and  12  turkeys  for  105 
shillings,  at  the  rate  of  2  ducks  more  for  18  shillings  than  of 
turkeys  for  20  shillings.     What  was  the  r)rice  of  each  ? 


(ii)  X  8,  then  sq.  completed. 
(Ill)  with  V  taken. 
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■OLUTION. 

Let  X  -  price  of  a  duck  in  shillings  and  y  =  price  of  a  tnrkey. 


Then  15z  +  12y=  105 

18      20    ^ 

—  =  — +  2 
X        y 

5x  +  4i/=35 

9i/-10a;  =  xi/ 

10x  + 8^=70 

*    i7y  =  xy  +  70 

35-41/ 


\1y-y 


C-^)= 


70 


(I) 

(n) 

(m) 

(IV) 
(V) 
(VI) 

(VII) 
(VIII) 


=  (i)  reduced. 
=  (ii)  reduced 
=  (m)  X  2. 
=  (iv)  +  (v) 

=  (in)  transposed  and  reduced. 

35 -4t/ 
=  (vi)  with  — r subs,  for  x. 


2y2  +  25i/=175      (ix) 
16J/2  +  2001/+ 625  =  2025     (x) 
4i/+25  =  i45. 

4y  =  20  or-  70  whence  y  =  5s 
35 -4y         35-20 


=  (vm)  reduced. 

=  (ix)  X  8  and  so.  com'Dlete, 


3s. 


Note.— The  negative  value- 17s.  6d.  for  tlie  price  of  a  turkey  is  not  taken 
rato  account  here,  since  although  -  \1\  is  undoubtedly  a  root  of  the  equation 
2f/2  -f  2by  =  175,  yet  - 178.  6d.  as  the  price  of  a  turkey  does  not  satisfy  the 
conditions  of  the  problem  as  given  and  must  therefore  be  neglected. 

3.  Find  a  number  such  that  the  sum  of  its  square  and  its  cube 
shall  be  nine  times  the  next  higher  number. 

SOLUTION. 

Let  X  =  the  number,  then  x^  =  its  square,  and  x^  -  its  cube  ; 
ilso  X  +  1  =  the  next  higher  number. 
Thenx3  +  x2  =  9(x+l)      (i) 

(n) 
(III) 

(IV) 

Verification.    Take  +  3  3  then  27  +  9  =  36  =  9  (3  +  1). 

Take-3;then-2U9=-13  =  9(-3  +  l)  =  9x-2. 


x2  (x  +  l)  =  9(x+l) 
x2  =  9 
x  =  ±3 


=  (i)  factored. 
=  (ii)  +  x  +  1, 
=  (III)  with  V  taken. 
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4.  A  person  at  play  won,  at  the  first  game,  as  much  money  as 
he  had  in  his  pocket ;  at  the  second  game  he  won  5  shillings 
more  than  the  square  root  of  what  he  then  had ;  at  the  third 
game  he  won  the  square  of  all  that  he  then  had,  and  he  found 
that  he  then  possessed  £112  16s.     What  had  he  at  first? 

SOLUTION. 

Let  X  -  the  shillings  he  had  at  first. 

Then  2x  ~  the  shillings  he  had  at  the  end  of  the  1st  game. 

V2x  -r  5  =  sum  won  at  the  2nd  game. 

2x  +  V2^  +  5  =  sum  at  end  of  2nd  game. 

(2x  4-  V2i  +  ^y  =  sum  won  at  3rd  game. 

(2x  +  V2x  +  5)2  +  (2x  4-  aJTx  +  5)  =  sum  at  the  end  of  the  3rd 
game.     Then 

(2x  +  V2^  +  5)2  4-(2x4- V2^  +  5)=  2256 
(2x+V2i+5)2  +  (2X+V2I+  5)  +  i  =  ^/^ 


2x  +  V2^  =  42  or-  53 
Rejecting  the  negative  result  we 
(2a:)  +  V2^  =  42 
(2a,)  +  V2^  +  i  =  -4^ 
V2^  +  i  =  ±  ¥ 
V2x  =  6  or  -  7 
2x  =  36  or  49 
X  -  183. 


Note,— The  24J  which  we  get  here  as  one  value  ofx  is  not  admissible  as 
ail  answer  to  the  problem,  simply  because  it  does  not  answer  the  conditiont 
of  the  problem  as  given,  and  it  obviously  arises  from  the  fact  thatth^ 
^2x  may  be  either  ±.  It  becomes  an  answer  of  the  problem  if  we  under' 
stand  that  at  the  2nd  game  he  lost  a  sum  which  was  5  shillings  less  than 
the  square  root  of  what  he  then  had, 

5.  What  number  is  that  which  being  divided  by  the  product 
of  its  digits,  the'quotient  is  2,  and  if  27  be  added  to  the  number, 
the  digits  will  be  inverted  ? 


(I) 

(") 

=  (I)  with  i  added. 

(in) 

=  (u)  with^y  taken. 

(IV) 

=  (III)  transposed. 

have 

(V) 

(VI) 

=  (v)withsq.camp. 

(VII) 

=  (vi)  with  V  taken 

(VIll) 

=  (VII)  transposed. 

(IX) 

=  (viii)  squared. 

(X) 

=  (IX)  V  2. 
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(0 

lOx  +  yi-21  =  lOy+x  J 

(") 

X  =  3/-3 

(III) 

lOx  -f  2/  =  2xy 

(IT) 

l0(y-3)  +  y=2y{y-3) 

(V) 

2y^-l1y  =  -30 

(VI) 

l(i>/^-l3Qy^(liy-  =  i9 

(VII) 

4!/ -17  =  +  7 

(vm) 

4;/  =  2-i  ;  y=6;  x  = 

y-3  = 

SOLUTIOIT. 

Let  X  and  y  =  the  digits,  x  being  the  left-hand  one. 

Then  lOx  +  y  =  the  number,  and  xy  =  the  product  of  the  digits 

I 


=  (II)  reduced  and  transposed. 
=  (I)  X  xy. 

=  (iv)  with  y-3  subs,  for  x. 
=  (v)  reduced  and  transposed. 
=  (vi)  X  8  and  with  sq.  complete. 
=  (vii)  with  V  taken. 
6-3  =  3 

Hence  the  required  number  is  36. 
Note.— The  second  value  of  y  is  obviously  not  admissiblo  here. 

6.  A  and  B  travelled  on  the  same  road  and  at  the  same  rate 
to  London.  At  the  50th  milestone  from  London  A  overtook  a 
flock  of  geese,  which  travelled  at  the  rate  of  3  miles  in  2  hours, 
and  2  hours  afterwards  he  met  a  waggon  which  travelled  at 
the  rate  of  9  miles  in  4  hours.  B  overtook  the  flock  of  geese  at 
the  45th  milestone  from  London,  and  met  the  waggon  40  minutes 
before  he  came  to  the  31st  milestone.  Where  was  B  when  A 
reached  London  ? 

SOLUTION. 

A  and  B  travel  in  the  same  direction,  at  the  same  rate,  and 
on  the  same  road,  and  consequently  the  distance  between  them 
is  always  the  same. 

Let  X  =  rate  per  hour  of  travelling. 

The  places  where  A  and  B  overtook  the  geese  are  5  miles 
apart,  and  as  the  geese  travel  at  the  rate  of  |  of  a  mile  per  hour, 
to  travel  over  5  miles  they  would  require  5  -^  |  =  -3"  hours.     But  in 

lOx 
-'3^  hours  A  Las  moved  on 

on  only  5  miles. 


miles,  while  the  geese  have  moved 


lOx 
Therefore  distance  in  miles  between  *4  and  B-~ 
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Again,  A  met  the  waggon  50  -  2x  miles  from  London, 

2a; 
while  B  met  it  31  +  — miles  from  London,  consequently  as  the 

waggon  was  travelling  from  London,  the  distance  in  miles 

/         2x\ 

travelled  by  the  waggon  between  the  two  meeting  was    31  +  -5-  1 

8a; -57  \  ^/ 

-  (50  -  2x)  =  — r —  miles.     And  since  the  waggon  travelled  at 

•^  8X-57  32a;-228 

the  rate  of  |  miles  per  hour,  — - —  -f  |  =  — ^7 —  =  ^ii^^    i^ 

hours  which  elapsed  between  the  meeting. 
32X-228 
But    in r^r —    hours    Ji    has    moved    toward    Loudon 

/32x-228\ 

I  — rr —  1  X  miles  while  the  waggon  htis  gone  iu  the  opposite 

/8x-57\ 
direction  I  — ^ —  )  miles. 

32x2  _  228x 

Therefore  distance  iu  miles  between  A  and  B  -  '  ■■  ■  ^ 

8X-57  ^^ 


And  since  distance  between  A  and  B  is  always  the  same, 
32x2 -228x     8X-57     lOx 


27  '       3       ~    3    "^ 

16x2-    i23r=189 
1024x2- 7872X  + (123)2=  27225 


32x  -    123    =  165 
165    +123 


(0 

(n) 
(III) 


=  (i)  reduced. 

=  (11)  X  64  and  with  sq. 

then  completed. 
=  (ui)  with  V  taken. 


32 


(IV) 

=  9  =  rate  per  hour  of  travelling 


lOx 
Distance  of  B  from  '^--^ 

of  £  from  London  when  A  arrives  there. 


Exercise  LV. 

1.  Divide  the  number  19  into  two  parts  such  that  their  pro- 
duct shall  be  84. 

2,  What  two  numbers  are  those  whose  sum  =  17,  and  the  pro- 
duct of  whose  difference  by  the  greater  is  30? 
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3.  There  is  a  rectangular  field  whose  area  is  2080  rods,  and 
its  length  exceeds  its  breadth  by  12  rods.  Required  its  dimen- 
sions. 

4.  What  t.vo  numbers  are  those  whose  difference  is  9,  and  the 
sum  of  whose  squares  is  353  ? 

5.  Divide  the  number  16  into  two  parts  such  that  their  pro- 
duct added  to  the  sum  of  their  squares  shall  be  208. 

6.  A  commission  merchant  sold  a  quantity  of  wheat  for  $171, 
and  gained  as  much  per  cent,  as  the  wheat  cost  him.  What 
was  the  price  of  the  wheat  ? 

7.  A  person  bought  a  number  of  sheep  for  $80,  and  found  that 
if  he  had  bought  4  more  for  the  same  sum  they  would  have  each 
cost  $1  less.     How  many  did  he  buy  ? 

8.  A  certain  number  consisting  of  three  digits  is  such  that 
the  sum  of  the  squares  of  the  digits,  without  considering  their 
position,  is  104,  and  the  square  of  the  middle  digit  exceeds  twice 
the  product  of  the  other  two  by  4  ;  also  if  594  be  subtracted 
from  the  number  its  digits  will  be  inverted.  Required  the 
number. 

9.  A  farmer  paid  $240  for  ft  certain  number  of  sheep,  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  $216,  gaining 
40  cents  a-head  on  those  he  sold.  How  many  sheep  did  he  buy, 
and  what  was  the  price  of  each  ? 

10.  What  two  numbers  are  those  whose  sum  is  10,  and  the 
sum  of  whose  cubes  is  280  ? 

11.  What  are  the  two  parts  of  24  whose  product  is  equal  to 
35  times  their  difiference  ? 

12.  Find  two  numbers  such  that  their  sum,  their  product,  and 
the  difiference  of  their  squares  are  all  equal  to  one  another. 

13.  The  fore-wheel  of  a  carriage  makes  6  revolutions  more 
than  the  hind-wheel  in  going  120  yards,  but  if  the  circumference 
of  each  had  been- increased  one  yard,  the  fore-wheel  would  have 
made  only  4  revolutions  more  than  the  hind-wheel  in  going  the 
same  distance.     What  is  the  circumference  of  each  wheel  ? 

14.  The  sum  of  two  fractions  is  l|f  and  the  sum  of  their  reci- 
procals is  2^/.     What  are  the  two  fractions  ? 

15.  A  person  dies  leaving  $46800  to  be  divided  equally  among 
his  children.    It  chances,  however,  that  immediately  after  the 
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death  of  the  father,  two  of  his  children  also  die,  and  in  conse- 
quence of  this,  each  remaining  child  receives  $1950  more  than 
it  was  entitled  to  by  the  father's  will.  How  many  children  were 
there  ? 

16.  During  the  time  that  the  shadow  of  a  sun-dial  which 
shows  true  time,  moves  from  one  o'clock  to  five,  a  clock  which 
is  too  fast  by  a  certain  number  .of  hours  and  minutes,  strikes  a 
number  of  strokes,  which  is  equal  to  that  number  of  hours  and 
minutes,  and  it  is  observed  that  the  number  of  minutes  is  less  by 
41  than  the  square  of  the  number  which  the  clock  strikes  at  the 
last  time  of  striking.  The  clock  does  not  strike  12  during  the 
time.     How  much  is  it  too  fast? 

17.  Two  locomotives  commence  running  at  the  same  time 
from  the  tvro  extremities  of  a  railroad  324  miles  in  length  ;  one 
travelling  3  miles  an  hour  faster  than  the%)ther,  and  they  meet 
after  having  travelled  as  many  hours  as  the  slower  travelled 
miles  per  hour.     Required  the  distance  travelled  by  each'. 

18.  A  person  ordered  $144  to  be  distributed  among  some  poor 
people ;  but,  before  the  money  was  divided,  there  came  in  two 
claimants  more,  by  which  means  the  share  of  each  was  $1  below 
what  it  would  otherwise  have  been.  What  was  the  number  at 
first? 

19.  Find  a  number  such  that,  being  divided  by  the  product  of 
its  two  digits  the  quotient  is  2;  and  27  being  added  to  the 
number  its  digits  are  inverted. 

20.  A  grocer  sold  GO  lbs.  of  coffee  and  80  lbs.  of  sugar  for 
$25,  but  he  sold  24  lbs.  more  of  sugar  for  $8  than  he  did  of 
coffee  for  $10.     What  was  the  price  of  a  lb.  of  each  ? 

21.  A  and  B  engage  to  cradle  a  field  of  grain  for  $36,  and  as 
A  alone  could  cradle  it  in  18  days,  they  promise  to  complete  it 
in  10  days.  They  found,  however,  that  they  were  obliged  to  call 
in  C,  an  inferior  workman,  to  assist  them  for  the  last  four  days, 
in  consequence  of  which  B  received  $1-50  less  than  he  would 
otherwise  Lave  done.  In  what  time  could  B  or  C  separately 
cradle  the  field  ? 

22.  A  rectangular  vat  5  feet  deep  holds,  when  filled  to  the 
depth  of  4  feet,  less  than  when  completely  filled  by  a  number  of 
cubic  feet  equal  to  80  together  with  half  the  number  of  feet  in 
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the  perimeter  of  the  base.  It  is  also  ooservea  that  the  length  of 
a  pole,  which  reaches  from  one  of  the  corners  of  the  top  to  the 
opposite  corner  of  the  bottom  of  the  vat,  is  equal  to  -4^0"  of  the 
number  of  feet  in  the  square  described  on  the  diagonal  of  the 
bottom.     Required  the  dimensions  of  the  vat. 

23.  Two  persons  set  out  at  the  same  time  to  travel  on  foot,  A 
from  Toronto  to  Cobourg,  and  B  from  Cobourg  to  Toronto,  "Wlien 
they  meet  it  is  found  that  A  has  travelled  15  miles  more  than  B, 
and  that  A  will  reach  Cobourg  in  2  hours,,  and  B,  Toronto  in 
41  hours.  Find  the  distance  between  Toronto  and  Cobourg  and 
the  rate  of  travelling  of  each. 

24.  Find  two  numbers  such  that  their  product  shall  be  equal 
to  the  difference  of  their  squares,  and  the  sum  of  their  squares 
equal  to  the  diflference  of  their  cubes. 

25.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  full  cask, 
and  seized  the  opportunity  of  drinking,  which  he  continued  for 
I  of  the  time  that  Silenus  would  have  taken  to  empty  the 
whole  cask.  Silenus  then  awoke  and  drank  what  Bacchus  had 
left.  Had  they  both  drank  together,  it  would  have  been  emptied 
two  hours  sooner,  and  Bacchus  would  have  drunk  only  half 
what  he  left  Silenus.  How  long  would  it  have  taken  each  to 
emoty  the  cask  separately? 


gECTION  X, 
RATIO,  PROPORTION,  AND  VARIATION. 

RATIO. 

212.  Ratio  is  the  relation  one  quantity  bears  to  another 

in  regard  to  magnitude,  the  comparison  being  made  by 

considering  what  multiple  or  fraction  the  first  is  of  the 

second. 

Note.— It  will  bo  Bcen  from  this  definition  that  the  tenaraiio  is  equivai 
lent  to  the  common  arithmetical  term  quotient 
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213.  The  ratio  of  one  quantity  to  another  is  expressed 
by  placing  a  colon  between  them  or  by  writing  them  in  the 
form  of  a  fraction. 

Thus,  the  ratio  of  a  to  &  is  written  a-.h  or  more  commonly--- 

214.  Ratio  can  exist,  of  course,  only  between  quantities 
of  the  same  kind,  because  it  is  only  between  such  quanti- 
ties that  any  comparison  as  to  magnitude  can  be  instituted- 

215.  Quantities  are  of  the  same  kind  when  one  can  be 
multiplied  so  as  to  exceed  the  other. 

Thus,  a  ratio  can  exist  between  a  cent  and  £100,  or  between  a  square 
inch  and  an  acre,  or  between  a  grain  troy  and  a  cwt.,  because  in  each  case 
the  one  can  be  multiplied  so  as  to  exceed  the  other,  or,  in  other  words  the 
quantities  entering  into  the  ratio  are  of  the  same  kind;  but  no  ratio  can 
exist  between  a  linear  inch  and  an  acre  because  the  former  cannot  be 
multiplied  so  as  to  exceed  the  latter, 

216.  The  term  of  the  ratio  which  precedes  the  sign: 
or  which  is  written  as  numerator  of  the  fraction  is  called 
the  antecedent  of  the  ratio,the  remaining  term,the  consequent. 

217.  A  ratio  is  said  to  be  a  ratio  of  greater  ineqiiaJiti/, 
a  ratio  of  equality,  or  a  ratio  of  less  inequality ,  according 
as  the  antecedent  is  > ,  =,  or  <  the  consequent. 

218.  If  the  antecedents  of  any  ratios  be  multiplied  to- 
gether and  also  the  consequents,  there  is  formed  a  new 
ratio  which  is  said  to  be  compounded  of  the  former  ratios. 

Thus,  the  ratio  ace :  hdf^  said  to  be  compounded  of  the  ratios  a:b,c:  cl, 
and  e :/. 

219.  A  ratio  compounded  of  two  ratios  is  called  the 
sum  of  these  ratios,  thus,  when  the  ratio  a  :  h  is  com- 
pounded with  itself  the  resulting  ratio  a^  :  h^  is  called  the 
double  of  the  ratio  a  :  h  or  more  commonly  the  duplicate 
ratio  of  a  :  h;  also  the  ratio  a^  :  h^  is  called  the  triple  of 
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the  ratio  a  :  h  or  more  commorily  the  tnjjUcate  ratio  of 
a'.Jj. 

Note.— Similarly  the  ratioVa :  \lb  is  called  the  suhdupUcaie ;  the  ratio 
^ a:\lb,  the  suhtripUcate ;  the  ratio  a^ :  b^,  the  sesguiplicate  of  the  ratio 
a:  b,  &C. 

220.  Problems  upon  ratios  are  solved  by  writing  the 
ratios  as  fractions,  and  treating  these  fractions  by  the  ordi- 
nary rules.  Ratios  are  compared  with  one  another  as  to 
magnitude  by  writing  them  as  fractions,  reducing  these 
fractions  to  a  common  denominat<jr,  and  comparing  the 
numerators. 

221.  Theorem  I. — J  ratio  of  greater  inequality  is  diminished, 
and  a  ratio  of  Uss  inequality  increased,  by  adding  the  same  quantity 
to  both  its  terms. 

Demokstuation.— Let  a:  &  be  a  ratio  of  inequality,  and  let  x  be  added 
to  each  term. 

Then* -7-  ^  ,  -, —  as  ah  -{-ax  ^ab-\-  bx,  or  as  ax  >  bx  or  as  a  >  &. 
b   <  b-\-x  <  <  < 

That  is  if  ay  b  then  axybx  and  ab-i-axy  ah  +  bx  and  -~  >  iLjL^  • 

b         b  -\-  X 

but  if  a  <  Z»  then  ax  <  bx  and  ui  -f  ax  <  ai  4-  bx  and  —  <-  "  "^  ^ 

b        b-\-  x 

"Read  -^  is  greater  than  or  less  than  Z~^  according  as,  &c. 

222.  Theorem  ll.^-ji  ratio  of  greater  inequality  is  increased, 
and  a  ratio  of  less  inequality  diminished,  by  subtracting  the  same 
quantity  from  both  its  terms.* 

DEM•o^^STrvATIO^^— Lotrt:  Z>bea  ratio  of  inoiuality,  and  let  x  be  sub- 
tracted from  each  term. 

Then  —  >  ^_^,  as  ab-ax>ab-bx;  or  as  bx  ^axorasb>  a. 


*The  quantity  subtracted  must  however  be  less  than  eitJier  of  the  terms, 
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223.  Ji  ratio  is  increased  or  diminished  by  being  compounded 
•with  another  ratio  according  as  the  latter  is  a  ratio  of  greater  or 
less  inequality. 

DemoihSTiiation.— Let  the  ratio  a:  b  he  compounded  with  the  ratio 
711 :  n,  the  latter  being  a  ratio  of  inequality. 

Then  -^  <  r^,  according  as  abn  <-  abm,  or  as  ?i  <  tw,  or  as  w  :  «.  is  a 
b  y  bn  °  >  > 

ratio  of  greater  or  less  inequality. 

Exercise  LYI. 

1.  Find  the  ratio  compounded  of  a  :  &  ;  c  :  a"^  ;  and  ah  :  cd. 

2.  Compound  together  the  ratios  a^  -  b"^  :  a^  +  6^  ;  (a  -  b)^  :  a 
and  a^-ab  +  b^  :  {a-  bf. 

3.  Compound  together  the  ratios  x-  -  2a;  -  15  :  x^  -  3x  -  10  ; 
x'^  +  x-2  :  x^  +  8x  +  15  and  z^  +  12z  +  35  :  x^  -  I. 

^.  Which  is  the  greater  ratio  that  of  a^  +  b^  :  a"^  +  h-  or 
a'^-b'^-.a-^b. 

5.  Which  is  the  greater  ratio,  that  of  x^  +  y'^  -.  x^  -  y"^  or 
(x  +  y)*  :  x^  -  x^y  +  x"^]!^  -  xy^  -h  y^  ;  x  ^5  being  >  y  ^1. 

G.  What  quantity  must  be  subtracted  from  each  term  of  the 
ratio  a :  6  in  order  to  make  it  equal  to  the  ratio  c  :  d. 

7.  What  quantity  must  be  added  to  each  term  of  the  ratio 
m  :  n  in  order  to  convert  it  intd  a  ratio  of  equality. 

8.  If  a  :  6  be  a  ratio  of  greater  inequality,  what  is  the  ratio 
compounded  of  the  ratio  of  a  +  b  :  a  -b,  the  difference  of  the 
duplicate  ratios  of  a  :  a  and  a  :  b,  and  the  triplicate  ratio  of 
I  :  a  +  b. 

9.  Prove  that  the  ratio  a  :  6  is  the  duplicate  of  the  ratio  of 
a  +  c  to  6  +  c,  if  c  be  a  mean  proportional  between  a  and  b. 

10.  Prove  that  d^  -b^  :  a"^  +  b'^  is  greater  or  less  than  the  ratio 
of  a  -  6  :  a  4-  6  according  as  a  :  6  is  a  ratio  of  greater  or  less 
inequality. 


PROPORTION. 
224.  Proportioa  consists  in  an  equality  between  two 
ratios,  the  two  equal  ratios  being  connected  by  the  sign  :: 
or  by  the  ordinary  sign  of  equality. 
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For  example,  if  a,  b,  c,  and  d  be  four  proportional  quantities,  the  pro- 
portion existing  between  thorn  is  expressed  by  writing  them  thus, 
a:b::c;d. 

Note  1.— The  lirst  and  fourth  of  such  proportional  quantities  are  called 
the  extremes;  and  the  second  and  tliird,  the  means. 

Note  2.— When  three  quantities  a,  b  and  c,  are  proportionals,  so  that 
a  :  b  ::  b  :  c;  the  second  term,  b  is  said  to  be  a  meayi  proportional 
between  the  other  two,  and  the  third  term  c  is  called  a  third  x^roportional 
to  the  other  two. 

225.  Theorem  I. — If  four  quantities  be  proportionals,  the  product 
of  the  extremes  is  equal  to  the  product  of  the  means. 

DEiro^'STBATIOS.'-Let  a:b::c:d,  then  ad  =  be. 

For  — -  =  —  and  multiplying  each  of  these  1/y  bd  we  have  ad  =  be. 

CoK.  Hence  if  three  terms  of  a  proportion  are  given,  the  fourth  may  be 

readily  found.    Thus,  «  =  — -;  b  =  — ;  c=-^;  d=  — 
'  d  c  b  a 

226.  Theorem  II. — If  the  product  of  any  two  quantities  be 
equal  to  the  product  of  any  two  others,  the  four  are  proportionals 
— the  factors  of  either  product  being  made  the  extremes,  and  the 
factors  of  the  other  product  the  means. 

Demo>-stration.— Let  ad  =  be,  then  dividing  each  of  these  by  bd  and 

we  have  -r-  =  -r  that  isa:b::c;d. 
b         d 

.  227.  Since  the  two  ratios  composing  a  proportion  may  be 
written  as  two  equal  fractions,  it  follows  that  all  the  results  ob- 
tained in  Art.  lOG  may  be  applied  to  proportional  quantities,  or 
in  other  words,  we  may  combine  together  in  any  manner  what- 
ever by  addition  or  subtraction  the  first  and  second  terms  of  a 
proportion,  provided  we  similarly  combine  the  third  and  fourth 
terms.  So  also  we  may  similarly  proceed  with  any  multiples 
whatever  of  the  first  and  third,  and  any  multiples  whatever  of 
the  second  and  fourth  terms.  And  we  may  combine  any 
powers  or  roots  of  the  first  and  second  terms,  provided  we  also 
similarly  combine  the  same  powers  or  roots  of  the  third  and 
fourth.     (Sec  the  demonstrations  in  Art.  lOG  (i  -  xvi). 
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228.  In  solving  problems  in  proportion  the  student  must 
carefully  bear  the  last  proposition  (227)  in  mind,  and  also 
that  :— 

I,  Any  proportion  may  be  converted  into  an  equation  by 
taking  the  product  of  the  extremes  equal  to  the  pro- 
duct of  the  means. 
II.  Any  proportion  may  be  converted  into  an  equation,  by 
writing  the  first  term  divided  by  the  second  =  the  third 
term  divided  by  the  fourth. 

b 
Ex.  1.  Ua:b::c  id  prove  that  (a.+  b)(c  +  d)  ~  -T(c  +  dy 

d 

a       c  be  aa 

be 
In  the  expression  (a  +  o)(c  +  cZ)  substitute -^  for   a,   and    we 

/be       \  /be  +  bd\ 

have  (a  +  bXc  +  d)  =   f  —  +  6  j(c  4- (Z)  =   (       ^      jic  +  d)  = 

-J  (e  +  d)(c  +  d)  =  ^(c  +  dy 

ad 

Suuilarly  in  the  expression  (a  +  6)(c  +  d)  substitute  -;-  for  c. 

(ad       \    ^ 
This   gives   us    (a  4-  6)(c  4- rf)  =   (a  +  6)/y  +  <il   =  (a  +  6) 

(ad  +  bd\  d       d 

Ex.  2.— Given  x^  +  f  :  x^  -  y^  ::  559  :  12'7  and  x^j/ =  294  to 
find  the  values  of  a:  and  y. 

OPERATION. 

127x3+  127^3^  559x3-  5j9y^  qv  SSGy^  =  A32x^  ov  3A3y^  ^  2lGx^ 

or  7y=  6x  .-.  y  =  fx.     Substitute  this  value  of  y  in  the  second 

equation  and  wo  have 

6x3  3,3 

x^y  =  294  or  x^  x§  x  =  294  or  —j-  =  204,  or  y  =  49  ;  or  x^ 

-  343  ;  or  X  =  7,  whence  y  =  6. 
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Ex.  3.    U a  :  b  ::'c  :  d  and  iriso  m  :  n  ::  p  :  q. 
Prove  that  ma  +  nb  :  ma  -  nb  : :  pc -h  gd  :  pc  -  qd. 

a        c 

Since  a  :  b  ::  c  :  d  and  m  :  n  ::  p  :  q,  then  T"  =  "T  ^^^ 

m        p  am 

—  =  — .    Multiplying  these  equals  together,  we  have  -r-  x  — 

c        p        ma      pc  ma  +  nb      pc  +  qd 

=  -r  X  —  or  — r  =  ■^.    Then,  Art.  106  (vii), r  = S 

d        q         nb      qd  '  ^     - '  ma  -  n6      pc-  qd 

that  is  ma  +  nb  :  ma  -  n6  : :  ^c  -r  jti  :  /)c  -  ja'. 
EXEHCISE  LVII. 


1.  If  a,  b,  c,  d  be  any  four  quantities  whatever,  find  what 
quantity  added  to  each  will  make  them  proportionals. 

2.  If  four  numbers  be  proportionals  show  that  there  is  no 
number  which,  being  added  to  each  will  leave  the  resulting  four 
numbers  proportionals. 

3.  If  a  :  b  ::  c  :  d  and  m  :  ?i  ::  p  :  q  prove  that  ma^  -  2nb^  : 
pc^  -  2qd^  ::  ma2  +  2nb'  :  pc^  +  2qd'^. 

4.  There  are  two  numbers  whose  product  is  24,  and  the  dif- 
ference of  their  cubes  is  to  the  cube  of  their  difference  as  19  to 
1.    What  are  the  numbers  ? 

5.  The  number  20  is  divided  into  two  parts,  which  are  to 
each  other  in  the  duplicate  ratio  of  3  to  1.  What  is  the  mean 
proportional  between  these  parts? 

6.  If  x-  :  y  ::  a^  ;  P  and  a  \  b  ::  ^7Tx  :  ^dTy  prove  that 
dx  -  cy. 

1 .  U  (a  +  b  +  c  +  d)(a  -  b  -  c  +  d)  =  (a  -  b  ^  c  - d)(a  +  b-c-d) 
prove  that  a  :  b  ::  c  :  d. 

8.  What  two  numbers  are  those  whose  sura,  difference  and 
product  are  as  the  numbers  s,  d  and  p  respectively  ? 

9.  A  person  in  a  railway  carriage  observes  that  another  train 
running  on  a  parallel  line  in  the  opposite  direction  occupies 
two  seconds  in  passing  him  ;  but  if  the  two  ti'ains  had  been 
proceeding  in  the  same  direction,  it  would  have  required  30 
seconds  to  pass  him  ;  compare  the  rates  of  the  two  trains. 

10.  A  and  B  speculate  in  trade  with  different  sums  of  money. 
A  gains  §1jO  and  B  loses  §50,  and  now  A's  stock  is  to  B's  as 
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3  :  2,  but  had  A  lost  $50  and  B  gained  $100,  A'3  stock  would 
have  been  to  B's  as  5  :  9.    What  was  the  stock  of  each  ? 

11.  l£b  =  ^ac  prove  that  a  +  b  +  c  :  (a  +  Z»  +  c)-  ::  a  -  b  -h  c  : 

12.  Ub  =  sjac  prove  th&t  a  :  c  ::  (a  +  6)(a-i)  :  (6+c)(i-<:). 

13.  What  number  is  that  to  which  if  3,  8  and  17  be  severally 
added,  the  first  sum  shall  bo  to  the  second  as  the  second  sum  is 
to  the  third. 

14.  If  7/1  shilling  in  a  row  reach  as  far  as  n  sovereigns,  and  a 
pile  of  j3  shillings  be  as  high  as  a  pile  of  q  sovereigns,  compare 
the  values  of  equal  bulks  of  gold  and  silver. 

,       •42a4-llj6      '\lc\\\\d 

15.  If  a  :  6  ::  c  :  d  prove  that    ^^_^^     =  -^^^ ' 

16.  If  a,  6,  c,  and  d  are  in  continued  proportion,  express  (a  +  &) 
(c  -  d)  in  terms  of  a  and  c,  and  prove  that  a  :  ^a  ::  b  :  ^d.     . 


VARIATION. 

229.  Variation  is  an  abridged  method  of  indicating 
proportion,  and  is  conveniently  used  in  investigatinor  tlie 
relation  which  varying  but  dependent  quantities  bc^ir  to 
one  another. 

The  two  terms  of  a  variation  are  the  two  antecedents  of  the  correspond- 
ing proportion— the  consequents  not  being  expressed.  Thus,  when  we 
say  the  interest  varies  as  the  principal,  we  mean  that  if  P  and  j?  be  any 
two  principals  and  /  and  i,  the  corresponding  interests  at  a  given  rate  and 
time,  then 

I  ;  i  ::  P  :  p  or  briefly,  omitting  the  consequents,  /  x.   P. 

230.  The  sign  cc  is  called  the  sign  of  variation,  and  is 
read  varies  as. 

Thus,  i  X  P  is  read,  /  varies  as  P. 

231.  One  quantity  is  said  to  vary  dlrectJy  as  another 
when  the  two  quantities  depend  upon  each  other,  so  that 
if  one  be  changed  in  any  manner  the  other  must  also  be 
changed  in  the  same  proportion. 
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Tluis,  leaving  time  and  rate  per  cent,  out  of  consideration,  the  interest 
(/)  varies  directly  as  the  principal  (P),  for  if /is  changed  to  *,  P  must  also 
be  changed  to^  iu  such  a  manner  that  I  :  i  :  :  P  :  p. 

Note.— When  we  simply  say  that  one  quantity  varies  as  another,  we  are 
ahvay.5  underst<>od  to  mean  that  the  one  varies  directly  as  the  other. 

232.  Oiic  (juaiitity  is  said  to  uari/  inversely  as  another 
wliea  the  first  cannot  be  changed  in  any  manner,  but 
the  rccq^rocal  of  the  second  is  changed  in  the  same  pro- 
portion. 

Thug,  A  X  -—  {A  varies  inversely  as  B),  if,  when  A  is  changed  to  a,  B 
L> 

must  be  changed  to  h,  so  that  A  :  a  \  -.  —  :  -r-  :  \h  :  B. 

For  example,  if  the  area  of  a  triangle  be  given  the  base  varies  inversely 
as  the  altitude,  for  if  ^  and  a  be  the  altitudes  andi>  and  &  the  bases  of  two 

equal  triangles,  then^JS  =  (xh  ,\A  \  a  ;  :  h  \  Box  A  \  a:  :— -  :  ~  ot  A 
1 

233.  One  quantity  is  said  to  vary  as  two  others  jointly, 
if  when  the  first  is  changed  in  any  manner  the  jyroduct  of 
the  other  two  is  changed  in  the  same  proportion. 

That  is  A  cc  BC{A  varies  as  B  and  C jointly)  when  if  ^  be  changed  to  a 
the  product  iJC'mustbe  changed  to  be  iu  such  a  way  that  A  :  a  :  :  BC  :  be. 

Thus,  the  area  of  a  triangle  varies  as  the  base  and  altitude  jointly ;  forif 
A,  B  and  P  represent  the  area,  base  and  altitude  of  any  triangle,  and 
a,  b,  p,  the  area,  base  and  altitude  of  any  other  triangle,  then  A  —  ^DP 

and  a  =  ~bp  .-.  —  =  ^  .-.  A  :  a  :  :  BP  :  hp  .:  A  oc  BP. 
"  bj) 

234.  One  quantity  is  said  to  vary  directly  as  a  second 
and  inversely  as  a  third,  when  the  first  cannot  be  changed 
in  any  manner,  but  the  quotient  of  the  second  by  the  third 
hi  changed  in  the  same  proportion. 

That  is  Av:  —  A  varies  directly  as  B  and  inversely  as  C),  when,  if  ^  bo 

changed  to  a,  -—  must  be  changed  to  —  so  that  A  :  a  :  :  -yr  :  — , 
C  c  C      c 
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Thus,  the  base  of  a  triangle  varies  directly  as  the  area  and  Inversely  as 

BP        A 

the  altitude ;  for  taking  A,  B,  P ;  a,h  and  p  as  in  last  article  - —  =  — • 

bp         a 

multiplying  bolh  by  —  we  get  -j-  =  ~^  =  ~  ~  ~  .-.  B  :  b 
P  b        aP       4         p 

;  :  —  :  —  or  JB  <x  — -. 
P       p  P 

THEOEEMS. 

235.  Theoeem  I.— If  orm  quantity  vary  as  another^  it  is  equal 
to  some  constant  multiple  of  that  other.  That  is  if  A  cc  B  then 
A  =  mB  where  m  is  a  constant  quantity. 

De^ioxstratioit.— For  if  A  cc  B  then  A   :  a  :  :  B  :  b,  alternately 

A  :  B  :  :  a  :  b .-.  —-  =  -j-.  let  -r-  =  7n,  then  ~  =  ra  .-.  A—  mB 
B         b  '         b  B 

where  m  is  a  constant  quantity. 

Note  1.— This  principle  enables  us  to  convert  a  variation  into  an  equa- 
tion and  is  therefore  made  use  of  in  almost  every  problem  and  theorem 
in  variation, 

ly  OTE  2.— Ilence  if  ?;i  is  a  constant  quantity  and  A  =  mB  then  ^  x  i?,  i,  e. 
A  varies  as  B ;  also  ifA  —  ~  then  ^  cc  —  i.  e.  .4  varies  inversely  as  B ;  also 

if  ^  =  -^  then  Ack  —-  i.  e.  varies  directly  as  B  and  inversely  as  C. 
Also,  if  ^  =  mBC,  then  A  a  BC  i.  e.  A  varies  as  B  and  C  jointly. 

236.  Theoeesi  II.— 7/^  oc  B  and  B  cc  C,  then  A  oc  C. 

Dexo>'stbatio>\— By  Theorem  1,  A  =  mB  and  B  =  nC  where  m  and 
n  arc  constants,  then  A  =  miiC,  that  is  ^  cc  C,  because  both  m  and  n 
being  constant,  mn  their  product  is  also  constant. 

Note.— Also  if --4  a  BandB-^.  —  then  ^  x   -jj. 

237.  Theoeem  III.— 7/^  oc  C  and  BccC  then  A±Buz  Cand 
^J{JLB)  oc  C. 

DE:.xo^•STRATIO^r.— By  Theorem  1,  A  =  ?rtCaud  B  —  nC  where  m  and  n 
are  constants.  Then  A  ±  B  —  mC  ±  nC  =  (m  ±  n)C  ..  A±  B  a.  C, 
because  m  ±  « is  a  constant  quantity.  

Ali^o  ^/{AB)  —  V(wiCx  ?iC)  =  V('n?iC'2)  =  *yf{mn)C  .-.  ^/aB  a  C. 

a  a 

238.  Theorem  lY.—lfA  oc  BC^  then  B  cc  -^  and  C  cc  ■^. 


Arts.  23o-2i2.]  VARIATION.  195 

DEiIO^-STPvATION.— By  Theorem  I,  A  —  mBC,  then  U  —    —  —  ~jL 

mC       m   C 

/.  Z;  cc  —  and  C  —  — -  = ,-.  Co.    - 

C  viB  VI  B  B 

239.  Theorem  Y .—If  A  az  B  and  C  cc  D,  then  AC  cc  BD. 

De:mo>stratiox— By  Theorem  I,  A  —  mB  and  C  —  nD,  then  ^C'~ 
??i?iJ5Z)and  .-.AC v.  BD. 

210.  Theorem  YI.— 7/  A  oz  B  then  A""  cc  £^. 

Demonstration.— By  Theorem  I,  A  ~  mB,  then  A^  -  vJ^B^,  but  n*** 
is  a  constant  quantity  .-.  ji""  a.    B^. 

XoTE.— Soalsoif^oc  JSthenv^  a  T^B. 

241,  Theorem  VII.'— 7/"  A  cc  B  and  P  he  any  other  quantity 

then  AP  cc  BP  and  p-  ex:  -p  . 

Pemoxsteatio>'.— By  Theorem  I,   J    =  mB  hence  PA  —  mPB 

/.PAx  PB. 

...  -,         A         mB  B         A         B 

AlsoA=:viB  .•.  -—  ;=  ——■  =  m-=-  .*.  -r-  «    -rr- 
P  P  P        P         P 

Note.— Hence  —  is  constant,  for  if  .4  «  B  dividing  both  by  B,  v,q  have 
A        B       ^       ^ 

■b'"b''^  ^■ 

242.  Theorem  VIII. — When  three  quantities  are  so  related  that 
the  increase  or  decrease  of  one  depends  upon  the  increase  or  decrease 
of  the  other  two,  in  such  a  way  that  if  either  of  these  latter  he 
inmriahle  the  first  varies  as  the  other,  then  when  both  vary  the  first 
varies  as  their  product.  That  is,  if  A  oo  B  when  C  is  constant, 
and  A  cc  C  when  B  is  constant,  then  A  oc  BC  when  B  and  C 
are  variahle. 

Demon'stration.— The  variations  of  A  depend  upon  the  variations  of 
two  other  quantities  B  and  C;  let  the  variations  of  these  take  place  separ- 
ately, and  when  B  is  changed  to  b  let  A  be  changed  to  a,  and  when  C  is 
clianged  to  c  let  a  be  changed  to  a'.    Then 

A  :  a  :  :  B  :  b  ;  and 

a  :  a'  :  :  C :  c  and  by  compounding  these  wc  have 

A  :  a'  :  :  BC  :  be  .-.  (Art.  229)  ^  a  BC. 

Note.— In  a  similar  way  it  may  bo  shown  that  when  there  is  any  num- 
ber of  quantities,  A,  B,  C,  D,  ^c,  such  that  A  varies  as  each  of  the  others 
when  the  rest  are  constant— then,  when  they  are  all  changed,  A  varies  u-- 
their  product. 
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Ex  1.  U  X  cc  yz^  and  2,  3  and  5  be  contemporaneous  values 
of  ^,  7/  and  z,  express  x  in  terms  of  yz. 

OPERATION. 

Since  xozyz^  .-.  x  -  myz^  and  when  x  =  2,  y  =  3  and  c  =  5,  then 
substituting  these  values  we  have  2  =  m  x  3  x  5"^  =  I5m  .-.  m  = 
r^-.     'i  hen  x  =  myz^  or  x  =  -ftyz^- 

Ex.  2,  Given  that  a  az  b  and  that  when  a  =  2,  6  =  1  find  the 
value  of  a  when  6  =  5, 

OPEBATION. 

Since  a  cc  b  .-.  a  =  mb  or  2  =  m,  because  a=  2  and  6  =  1. 
Then  when  6  =  5  we  have  a  =  mb  -  2  x  5  =  10. 
Ex.  3.  Given  that  x  cc  yz,  and  that  x  =  2  when  y  =  z  =  2,  find 
the  value  of  x  when  y  =  z  =  3, 

OPEEATION. 

Since  x  cc  yz  .-.  x  =  myz,  that  is  2  =  m  x  2  x2  =  4wi  .-.  m  =  |. 
Then  a;  -  myz  =ix3x3  =  §  =  4|  when  y  =  r  =  3. 
Ex.  4.  If  4y  +  3:;  cc  5y  4-  4r,  shew  that  y  cc  z. 

OPERATION. 
4^  +  3r  oc  5?/  +  4c  or  4y  +  3c  =  772(5?/  +  4c)  =  5my  +  4/nc 

/4OT-3 

.-.  4y  -  5my  =  4/72c  -  3c  or  (4  -  5m)y  =  (4oi  -  3)z  or  y  = — 

4//1  -  3     V^  -  ^'^ 
or  7/  =  c  multiplied  by  the  constant  quantity  ^  _  ^^^^  .-.  y  cc  z. 

Ex.  5.  If  2/  =  the  sum  of  three  quantities  of  which  the  first 
a:  x^,  the  second  oc  x,  and  the  third  is  constant,  and  when 
X  =  1,  2,  3,  2/  =  6,  II,  18  respectively,  express  y  in  terms  of  x. 

OPERATION. 

Thie  first  quantity  oc  x^  and  is  .-.  =  mx"^,  similarly  the  second 
quantity  cc  x  and  is  therefore  =  nx,  and  the  third  quantity  is 
constant,  and  is  .-.  = /?,  say.  Then  y  being  =  the  sum  of  these 
we  have  y  -  mx^  +  nx  +  p,  and  taking  x  =  1,  2;  3  and  y  =  6,  11, 
18,  we  get  the  three  equations  : — 
6  =  7/1  +  n  +  p 

1 1  =  47/1  + 

18  =  9/71  + 

which  when  solved  give  771  =  1  ;  7i  =2,  and^J  =  3,  and  substituting 
these  in  the  equation  y  =  mx^  +  nx  +^  we  have  y  =  x^  +  2x  +  3. 


2ni-p  C 
Snhp  ^ 
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Exercise  LVIII. 

1.  If  mx-  +  y  cc  cx^  -  dy  shew  that  x  oc  ^fy, 

2.  Given  that  x  cc  y  and  that  when  x  =  1,  y  =  3  find  the 
equation  between  x  and  y. 

3.  Given  that  x  =  the  sum  of  two  quantities  whereof  one  is 
constant  and  the  other  varies  inversely  as  y,  and  when  y  =  3, 
a:  =  1  when  y  -  1,  x  =  2,  find  the  value  of  x  when  y  =  15. 

4.  Given  that  x^  oc  y^  and  x  =  2  when  t/  =  4  find  the  equa- 
tion between  x  and  y. 

5.  If  a;  =  the  sum  of  two  quantities  whereof  one  is  constant 
and  the  other  ex;  xy,  and  when  x=  2,  y  =  3,  when  x  =  3,  y  =  -  3, 
express  x  in  terms  of  y. 

6.  If  2/  =  the  sum  of  three  quantities,  of  which  the  first  is 
constant,  the  second  oc  x,  and  the  third  oc  x^  ;  and  when  x  =  3, 
5,  7,  J/  =  0,  -  12  -  32  respectively  ;  find  the  equation  between 
X  and  y. 

7.  Given  that  y  =  the  sum  of  two  quantities  one  of  which 
varies  as  the  square  of  x,  while  the  other  varies  as  x  inversely, 
and  that  when  x  =  5,  y  -  1  and  when  x  =  9,  y  =  5  find  the  equa- 
tion between  x  and  y. 

8.  Given  that  y  oc  (6^  +  x^),  and  when  a:  =  ^  («^  -  ^^), 

y  =  —  find  the  equation  between  x  and  y. 

9.  If  X,  y,  c  be  all  variable  quantities  such  that  z  -  x  -  y  [3 
constant,  and  (x  -f  y  -f  c)  (x  ^  y  ~  z)  cc  yz,  prove  that  x  -  y  +  z 
cc  yz. 

10.  A  locomotive  engine  without  a  train,  can  go  24  miles  per 
hour,  and  wjth  a  train  its  speed  is  diminished  by  a  quantity 
which  varies  as  the  square  root  of  the  number  of  cars  attached. 
"With  4  cars  its  speed  is  20  miles  per  hour.  Find  the  greatest 
number  of  cars  the  engine  can  move. 
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SECTION    XI. 
PROGRESSIOXS,  PERMUTATIONS,  AND  COMBINATIONS. 


ARITHMETICAL   PROGRESSION. 

243.  Quantities  are  said  to  be  in  Aritlimctical  Progres- 
sion when  they  increase  or  decrease  by  a  common  difference. 

Thus,  4,  6,  8,  10, 12,  &c.,  are  in  aritlimetical  progression,  the  common 
difference  being  2. 

21a,  18a,  15a,  12a,  9a,  6a,  &c.,  are  in  arithmetical  progression,  the  com. 
mon  difference  being  -  3«. 

3a  +  5a  -f  la  +  9a,  &c.,  are  in  aritLruotical  progression,  the  common 
difference  being  2a. 

244.  In  every  progression  the  first  and  last  terms  are 
called  the  extremes,  and  the  intermediate  terms  the  means. 

245.  In  arithmetical  progression  there  are  five  things 
to  be  considered : 

1.  Tlie  first  term. 

2.  TlLe  last  term. 

3.  The  common  difference. 

4.  Tht  number  of  terms. 

5.  TJie  sum  of  tfie  series. 

These  quantities  are  so  related  to  one  another  that  any  throe  of  ilum 
being  given,  the  other  two  can  be  found,  and  hence  there  are  20  distinct 
cases  arising  from  those  combinations. 

246.  If  we  represent  these  five  quantities  by  letters,  thus, 
a  =  the  first  term,  I  =  the  last  term,  d  =  the  common  difference, 
n  -  the  number  of  terms,  .s  -  the  sum  of  the  series, 
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the  general  expression  for  an  aritlimetical  series  will 
become 

a  +  (a  +  c?)  +  (fl  +  2d)  +  (a  +  od)  +  (a  +  U)  +  (a  -!-  M)  +  &c., 

where  the  coefficient  of  d  is  always  one  less  than  the  number  of  the 
term.  Thus,  in  the  third  term  the  coefficient  of  cZ  is  2,  which  is 
one  less  than  the  number  of  the  term  ;  in  iheffth  term  the  coeffi- 
cient of  d  is  4,  which  is  one  less  than  the  number  of  the  term,  &c. 

Hence  I  =  a  ■{-  (n-  l)d  :  that  is,  the  last  term  of  an  arithmetical 
series  is  equal  to  the  ^rsi  term  added  to  the  product  of  the  com- 
mon di^crence  by  one  less  than  the  number  of  terms. 

247.  Since  the  sum  of  the  scries  is  equal  to  the  sum  of 
all  the  terms  taken  in  any  order  whatever,  we  have 

.s  =  a+'a  +  (i+,a  +  2(Z4-a  +  3cZ+,..J-3(Z+j  l-2dV\l-d-v\l 
Also  s=  Z+|Z-d+|  Z~2d+l/-3.'/+|...a  +  3£Z-l-|a+2d+|a+(Z+la■ 
Hence  2.S  =  (a  +  0  +  («  +  0  +  («  +  0  +  (<' +  0  +  •  •  •  •  to  72  terms. 
But  (cL  +  /)  +  (a  +  0 to  n  terms  =  (a  +  l)n. 

Therefore  2s  =  (a  +  l)n,  and  dividing  these  equals  by  2,  we 

n 
have  s  =  (a-^l)-^.     That  is,  the  sum  of  the  series  is  found  by 

adding  together  the  first  and  last  terms,  and  multiplying  their 
sum  by  half  the  member  of  terms. 

248.  From  the  formula  obtained  in  Art.  246,  we  find 
by  transposing  the  terms 

l  =  a  +  {n-.i)d  ^=77^1     • 

I  -  a 
a=l  -  (n-  l)d  n  -  — j-  +  1 

and  substituting  these  values  of  /,  a,  </,  and  n  in  the  fornr.ila 
obtained  in  Art.  247,  wc  find 
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s=  {2a  +  (n-  l)d]- 

s  =  {2l  -  (n  -  l)d\^ 
(Z-a)(/  +  a)      l  +  a 

'= — 2d ^T 

We  thus  obtain  the  five  fundamental  formulas  from  which  the 
other  fifteen  are  derived,  by  transposing  the  terms,  &c.     Thus, 
t  =  a  +  (n-  l)d  gives  formulas  for  /,  a,  7?,  d  =  4 


n 


{2a  +  (n  -  l)d}- 


d  =  A 


s  =  {2l  ^(n-  l)d}^  "  s,  l,n,d  =  4: 

Total  20 
249.  By  means  of  these  equations  wlien  any  three  of 
the  quantities  a,  d,  I,  n,  s,  are  given,  we  may  find  a  fourth, 
and  may  moreover  proceed  to  the  solution  of  many  prob- 
lems which  without  their  aid  would  be  difficult  or  even  im- 
possible. The  student  is  recommended  to  carefully  study 
the  following  examples:— 

Ex.  ] .  Find  the  sum  of  the  first  50  terms  of  the  series  4rt  +  Ga 
+  8a+  10a  +  &c. 

OPERATION. 

s  ^  {2a  -}-  (n  -  l)d}^  =  {8a  +  (50  -  l)2a{''2'i  =  (8a  +  49  x  2a)  25 

=  (8a  +  98a)25  =  106a  x  25  =  2650a. 
Ex.  2.  Given  3,  the  first  term,  and  55,  the  last  term,  of  a  scrica 
consisting  of  27  terms,  to  find  the  common  difrcrcncc. 

OPERATION. 

I  "(I 

l  =  a+  Qi-  l)d  or  Qi  -  l)d  =  l-a  .',  d-  — y 

55-3      52 
d.  =  T^z — 7  =  _  =  2. 
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Ex.  3.  Insert  5  arithmetical  means  between  1  and  23. 


OPEUATION. 

Since  there  are  five  means  and  two  extremes,  there  are  in  all 
7  terras,  and  we  must  find  the  common  difi'erence  of  an  arith- 
metical series  of  1  terms  whose  first  term  is  1  and  last  term  23. 
Z  -  a       23  -  1       22 

Eence  the  series  is  1,  4^,  8^,  12,  ISj,  19J,  23. 

Ex.  4,  How  many  terms  of  the  series  6  +  83  +  10|  +  &c.,  make 
up  3795  ? 

OPERATION. 

s  -  {  2a  +  (n  -  1)^  }  y  ;    3795  -  {  12  +  (n  -  l)2h  |  y 
7590  =  12/1 +  (n2-n)2i  ;  22770=  36/1  + 7/i2- 7n  ;  7n2+ 29/1=  22770 

74-t-7/tn-<^,4^-         7         ^196  196       )"T^14il4 

n  =  ±  Uj^  =  7a  =  55. 

r^OTE.— Tlio  negative  value  -  57^  docs  not  satisfy  the  conditions  of  the 
question,  and  is  tliereforo  inadmissible. 

Ex.  5.  The  sum  of  four  numbers  in  arithmetical  progression 
is  32,  and  the  sum  of  their  squares  is  276.  Required  the  numbers. 

OPERATION. 

Let  X  -  the  second  number  and  y  =  the  com.  diflf. 

Theu  X  -  y,  X,  x  +  y,  and  x  +  2y  is  the  series. 

.  • .  x-  -  1/  +  X  +  a;  +  J/  +  X  +  2y  =  4a;  +  2i/  =  32  or  2j;  +  ?/  =  16. 

Also  (X  -  i/)2  +  i2  +  (X  +  ?/)^  +  (X  +  2?/)2  =  4x7/  +  4x''*  +  6y^ 
=  276  or  2x=  +  2xy  f  By-  =  138. 

And  //=  16 -2x  .-.  2x^+2x(16-  2x)  +  3(16-  2x)2  =  138. 

That  is,  2x2  ^  22x  -  4x-  +  7-68  -  192x  +  12x^  =  138. 

That  is,  10x=^-160x  =  -630;  x'-^-iex  =-63;  x2-.16x  +  64=  1. 

X  -  8  =  +  1  or  X  =  9  or  7. 

y  -  16  -  2x  =  16  -  18  =  -  2,  or  16  -  14  =  2. 

Ilonce  taking  x  =  9  and  y  =  -  2  we  have  the  series  11,  9,  7,  5  ; 
taking  x  =  7  and  y  =  2  we  have  5,  7,  9,  11. 

0 
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Otherwise,  let  x  -Bj/,  x  ~  y^  x  +  y,  and  x  -I-  3y  represent  the 
numbers,  where  2y  =  the  common  difference. 

Then  x-3y\-x-y  +  x+y  +  x-\-3y=4.x^32  .••  x  =  8. 

(X  -  3yy  +  (a;  -  yf  +  (x  +  yY  +  (x  +  Byf  =  4x2  ^  ^Oy^  _  276 
or  20y2=276-256  =  20. 

y2  x  Ij  y  =  +  1.     Hence  x  -  3y  =  8  +  3  =  5  or  11,  &c. 


Exercise  LIX. 
Sum  the  following  series  : 

1.  63,  65,  67,  &c.,  to  31  terms  and  also  to  n  terms. 

2.  -  200,  -  188,  -  176,  -  164,  -  &c.,  to  22  terms  and  to  n  terms. 

3.  2,  3|,  5,  &c.,  to  17  terms  and  also  to  2m  ^p  terms. 

4.  !,  0,-1,-  U,  &c.,  to  11  terms. 

Find  the  17th  and  28th  and  nth  terms  of  the  series  : 
/  5.  2,  5,  8,  &c, 

6.  3,  -  2,  -  7,  &c. 

7.  2\,3,\,3\l,kz. 

8.  Insert  3  arithmetical  means  between  3  and  33. 

9.  Insert  4  arithmetical  means  between  9  and  -  66. 

10.  Insert  7  arithmetical  means  between  -  1  and  100. 

11.  Find  the  sum  of  73  terms  of  the  series,  1,  2,  3,  4,  &c. 

12.  What  is  the  nth  term  of  the  series  1,  3,  5,  7,  ^c.,? 

13.  Prove  that  the  sum  of  n  terms  of  the  series  1,3,  5,  7,  &c.,  is 
equal  to  n^. 

14.  If  a  body  falling  to  the  earth  descends  a  feet  the  first 
second,  3a  feet  the  second,  5a  feet  the  third,  and  so  on  ;  how 
far  will  it  fall  in  t  seconds  ? 

15.  How  far  will  the  body  (Question  14)  fall  during  the  20th 
second  and  during  the  t\.h.  second? 

16  There  are  four  numbers  in  arithmetical  progression,  of 
which  the  sum  of  the  squares  of  the  extremes  is  200,  and  the 
sum  of  the  squares  of  the  means  is  136.     Find  the  numbers. 

17.  There  are  four  numbers  in  arithmetical  progression  whose 
continued  product  is  1680  and  common  difference  4,  What  are 
the  numbers  ? 

18.  There  are  five  numbers  in  arithmetical  progression  whose 
sum  is  25  and  continued  product  945.    What  are  the  numbers? 
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Id.  A  man  borrowed  $60  at  6  per  cent,  simple  interest,  per 
year  of  360  days.  How  much  must  he  pay  daily  to  cancel  the 
debt,  principal  and  interest,  in  60  days  ? 

20.  Prove  that  the  sum  of  n  terms  of  the  natural  numbers  1,  2, 

n(n  +  1) 
3,  &c.,  is  — 2 —  • 

21.  Prove  that  the  sum  of  the  squares  of  the  first  n  natural 

n(n-\-  l)(2n+  1) 
numbers   is     2 • 

22.  How  many  terms  of  the  series  2,  11,  20,  &c;,  are  required 
to  make  up  517  ? 

23.  Find  the  arithmetical  series  the  last  three  terms  of  which 
amount  to  96,  and  the  preceding  four  terms  of  which  added 
together  make  up  86. 

24.  Find  the  arithmetical  series  of  which  the  5th  and  7th  terms 
are  respectively  7  and  5. 

25.  Given  s  the  sum  of  an  arithmetical  series  ~  bn  +  cn^  for  all 
values  of  n,  find  the  ith  term  of  the  series. 

26.  Prove  that  the  sum  of  the  (m,  -  n)ih.  and  {m  +  n)th  terms 
of  an  arithmetical  series  is  double  the  mth  term. 

27..  In  an  arithmetical  progression  if  the  (p  +  q)i\i  term  =  m, 
and  the  (p  -  q)i\i  term  =  n,  prove  that  the  5th  term  of  the 

p 

series  is  =  m-  (in  -  n)—. 
Aq 

28.  Sum  to  n  terms  the  arithmetical  progression  whose  pth 

P 

term  is  7  -  — . 

a 

29.  There  are  three  numbers  in  arithmetical  progression,  such 
that  the  square  of  the  first  a4ded  to  the  product  of  the  other  two 
is  16;  the  square  of  the  second  added  to  the  product  of  the  other 
two  is  14.     What  arc  the  numbers? 

30.  The  sum  of  four  whole  numbers  in  arithmetical  progression 
is  20,  and  the  sum  of  their  reciprocals  is  |f.  Required  the 
numbers. 
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GEOMETRICAL  PROGRESSION. 

250.  Quantities  are  said  to  be  in  geometrical  progres- 
sion wlien  they  increase  or  decrease  by  a  common  multiplier. 

Tlius,  2,  4,  8,  16,  32.  &c.,  aro  iu  geometrical  progression,  the  common 
multiplier  being  2. 

ha,  -  Iba,  45a^  -  135a*,  &c.,  are  in  geometrical  progression,  the  common 
multiplier  being  -  Zi. 

251.  In  geometrical  prog resuoii  there  are  five  things  to 
b    considered : 

1.  The  first  term. 

2.  The  last  term. 

3.  The  common  ratio. 

4.  The  number  of  terms. 

5.  The  sum  of  the  series. 

As  in  arithmetical  progression,  these  five  quantities  are  so  related  that 
any  three  of  them  being  given  the  other  two  can  be  found,  and  hence  there 
are  20  distinct  cases  arising  from  their  combination. 

252.  Ilepresenting  these  five  quantities  by  letters,  thus, 

a  =  the  first  term,  I  =  the  last  term,  r  =  the  common  ratio, 
n  =  the  number  of  terms,  s  =  the  sum  of  the  series. 
the  general  expression  for  a  geometrical  series  becomes 
a  +  ar  -h  ar^  +  ar^  +  ar'^  +  ar^  -{-  &c., 

where  the  index  of  r  is  always  one  less  than  the  number  of  the 
term. 

Thus,  in  the  third  term  the  index  of  r  is  2,  which  is  one  less 
\\iiu\  the  number  of  the  term  ;  in  the  fiftli  term  the  index  of  r  is 
4,  which  is  one  less  than  the  number  of  the  term,  &c. 

Hence  /  =  rtr"'i ;  that  is,  the  last  term  is  equal  to  the  first 
Uvm  multiplied  by  the  common  ratio  raised  to  that  power  which 
is  indijated  by  one  less  than  the  number  of  terms. 

253.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms, 
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s '=  a  ■{■  ar  ■'r  ar'^  + +  ar^^ "  ^  +  ar^'  - 1,  miiltiplyiag  by  r,  we  get 

sr  -  ar  +  ar'^  +  . . . ,  +  ar'"- '  ^  +  ar^  ~  ^  -}-  or'\ 

Hence  sr  -  s  =  ar'^  -  a  \  or  s{r  -  1)  =  oC?'^  -  1),  and  therefore 
a{r'^-  1) 

254.  From  the  formula  obtained  in  Art.  252  we  get  by 
transposing  the  terms,  (fee, 


I  log.  I  -  log.  a 


r^-i  log.  r 

And  substituting  these  values   of  /,  o,  r,  n,  in  the  fornaula 
obtained  in  Art,  254,  we  find 
rl  -  a 

S  = n  n 

*■  "  ^  r*  -  1  -  a«  - 1 

/(r«-l)  s=-j2 T^ 

^  -  (r  -  l)r"  - 1  Z'^  -  1  -  a"  - 1 

and  these  together  with  the  two  formulas  obtained  in  Arts.  252 
and  253, 

fl(r^-l) 

l  =  ar-^-'^ 

are  the  fundamental  formulas  of  geometrical  progression  from 

which  the  other  fifteen  are  derived  by  reduction.     Thus, 

rl  -  a 
s  -     _■-   gives  formulas  for  s,  r,  /,  and  a,  =  4 

/(>•"  -  1) 

_« M 

,5  =  _ _        u  5^  /^  ;i^  and  a,  =  4 


V 


ai)-^  -  1) 
s  = :; —  "  s,  r,  a,  and  n,  ~  4 

r   -    1  7       7        J  7 

;  =  ar^  '  *  "  /,  (T,  r,  and  n,  =  4 

Total  20 
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255.  When  the  common  ratio  of  a  geometrical  series  is 
a  proper  fraction,  the  series  is  a  descending  one,  and  if  the 
number  of  terms  is  infinitely  great,  r'^  becomes  infinitely 
small ;    i.  e.,  r'*  becomes    =    0  ;  hence   ar"  in  formula 

_~     becomes  equal  to  zero,  and  the  formula  for  finding 

the  sum  becomes  -^-—   —    ■——.     The  expression  •-— - 

properly  speaking,  however,  represents  the  limit  of  the  sum 
of  the  infinite  series  rather  than  the  sum  itself. 

256.  By  means  of  these  formulas  many  problems  in 
geometrical  progression  may  be  solved,  but  as  a  rule  ques- 
tions in  which  the  value  of  n  is  sought  are  incapable  of 
solution  except  by  the  higher  analysis. 

Ex.  1.  Find  the  last  term  and  the  sum  of  the  series  3,  6,  12. 
&c,,  to  11  terms. 

OPERATION.       • 

Z  =  a?-"  -  1  =  3  X  210  =  3  X  1024  =  3072 

s  =     \_^      =        2-1      ""  3(2048  -  1)  =  3  X  2047  =  6141. 

Ex.  2.  Find  the  limit  of  the  sum  of  the  series  8  +  4  +  2  +  1  + 
&c.,  ad  infinitum. 

OPERATION. 
a  8  8 

Ex.  3.  Find  the  Tih  term  and  the  sum  of  8  terms  of  the  series 

OPERATION. 

The  common  ratio  is  always  =  2nd  term  -r  1st  term. 
Hence  in  this  question  ?*  =  -^-ff=f  =  § 
l^ar-^--'^  a)(i)^  =  f  X  -AV  =  ^«V      . 
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Ex.  5.  Insert  three  geometrical  means  between  4  and  324. 

OPERATION. 

/ 

i  =  ar"-i.-.  r"-i  =  — 

a ' 

And  since  there  are  here  3  means  and  2  extremes  there  are  in 
all  5  terms,  then  r^  -  ^  =  ^l^^,  r*  =  81,  whence  r  is  evidently  =  3, 
and  the  series  is  4,  12,  36,  108,  324. 

Ex.  5.  Find  six  numbers  in  geometrical  progression  such  that 
the  sum  of  the  extremes  is  99,  and  the  sum  of  the  other  four 
terms,  90.  operation. 

The  sum  of  the  six  terms  is  evidently  99  +  90  =  189. 

Let  a  =  the  first  term  and  y  =  the  common  ratio. 

Then  x,  xy,  xi/^  xy^,  xy^,  xy^,  represent  the  terms 
Ir^a        xy'°-x        x(y^-l) 

189(y-l>  99 

.-.x  =      ye  _i    .     Buta-j/5  ^x  =x(y^  +  1)  =  99  .\x  =  ^T^ 

2 


189(i/-l)  99  21(y2_l) 


y^-l  J/^  +  1    J         y^-l  y''-y^ +y^-y  +  l 

21  11 


•  -y^  +  y^  +  i  -  y-^-y'^  +  y'-y+l 

.-.  2lJ/4-21j/3  +  21?/2-  21y  +  21  =  11?/*+  11^^+  11 

10t/4+  10^2^   10  :=   21l/^+   21y 

10(y4  +  7/2+l)  =  2l7/(!/'+l) 
10(y*  +  2!/2  +  1  _  1/-2)  =  21y(y2  +  1) 
10(y2+i)2_  I0y2  = 
10(^2^  1)2-  21y(2/2 

21y  /9i,A2 

(r+i)'-Y(;-(y'+i)+" 

21y 

^       ^  2ly±  29 y       50y       5y 
^  "^  20        ~    20    "    2 

2"-' -r.y  =  -.2;16j/2-40J/  +  25  =  - 16  +  25  =  9 
4j--'.  =  i3;43/  =  5  +  3  =  8.-.  y-2 
99 

Therefore  the  series  is  3,  6,  12,  24,  48,  96, 
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Ex,  G.  The  sum  of  four  numbers  in  geometrical  progression  is 
equal  to  the  common  ratio  +  1,  and  the  first  term  is  ,^7.  Required 
the  numbers 

OPERATION. 

Let  r  =  the  common  ratio. 

1       r       r^  ,.3 

Then  the  numbers  are  jfy,    YTj    T7>  ^"^^  It- 

l+r^-r^  +  r^       l+r  +  r2(l+r)       (l+r)(l+r2) 
Then  l+r=  ^-  = -<-J  =  '-^— 

1  +r2 
.'.  1=  —^  orr2+l  =  17;  r^  =  16,  .-.  r  =  i4, 

and  the  numbers  are  iV;  iVj  tt>  i4> 
or  J----  -  -A-    !&  _  £4 


Exercise  LX. 

Find  the  last  term  and  the  sum  of : 

1.  3  +  9  +  27+  &c.  \o  6  terms.    2.  1  +  2  +  4  +  &c.,  to  9  terms. 

3.  f+f  +f-  +  &c.  to  7  terms.      4.  3-6+ 12 -&c.  to  12  terms. 

4.  4  -  5  +  6^-  &c.,  to  6  terms.  6.  30  -  15  +  7^  -  &c.  to  8  terms. 
Find  the  limit  to  the  sum  of  the  infinite  series  : 

•7.-U  +  |-^H&c.  8,i  +  ,l+-,^-  +  &c. 

9.7-3^  +  l|-&c.  10.  64-32  +  16- &c. 

11.  -623.  12.   -7 

13.  -976  14.  -86232. 

Sum  the  following  series  ; 

15.  1  +  3  +  9  +  &c.  to  n  terms. 

16.  2  -  I  +  2^5  -  &c.  to  n  terms. 

17.  2  +  V8  +  4  +  &c.  to  10  terms. 

18.  «P+ aP  + 2 +  aP+ 22 +  &C.  ton  terms. 

19.  Insert  three  geometrical  means  between  1  and  l\. 

20.  Insert  seven  geometrical  means  between  2  and  13122. 

21.  Insert  three  geometrical  means  between  9  and  ^. 

22.  The  sum  of  the  first  and  third  of  four  numbers  in  G.  P.  is 
148,  and  the  sum  of  the  second  and  fourth  is  888.  What  are 
the  numbers. 
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23.  The  sum  of  the  first  and  second  of  four  numbers  in  G.  P. 
is  15,  and  the  sum  of  the  third  and  fourth  is  60.  Required  the 
numbers. 

24.  The  sum  of  $315  "was  divided  among  three  persons  in  such 
a  way  that  the  first  received  $135  more  than  the  last.  The  three 
shares  being  in  G.  P.,  required  what  they  were.  Interpret  the 
negative  result  obtained  in  the  solution. 

25.  There  are  five  whole  numbers,  the  first  three  of  which  are 
in  G.  P.  ;  the  last  three  in  A.  P.  ;  the  second  number  being  the 
common  difference  of  these  three  terms.  The  sum  of  the  last 
four  is  40,  and  the  product  of  the  second  and  last  is  64.  Required 
the  numbers. 

26.  Prove  that  the  sura  of  n  terras  of  the  series  a  +  (a  +  b)r 
-i-  (0  +  2b)r^  +  (a  +  3&)r=  +  &c. 

a-{a  +  (n-l)6  jr''*       &r(l-r^-i) 
=  iT7  "*"      (1-r)^ 

27.  If  a,  b,  c,  d,  are  four  quantities  in  G.  P.,  prove  that  a^+ft^ 
+  c2  >  (a  -  6  +  c)2,  and  that  {a+ b  +  c  +  df  =  (a +  by  +  (c  +  df 
+  2(6  +  cf. 

28.  In  a  G.  P.  if  the  (j3  4-g)th  term  -m,  and  the  {p-q)ih. 
term  =  n,  show  that  thepth  tcrm=;V'/i'^>  ^^^  also  that  the  5th  term 


n\P. 

22. 

m  j 


29.  The  sum  of  three  numbers  in  G.  P.  is  35,  and  the  mean 
term  is  to  the  difierenco  of  the  extremes  as  2  :  3.  Required  the 
numbers. 

30.  There  is  a  number  consisting  of  three  digits,  the  first  of 
which  is  to  the  second  as  the  second  is  to  the  third  ;  the  number 
itself  is  to  the  sum  of  its  digits  as  124  :  7,  and  if  594  be  added  to 
it,  its  digits  will  be  inverted.     Required  the  number. 


HARMOXICAL  PROGRESSION. 
257.  Quantities  are  said  to  be  in  harmonical  progression 
wli'jn  their  reciprocals  are  in  arithmetical  progression,  or 
when  of  any  three  consecutive  terms  the  first  is  to  the  third 
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as  the  diflference  between  the  first  and  second  is  to  the 
difference  between  the  second  and  third. 

Thus,  a,  b,  and  c  are  said  to  be  in  U.  P.  when  a:  c:  :  a-l:b-c.  Also 
since  3,  7, 11,  &c.,  are  A.  P.,  their  reciprocals  3,  j,  fi,  &c.,  are  in  H.  P. 

258.  It  may  be  easily  proved  that  the  reciprocals  of  a 
series  of  quantities  in  H.  P.  are  in  A.  P.,  as  follows  : 

Let  cf,  6,  c  be  in  H.  P.  Then  a  :  c  ::  a  -  b  :  b  -  c  or  a(b  -  c) 
-c(a-b),  or  ab  -  ac~  an-  be,  and   dividing  each  of  these  by 

till 

abc  we  have  —  -  t"  =  "77  -  — •  But  when  the  difference  between 
c        b       b       a 

the  first  and  the  second  is  the  same  as  the  difference  between  the 

second  and  third,  the  three  quantities  are  said  to  be  in  A.  P. 

259.  No  general  rule  can  be  given  for  finding  the  sum 
of  a  series  of  terms  in  H.  P.,  but,  by  inverting  the  given 
terms  so  as  to  form  a  series  in  A.  P.,  many  useful  problems 
may  be  solved. 

Ex.  1.  Continue  the  II.  se^es  2i,  If,  Ij  three  terms  each, 
way. 

OPERATION. 

Since  I,  f,  f,  are  in  A.  P.,  their  reciprocals,  |,  f,  ^,  are  in  A. 
P.,  and  their  common  difference  =  A.  Hence -1^,  f,  i,  |,  |,  |^,  |, 
I,  I,  is  the  continued  A.  series,  and  these  terms  inverted  give  us 
for  the  required  H,  series -5,  oc,  5,  2^,  1|,  1^,  1,  f,  f. 

Note.— The  second  term  of  the  A.  P.  is  ^,  wldch  inverted  gives  iis^ 
which  =  Qc.    (See  Art.  66.) 

Ex.  2.  Insert  four  H.  means  between  2  and  6. 

OPERATION. 

Inserl  four  A.  means  between  |  and  ^.     Here  d  =  ", 

5"  -  -  I's-     Hence  the  A  series  is  ^, 

/.  H.  series  is  2,  2,\,  2,^,,  3^,  4f,  6. 

Ex.  3.  Insert  three  H.  means  between  10  and  30. 

OPERATION. 

Insert  three  A  means  between  i'-^  and  .}-n.  Here  ^-"kZTT"  "T" 

=  -  c\„  and  the  A  series  is   ,^1,   q%  q%,  g^oj  6^o'      Hence  the  H. 
series  =  10,  12,  15,  20,  30. 


-''  '  f  0 
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Ex.  4.  Find  the  ?ith  term  of  the  H.  series  ll,  1,  i,  &c. 

OPERATION. 

The  Tith  term  of  the  A.  series  5,  1,  |,  &c.,  =  a+(7i-l)d  =  §  +  (n-1)^ 

2         n         I         I         n        n+1  „,. 

=  ~  +  —  -  —  z=  —  +  —  =  —^  ,'.  the  Tith  term  of  the  given 

3 

H.  series  is  ^^^ 


260.  Let  a  and  h  be  any  two  quantuies,  and  let  A  be 
tlieir  arithmetical  mean,  G  their  geometrical  mean,  and  II 
their  harmonica!  mean.     Then, 

I.  J  -a  =  b- A  or  2Jl  =  a-hb  .-.  A  =  Ua  +  b).     Art.  243. 
U.  a  :  G  ::  G  :  b  or  G^  =  ab  .-.  G  =  '/ab.     Arts.  224  and  250. 

2ab 
III.  a  :  b  ::  a-H:  H-b  or aH  +  bH=2ab  .-.  H  = -—,.  Art.  257. 

a  +  6 

261.  //(?nte  //te  ./?.  wean  between  two  quantities  is  equal  to  half 
their  sum,  the  G.  mean  between  two  quantities  is  equal  to  the  square 
root  of  their  product,  and  the  H.  mean  between  two  quantities  is 
equal  to  twice  their  product  divided  by  their  sum. 

262.  Theorem  I.-^Taking  A,  G,  and  H,  as  in  last  article,  G  is 
the  geometrical  mean  between  A  and  H. 

Demonstration. — Since  ./3  =  |(a  +  i)  and  H= .-.^H  = 

a  +  b 
a+  b         2ab 
~~2~  ^  ^T+l)  ""  ^^'  ^^*  ^''  =  ^^  •'■  ^    =  ^^-     Extracting  the 

square  root  of  both,  we  have  G  =  \JAE,  that  is,  G  is  the  geomet- 
rical mean  between  A  and  H. 

263.  Theorem  II. —  Taking  A,  G,  and  H,  as  in  Art.  260,  then  of 
the  ihm  A  is  the  greatest  and  H  the  least  in  magnitude. 

Demonstration, — Because,  (Art.  134)  a'^  +  b'^>2ab,  a~-h2ab  +  b'^ 
^       ,  Aab  a+b         2ab  a  +  b 

2a6  '''''^  "  "^  ^  "  «^'  '''''^  ~2~  ^  ^^6'  ^^^  ~2~  ^  *^'  .^"^ 
;j-:^  "  H,  ..  A>  H.  And  (7  being  the  geometrical  mean  be- 
tween A  and  His  of  intermediate  magnitude,  i.  e,  is  greater  than 
f/End  less  than  A,  .-.  A>  G>  H. 
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264.  Theorem  III. —  Three  quantAtie-f  a,  b,  c,  are  in  A.  P.  or 

a  -  b       a        a  a 

G.  P.,  or  H.  P.,  according  r =  —  or-r"  or  — . 

'  '  ^  b  -  c        a        b  c 

a  -  b        a 
Demonstration  I.  -, =  —  =1  .- .  a  -  h  -  L  -  c ovh  =  \{a-\-  c). 

a  -  b        a  ,  '  — 

II.  r =  "7"  •'.  o&  -  b'^~  o6  -  ac  or  b^  -  ac  /.  b  -  'Jac. 

b  -  c        b  * 

a  -b        a 

III.  1 =  —  .-.  a  :  c  ::  a  -  b  :  b  -  c. 

b  -  c       c 


OPERATION. 

5/, 


G  -  ^ab  =  VU  X  10  =  Vlll  =  341. 
2ab    _  2  X  1^  X  10  _  23^  _ 

^"  TtTb  "       1^+10      -  iT]  -  ^e'^'- 

Ex.  6.  The  difference  of  the  A.  and  H.  means  between  two 
numbers  is  1|  ;  find  the  numbers,  one  being  four  times  as  great 
as  the  other. 

OPERATION. 

2ab  aA-b        2ab 

^^  i^a  +  b)  and  H  =  ^^^  ,.  A-  H  =  -Y-  -  TTTb 
a^  +  2ab  +  b'^  -  Aab       (a  -  by 

~-  2(^T6) =  2(^T6)  =  ^  •*•  ^^^^^  «  =  45  we  have 

(46  -  by        (36)2        9/,2       9i        9  6 

2^bTb)  =  2V56  "  106  =  1^  =  y  •■•  I^  =  ^  ^^  *  =   2   and 

a  =  46  ■=  8. 


Exercise  LXL 

1.  Continue  three  terms  each  way  the  H.  series,  (i)  j-^  f,  ^  ; 
(")  A-,  -.'4,  -h  ;  (in)  h  i,  i  ;  (IV)  14,  If,  ij  ;  (v)^,  n,  -  n  ; 
(vi)-^,cc,  i. 

2.  Insert  three  IX.  means  between  2  and  3  ;  between  5  and  7  ; 
between  11  and  3  ;  between  2^  and  3i  ;  between  C  and  -  f. 

3.  Find  the  5th,  11th,  and  nth  terra  of  the  H.  series  2^,  1,  f. 
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4.  Find  the  6th,  lOtb,  and  last  term  of  the  H.  series  13,  6^,  4^, 

5.  Find  the  4tli  and  8th  terms  of  the  H.  series  -iV,  iVj  i-4- 

G.  Find  the  unknown  terms  of  a  H.  series  whose  first  term  is 
4  and  fourth  term  1. 

7.  Find  the  8th  term  and  the  nth  terms  of  a  H.  series  whose 
first  term  is  a  and  second  term  b. 

1  1 

8.  Find  the  H.  mean  between  — ; —  and 

0.  Find  the  A.  G.  and  H.  means  between  4r  and  9. 

10.  Find  the  A.  G.  and  H,  means  between  6  and  4^. 

11.  U  a,  b,  c,  be  three  quantities  in  H.  P.,  prove  that  a^  +  c^ 
>  262j  if  a  and  c  are  both  positive  or  both  negative. 

12.  If  a,  &,  c,  are  in  A.  P.,  and  a,  mb,  c,  in  G.  P.,  prove  that 
a,  m^b,  c,  are  in  H.  P. 

13.  From  each  of  three  quantities  in  H.  P.  what  quantity  must 
be  taken  away  in  order  that  the  three  resulting  quantities  may 
be  in  G.  P.? 

14.  The  sum  and  diflference  of  the  A.  and  G.  means  between 
two  quantities  are  IG  and  4  respectively.  Required  the  numbers. 

15.  The  A.  mean  between  two  numbers  is  2*  of  the  H.  mean, 
and  one  of  the  numbers  is  2.     Required  the  other. 

IG.  Find  two  numbers  whose  sura  is  30  and  H.  mean  13^. 
17.  Find  two  numbers  whose  difference  is  IGj-  and  the  G.  mean 
between  the  H.  and  A.  means  of  which  is  9. 


PERMUTATIONS,  VARIATIONS,  COMBINATIONS. 

265.  The  different  orders  in  which  any  given  number 
of  quantities  can  be  arranged  are  called  ihdr  permutations 
or  variations. 

Thus,  the  permutations  of  o,  b,  c,  taken  three  together,  are 
ubc,  acbf  bar,  bca,  cab,  cba ;  taken  two  together,  they  are  aft,  la, 
aCf  ca,  bCf  cb. 

Note.— Some  writers  make  a  distinction  between  permutations  and 
variations— limiting  the  application  of  the  former  term  to  those  cases  in 
which  all  the  quantities  are  taken  together,  and  calling  others  variations. 
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266.  The  combinations  of  any  given  number  of  things 
are  the  different  collections  that  can  he  formed  out  of  them 
without  taking  into  consideration  the  order  in  which  the 
quantities  are  placed. 

Thus,  the  combinations  that  can  be  formed  out  of  three  things, 
a,  6,  c,  are  three  in  number,  viz.,  ah,  ac,  and  be. 

267.  Theorem  I. — The  number  of  variations  of  n  things  taken 
y  together  is  n(n  -  l)(n  -  2) (n  -  p  +  1). 

Demonstration.     Let  there  be  n  different  things  a,  b,  c,  d,  kc. 

Then  the  number  of  variations  which  can  be  formed  out  of 
these  72.  diflFerent  things  taken  one  at  a  time  is  manifestly  =  n. 

From  the  n  things  a,  b,  c,  d,  &c.,  let  us  remove  o,  then  there 
will  remain  n  -  1  things  &,  c,  d,  and  the  number  of  variations  of 
these  n  -  1  things  taken  singly  will  of  course  be  =  ?^  -  1.  Now 
if  we  place  a  before  each  of  these  n  -  1  variations  there  will  be 
n  -  1  variations  of  a,  J,  c,  d,  &c.,  taken  two  and  tioo  together,  in 
which  a  stands  first.  Similarly  there  will  be  ?i  -  1  such  varia- 
tions in  which  b  stands  first,  and  so  of  the  rest.  Therefore  there 
are  upon  the  whole  n(n  -  1)  variations  of  n  things  taken  tico  and 
tioo  together. 

Hence  of  (n  -  1)  things  b,  c,  d,  «Sjc.,  taken  two  and  two  to- 
gether, there  are  (n  -  l)(n  -  2)  variations,  and  placing  a  before 
each  of  these  it  appears  there  are  (n  -  l)(?i  -  2)  variations  of  n 
things  a,  b,  c,  &c.,  taken  three  and  three  together,  in  which  a 
stands  first,  and  as  the  same  may  be  said  of  b,  c,  d,  &c.,  there  are 
upon  the  whole  n(n  -  l)(/i-2)  variations  of  n  things  taken  three 
and  three  together. 

Similarly  the  number  of  variations  of  n  things  taken  four  and 
four  together,  may  be  shown  to  be  n(n  -  V)(n  -  2)(n  -  3),  and 
five  and  five  together,  n{n  -  l)(n  -  2)(n  -  Z)(ii  -  4),  and  so  on. 
Now  it  has  been  shown  that  variations  of  n  things  taken 

2  together  =  n(7i-l)  orn(n-2-}-l) 

3  "       =n(n-l)(n-2)  orn(n- l)(7i- 3  + 1) 

4  "  =n(n-l)(n-2)(n-3)  orn(;i  -  l)(n-2)(n-4+ 1) 
and  so  on.  Hence  the  variations  of  n  things  taken  p  together 
=  7i(n  -  l)(/i  -  2). . . .  (n  -  j>  +  1). 
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Cor.  1 ,  Up  -  n,  that  is,  if  the  quantities  are  taken  all 
together,  the  variatioLS  or  permutations  of  h  things  is  n(n-  1) 

(n  -  2).  ...(n-  n  +  1)  =  n(7i  -  l)(w  -  2) 3.2.1,  or,  reversing 

the  order  of  these  terms  we  have  permutations  of  n  things 
^  1.2.3.4....  7?. 

Cor.    2.    Hence   denoting   the  variations  of  n  things  taken 
1,  2,  3,  4,  &c.,  p  together  by  V^,  Fg,  Tg,  F4,  &c.,  V^  we  have 
V^=.n;     ^2=71(71-1);    F^  =  n(rj.  -  l)(n  -  2)  ;     F4=n(;i-1) 
(n  -  2)(n  -  3)  ;  &c.  :    F^  =  n{n -  l)(7i  -  2)(n-  3). . . .  (?i  -p  4- 1). 

Note.— For  the  sake  of  brevity  n{n  -  l)(n,  2) 3.2.1  is  frequently  indi- 
cated by  jH.  (read  factorial  n.)  accordingly,  \n  denotes  the  continued  pro- 
duct of  the  natural  numbers  from  1  to  n  inclusive. 

268.  Theorem  II. —  The  number  of  permutations  of  n  things 
taken  all  together ^  whereof -p  are  a.' s,  q  are  h's^and  r  are  q^s  is 
In 


!p  |q  k 


Demonstration. — Let  N  denote  the  number  of  permutations 
under  the  given  conditions.  Then  if  we  suppose  that  in  any  one 
of  these  N  permutations  we  change  the  p  a's  into  letters  differ- 
ing from  all  of  the  rest,  we  could  from  this  single  permutation 
produce  |  p  different  permutations,  and  as  the  same  would  be 
true  for  each  of  the  A^  permutations,  it  appears  that  if  the  ^  a's 
are  chauged  to  letters  differing  from  all  the  others,  there  will  be 
N  \p^  permutations  of  n  letters,  whereof  there  are  still  q  b's  and 
r  c's. 

If  now  the  5  6's  were  changed  to  letters  differing  from  all  the 
rest,  it  may  be  shown  by  similar  reasoning  that  we  should  have 
N  |_p  |_2_variations  of  w  things,  whereof  there  still  remain  r  c's. 

Similarly,  if  the  r  c's  are  changed  to  letters  differing  from  all 
the  rest,  we  shall  find  that  the  number  of  permutations  of  n  differ- 
ent things  =  N\_p\jj\r.  But  the  permutations  of  n  different  things 
is  K 

Hence  iV  [p  |_£  l_r  =  ]^  and  dividing  both  sides  of  the  equatior 
\n     .        -      •        '^'■■- 
^y  \P  I  7  I  ^  we  have  N= — iz — 
\p  \q  \r  , 
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Ex.  1.  How  many  variations  can  be  made  of  10  things  taken 
3,  5,  8,  and  10  at  a  time? 

OPEBATION. 

K^  =  n(n  -  l)(n  -  2)  =  10.9.8  =  720. 
V.  =  n(n  -  l)(n  -  2)(7i  -  3)(n  -  4)  =  10.9.8.7.6  ^  30240 
Fg  =  nCn  -  l)(n  -  2)(n  -  3)(n  -4)(n-  5)(n  -  6)(n  -  7) 
=  10.9.8.7.6.5.4.3  =  1814400 
F,o  =  1.2.3.4....7i=  1.2.3.4.5.6.7.8.9.10  =  3628800. 
Ex.  2.  How  many  different  words  can  be  made  with  all  the 
letters  in  the  expression  a^bc^de^. 

OPERATION. 

We  are  to  find  the  permutation  af  13  letters,  of  which  4  are 
as,  2  are  c's,  and  5  are  e'g. 

I^  1.2.3.4.5.6.7.8.9.10.11.12.13 


N 


JP\q_\r^  1.2.3.4x1.2x1.2.3.4.5 

=  7  X  9  X  10  X  11  X  12  X  13  =  1081080. 

Ex.  3.  The  number  of  variations-  of  n  -  2  things  3  together  : 
number  of  variations  of  n  things  3  together  ::  5  :  12.  Find 
the  value  of  n. 

OPERATION. 

(n  -  2)(n  _  3)(ri  -  4)  :  n{n  -  l)(n  -  2)  : :  5  :  12 
12(71  -  2)(?i  -  3)(n  -  4)  =  5n(n  -  l)(n  -  2) 

12(71  -  3)(7i  -  4)  =  571(71-  1) 

12(7i2  -  771 -}- 12)  =  57i2- 5/z 

127i2  -  8471  +  144  =  5rt2  -  5n  or  1n^  -  797i  =  -  144 

196?i2  -  221271  +  6241  =  -  4032  +  6241  =  2209 

1471- 79  =  + 47  .-.  1471=  126,  or  71=  9. 

Ex.  4.  The  variations  of  a  certain  number  of  things  taken  3 
together  is  20  times  as  great  as  the  number  of  variations  of  half 
as  many  things  taken  3  together.     Find  the  number  of  things. 

OPERATION. 

77(71  -  l)(n  -  2)  =  20  X  i?i(i7i  -  iXin  -  2) 

/n-2\  /n-4:\  . 
ndn  -  l)(7i  -  2)  =  1077  {-j-j  l-^]  ^^ 

n(n  -  l)(7i  -  2)  =  '^  77(71  -  2)(77  -  4)  .  ;  ; 
and  dividing  both  by  n(n  -  2)  we  have  n-  1  =  ^(7i-  4)  whence 
fi=  6. 
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Exercise  LXII. 

1.  In  how  many  different  -ways  can  six  different  cOnnters  be 
arranged  ? 

2.  How  many  variations  can  be  formed  out  of  8  things  taken 
(i)  4  together,  (ii)  6  together,  and  (iii)  all  together. 

3.  How  many  different  words  can  be  formed  out  of  the  expre?« 
sion  a'^b'^c'^d  ? 

4.  Assuming  that  sixteen  changes  can  be  rung  per  minute, 
and  that  the  bells  are  rung  10  hours  each  day,  how  long  would 
it  require  to  ring  all  the  changes  that  can  be  rung  on  12  bells  ? 

5.  If  the  number  of  permutations  of  ti  things  5  together  is  six 
times  as  great  as  the  number  3  together,  find  n. 

6.  A  landlord  agrees  to  board  a  company  of  10  persons  as 
many  days  as  they  can  sit  in  different  positions  at  table,  for 
S5000.  Assuming  that  the  board  of  each  is  worth  $5  per  week, 
how  much  does  he  lose  by  the  transaction  ?  What  is  his  loss  if 
the  $5000  is  paid  at  once  and  placed  at  simple  interest  at  G  per 
cent,  per  annum  till  the  close  of  the  term  of  agreement? 

7.  The  number  of  variations  of  15  things  taken  n  together  is 
ten  times  as  great  as  the  number  taken  (n  -  1)  together.  Find 
the  value  of  n. 

8.  How  many  different  words  may  be  made  of  ail  the  letters 
in  the  words  Constantinople,  divisibility^  octoroon,  commemoration. 

9.  How  many  different  permutations  can  be  formed  with  the 
letters  in  the  words  algebra,  demonstration,  Toronto. 

10.  The  variations  of  ^n  things  taken  3  together  :  variations 
of  ^«  things  taken  3  together  ::  145  :  2.     Find  ?i. 


269.  Theorem  III. —  The  number  of  combinations  of  n  things 


n ( n  -  l)(n-2)(n-3) (n  -  p  +  1) 

1.2.3.4. ...p 


taken  p  together  is 

Demonstration.     The  number  of  combinations  of  n  things  two 

and  two  together  is  evidently  only  half  as  great  as  the  number 

of  variations  of  n  things  two  together.     Since  each  combination 

ab  gives  two  variations,  ab,  ba,  hence  the   combinations  of  n 

n(u-l) 
things  two  together  is  — ^ — • 
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Again,  since  there  are  n(7i  -  l)(n-  2)  variations  of  n  things 
taken  three  together,  and  each  combination  of  three  things 
admits  of  1.2.3  variations,  it  is  evident  that  there  are  1.2.3 
times  as  many  variations  of  n  things  taken  three  together  as 
of  combinations  taken  three  together,    and  consequently  the 

n(7i  -  l)(%  -  2) 

number  of  combinations  is . 

1.2.3 

Similarly,  the   variations   of  n  things   taken  ;>   together   is 

n(n  -  l)(rt  -  2) (n  -p-r  1),  and  every  combination  of  p  things 

'R'ill  make  1.2.3. : ..p  variations.     Hence  there  are  1 . 2 . 3 . . . -.p 

times  as  many  variations  as  combinations  of  n  things  taken 

p  together,  and  consequently  the   number  of  combinations  is 

7}(n-  l)(;t-2)....(n-p-f  1) 

1.2.3..    .p 

270.  Theorem  IY. — The  number  of  combinatiom  of  n  things 
taken  n  -  -p  at  a  time  is  equal  to  the  number  of  them  taken  p  at  a 
time. 

Demonstration.  It  has  been  shown  by  last  theorem  that  the 
number  of  combinations  ofn  things  taken  p  together  is 

n(n-l)(n-2) (n-p-\-  1) 

J  9  3 .  and   multiplying   both  numera- 
tor and  denominator  of  this  expression  by  1 . 2 . 3 . . . .  (7i  -  j9)  we 

fi„a  „.,,  i, .  ''(irJK;';^) Ot-;»^i)x(.-rt..-3.2.i 

1. 1. 6 p  X  1 .  2 . 3 (n  - ;)) 

n{n-  l)(n-2), 3.2.1  _  \n_ 

[£    I n-j>  =  Ip     \n-p 

Now  putting  n-p  for  p  in  this  result,  as  may  evidently  be 
done,  since  the  expression  holds  for  all  values  of  p  which  are 
loss  than  w,  we  have  n-p^n-n-^-p^p  and  consequently 

''      IP     \n-p         \n-p     \p        "-^' 


Hence  i^p>\n,  the  number  of  combinations  is  more  easily  found 
by  the  supplemental  formula,  i.  e.,  taking  C,^.^  instead  of  Cp. 
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KoTE.-The  truth  of  this  principle  is  also  evident  from  the  fact  that,if  from 
n  tiling  p  be  taken,  {n-p)  things  will  alwa5-3  remain,  and  hence  for  every 
different  set  containing  p  things  there  will  be  a  different  set  left  containing 
n-p  things,  andconsequently  the  number  ofthe  former  equals,  the  number 
of  the  latter. 

Cor.  I.  Hence  representing  combinations  of  n  things  1,  2,  3,  . 
&Q.jp  together,  by  C^  €'2,  Co,  &c  ,  C^>  ^ve  have 
n  nCn  -  1)  n(n-  l)(n  -  2) 

^\  -   J '  '-2  -      12         -^  ~         1.2.3 

Cor.  2.  To  find  the  sura  of  all  the  combinations  that  can  be 
made  of  n  things  taken  1,  2,  3,  &c.,  n  together,  we  proceed  as 
follows : — 

n    n{n-  1)  n(n  -  l)(n  -  2) 

It  will  be  shown  hereafter  that  — .  — 1~2~  ' 193 — 

&c.,  are  the  coeflScieivts  in  the  expansion  of  the  binomial  (1  -rx)^, 
so  that  (1  +  X)"  =  1  +  CjX  +  C^x^  +  C^x"^  +  &c.  +  C^x". 

Now  -writing  1  for  x  we  have 

(1  +  .1)"  -  2^  =  1  +  Ci  -f  C2  +  C3  +  &c.  +  C„. 

Hence  2^  -  1  =  C^  +  C^  4-  C3  +  &c.  +  C,^,  or  the  sum  of  all  the 
combinations  which  can  be  made  of  n  things  taken  1,  2,  3,  &c,, 
n  together  =  2**  -  1. 

Ex.  1.  Requiredthenumberofcombinationsof  22  things  taken 
5  together. 

OPERATIOS. 

Here  n  -  22  and  7)  =  5 

_  n(n  -  l)(n  -  2)(n  -  3)(n  -  4)     22.21.20.19.18 
'^  "  1.2.3.4.5  "         1.2.3.4.5 

=  22.21.19.3  =  26334. 

Ex.  2.  How  many  combinations  can  be  made  out  of  23  things 
taken  19  together  ? 

OPEnATION. 

Here  n  =  23  and  p  =  19,  and  consequently  ?i  -  p  =  4 
23.22.21.20 


1.2.3.4 


8855, 
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Ex.  3.  What  is  the  sum  of  all  the  combiaations  which  can  be 
made  out  of  10  things  taken  1,  2,  3,  «S:c.,  10  at  a  time. 
) 

OPERATION. 
C,  -f  Cg  4-  Cg  -f  C^  ^&c.-i-Cio  =  2'o  -  1  =  1024-  1=-  1023. 
Ex.  4.  Out  of  10  consonants  and  3  rowels  how  many  words 
each  containing  two  vowels  and  four  consonants  can  be  formed? 

OPERATION. 

10.9.8.7 
10  consonants  combined  together  4  and  4  will  give  ,904. 

-  210   combinations:    and  similarly  the  combination  of  three 

3.2 
vowels  two  together  =  y^  =  3.      Hence  the    combinations  of 

the  10  consonants  and  3  vowels  =  210  x  3  =  630. 

But  each  of  these  combinations  of  6  letters  will  furnish 
1.2.3.4.5.6  =  720  permutations  each,  forming  a  different  word. 
Hence  the  entire  number  of  words  formed  will  be  630  x  720 
=  453600. 

Ex.  5.  How  often  may  a  different  guard  of  4  men  be  posted 
out  of  50  ?  On  how  many  occasions  would  a  given  man  be 
selected  ? 

OPERATION. 

50.49.48.47 

^^=       1.2.3.4        ---Q-QQ 

Taking  away  one  man  there  remains  49,  and  the  question  now 

becomes,  how  many  combinations  may  be  formed  of  49  men 

taken  three  together. 

49.48.47 
*^':5  ^  — 1   o  o —  =  18424,  to  each  of  which  the  reserved  man 

m?y  be  attached. 

Exercise  LXUI. 

1.  How  many  combinations  may  be  made  of  10  things  taken 
3  together  ?     How  many  5  together  ?     How  many  8  together  ? 

2.  How  many  combinations  can  be  formed  out  of  15  things  5 
together  ?     How  many  7  together  ?     How  many  12  together  ? 

3.  How  many  different  classes  of  5  children  can  be  formed 
out  of  a  school  containing  12  children? 
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4.  The  whole  number  of  combinations  of  2n  things  is  513  times 
the  whole  number  of  combinations  of  n  things  ;  find  n. 

5.  From  a  company  of  36  policemen  5  are  taken  every  night 
for  special  duty.  On  how  many  different  nights  may  a  different 
selection  be  made  ;  and  in  hov/  many  of  these  will  any  particular 
man  be  engaged  ? 

6.  How  many  words  of  *I  letters  can  be  made  out  of  the  26 
letters  of  the  alphabet,  with  three  out  of  the  five  vowels  in  every 
AV'ord  ? 

7.  In  how  many  way  can  iO  persons  be  seated  at  a  round 
table  so  tliat  all  shall  not  have  the  same  neighbours  in  any  two 
arrangements  ? 

8.  If  the  permutations  of  n  things  3  together  :  combinations 
of  rt  things  4  together  ::  6  :  1.     Find  n. 

9.  The  number  of  permutations  of  n  things  p  together  is  10 
times  as  great  as  their  number  taken  p  ^  I  together,  and  the 
number  of  combinations  v  together  :  number  p  ^  1  together 
1:5:  3.     Find  n  and  p. 

10.  In  how  many  ways  may  n  persons  be  arranged  in  a  circle  ? 

11.  With  ten  flags  representing  the  10  numerals,  how  many 
signals  can  be  formed,  each  representing  a  number,  and  not 
consisting  of  more  than  five  flags  ? 

12.  How  many  different  sums  can  be  formed  with  a  guinea,  a 
half  guinea,  a  crown,  a  half-crown,  a  shilling,  a  sixpence,  a 
penny,  a  halfpcDny,  and  a  farthing? 


SECTION  XII. 
BINOMIAL  THEOREM. 

271.  The  Binomial  Theorem  is  a  general  formula 
invented  by  Sir  Isaac  Newton,  for  the  purpose  of  expedi- 
tiously involving  any  binomial  to  any  power.  The  formula 
is  expressed  as  follows : 

71  7i(n-l)  /i(/l~  l)(/l-2) 

(a  +  .r)-"  =  a''  +  y  a"  '  ^x  -f    ^^  ^      a^  "  '  x'  -f      •  ^  ^^^ -^  W'-^x' 

n(n-l)(n-2)..,(n~r+  1) 
1-  ^c,  the  (/•  -V  1)  in  term  being  -— — 'i~2~3 r u""''  r*" 
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Where  (a  +  x)  is  the  given  binomialj  /?,  the  exponent  of  the 
required  power  may  be  any  quantity  positive  or  negative,  integ- 
ral or  fractional,  and  r  any  positive  integer  whatever. 

Note  1.— The  (r  +  l)tli  term  as  above  is  commonly  called  the  yencral 
tisrm  of  the  expansion. 

Note.  2.— The  coefficients  of  x,  x^,  x"  itc,  x^  iu  the  above  expansion  are, 
when  n  is  a  positive  iuteger.merely  the  general  expressions  for  the  number 
of  combinations  of  n  things  taken  1,  2,  3,  &c.,  r  together  (See  Art.  269), 
and  we  shall  therefore  use  the  expressions  C'^,  Co>  ^'s  ^c.,  C\  to  repre- 
sent these  coefficients,  so  that  the  formula  given  above  may  be  written 
(a  4-  ^j""  =  a""  +  Cj^a'"- -^x^  C^cJ" "  -j^  +  &c.,  -l  c;  a" "  ''  x*"  +  &c. 

272.  Since  in  the  formula  (a  -r  x)''  =  a"  -}-  Cja'^  - 1  x  -f  Co  a''  "^x^ 
-i-  (Kc,  a  and  x  represent  any  quantities  whatever,  we  may  write 
-  X  in  place  of  x  and  we  thus  obtain  : — 

(a  -  xy'  =  a'-*  +  Cja" -  1  (-  x)  4-  C.a'' '  -  (-  x)-  +  &c, 
=  a^-  -  C^aJ"  - 1  X  4-  C. a"  -  2  X-  -  &c. 
The  terms  being  alternately  ^/ms  and  minus. 
Cor.    If  iz  ^  1,  (a  i  a)^  =  (1  ±  x)""  =  1  i  C\^:f  -f  CoX^  +  C.x^ 
+  Qx*  i  &c. 

273.  TflEOREsi  l.-^The  Binomial  Theorem  is  true  in  all  cases 
when  u  is  positive  and  integral. 

Demonstration. — By  actual  multiplication  it  appears  that : — 
(X  +  a)(x  +  fe)  =  x2  +  (rt  +  l)x  +  ah. 
(X  ^  a){x  +  6)(x  +  c)  =  x^  4-  (a  +  6  +  c)  x3  +  {ah  +  ac  +  6c)  x  -i-  ahc. 
(X  +  u)(x  4-  h)(x  +  c)(x  +  (Z)  =  X*  +  (a  +  6  +  c  -f  ii)x=*  -}-  (a&  +  ac 
■V  he  -T  ad  ^  hd  ^  cd)x^  +  (ale  -i-  acd  -f  iccZ  -r  abd)x  +  a6c(/. 
Now  it  is  evident  that  in  these  results  the  following  laws 
hold  :— 
I.   The  number  of  terms  in  the  ri^ht  hand  side,  is  one  more  than 
the   number  of  binomial  factors   which   are  multiplied 
together, 
II.    The  exponent  of  x  in  the  1st  term  -  the  number  of  binomial 
factors,  and  it  decreases  by  unity  in  each  succeeding  term. 
III.  The  coefs.  of  1st  terms  -  unity  ;  coefs.  of  2nd  terms  =  sum  of 
2nd  terms  of  all  the  binomial  factors  ;  coefs.  of  3rd  terms 
-  the  sum  of  all  the  products  of  the  2nd  terms  of  the.  bino- 
•  mial  factors  taken  tico  at  a  time;  coefs.  of  "ith  terms  - 
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sum  of  all  the  producls  of  same  second  terms  taken  three  at 
a  time  and.  so  on ;  the  last  term  is  the  product  of  all  the 
second  terms  of  the  binomial  factors  taken  all  together. 
Let  U3  assume  then  that  these  laws  of  formation  in  the  pro- 
duct hold  for  n  -  1  binomial  factors  (x  +  a),  (x  +  b),  (x  +  c),  &c. 
So  that  (X  -}-  a)(x  +  6)(x  -i-  c)  &c (x  -h  k) 

where  .i  =  a  4-  6  -f  c  -f k  ;  B  =  ab  ■{-  ac  -i-  be  i-  &c, 

C  =  abc  +  acd  -i-  &c. 
&c  ^  &c. 
K^abcd....k. 

Then  introducing  a  new  factor  x  -!-  Z  we  have  : 

(X  -i-  a){x  +  b)  &c (X  4-  /v)(x  +  I)  =  x"^  -h  (J  +  l)x'^  -  i  + 

iB-\-U)x'^-''-,-kc ^rKl. 

Wherefore  A^  l  =  a-r  b  -i-  c ^  k  -r  I 

BtUI  =  a6  1-  ac  -r  6c  -r ■rul^bl-\- kl 

&c.  =  &c. 

Kl  =  abcd kl 

That  is  A  -".■  I  =  sum  of  all  the  second  terms  of  the  binomial 
factors. 
B  -f  Li  -  sum  of  all  the  products  of  the  second  terms  a, 

b,  c, I  taken  two  at  a  time.     And  so 

on,  and 
Kl  =  product  of  the  second  terms  when  takeu  all  together. 
Hence  if  the  laws  indicated  hold  good  whcnn-  1  factors  arc 
multiplied  together,  they  hold  good  also  when  n  factors  are 
multiplied  together.    But  we  have  shown  that  they  hold  good 
when  4  factors  are  multiplied  together,  therefore  they  hold  when 
5  factors  are  multiplied  together,  and  therefore  also  for  G  and  so 
OD,  and  hence  generally  for  any  number  whatever. 
Now  let  a-  b  -  c  -  d  -  iic. 

Then  A  ~  a-Va  -t  a  v to  n  terms  -  na. 

B  -d^  +  ii^  + &c.,  to  a  number  of  terms  =  to  the 

No.  of  combinations  of  n  things  taken  two  to- 

n(n-l) 
getber  -  -  -r^    "  • 
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C  -  a^-r  (P  T  kc,  to  a  uumber  of  terms  -  to  the  No. 

of  combinations  of  n  things  taken  three  together 

n(n  -  l)(;t  -  2) 


1.2.3 
K~  u.u.a.a  to  n  factors  -  ii^. 


And  so  on. 


Also,  (.r -f  a)(x -f  6)(j;  + c) &G.,  becomes  (x  ■]- u)(x  i- a) 

n  terms  =  (x  -r  a)^. 

n  n(H  -  1)  nin-  \)(n  -  1) 

.-.  (^x  T  a)    -  .1    +  ^   iij.         —       ,  .,      u  J-         T  TOO 


274.  Tbeobem  II.  The  Binomial   Theorem  holds  for  all  values 
of  n  either  posilive  or  negative^  imtegral  or  fractional. 

DEMOxsTUAriu.v.     (Ecler's.)     It  has  been  already  shewn  that 
when  n  and  /n  are  positive  integers, 

a.)    (  1  -r  X;     -J  (,„)  ,  1  ..  -  ^.  4 __  J..  +  -__ j,J 

fee. 

,    X   ,,  ,      n     /*  ?i        7i(ft-  1)         «(;i  -  l)(/i  -  2) 


+  &c 


+  &c. 


where  T  (?«)  and  T  (n)  are  symbols  used  to  denote  the  series 
:a  7,n(/;i-  1)  n  7i(;i-l) 

Hence  whatever  may  be  the  values  of  m  and  /?, 

{;/i  7;i(//t  -  1)     „  "If         '/I  '/j(n-l)  'i 

1  + Y.r4-— Yy~^--f&c.j>|l  +Ya;+  "Xo""  ^'  "^  *^- f 

But  the  product  of  these  two  series  will  evidently  be  a  series 
of  the  form  of  1  -'r  ax  +  bx'^-i-cx^  +  &c.,  ascending  regularly  by 
the  integral  powers  of  a:,  the  letters  t/,  6,  c,  &c.,  being  used  to 
represent  the  coefficients,  funnd  by  addition,  of  r,  x^,  x^^  &c. 
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Now  it  is  evident*  that  the  product  of  these  two  series  xnust 
be  of  the  same  form  whether  m  and  n  are  positive  or  negative, 
integral  or  fractional.  Whatever  therefore  be  the  forms  assumed 
by  a,  6,  r,  Sec,  when  m,  and  n  are  positive  integers,  they  will 
remain  the  J-ame  when  ?/i  and  n  become  fractional  or  negative. 

But  when  m,  and  n  are  positive  and  integral  we  have  seen  that 
by  multiplying  I  and  II  together  we  get 

f(m)  X   /(n)  =  (1  -r  xy""  X  (1  +  x)'^  =  (1  +  a;)*^  +  "  =  1  -f  ax  +  fex^ 

-f  cx^  +  &c. 

m-i-n       (m  +  n)(m-^n-l)         (m-hn)(in+ n-l)(m-^  7i~2) 

=  I'-i-— r— x+  j^o •r"+ YTs ^"^ 

+  &C. 
=  r(ffi  +  n)  by  the  notation  adopted. 

(III).  .-.  Generally  T  (m)  x  T  (n)  =  /  (m  +  n)  for  all  values 
of  m  and  n. 

And  since  this  is  true  for  all  values  of  m  and  n,  for  n  we  may 
write  n  -r  r,  then  /*(ni  +  7i  -!-  r)  ^f(n  +  r)  xf(.n)  =/ C'^)  ^/ ('0 

Similarly  /(»i  +  /?  +  r  +  s-f )-  T(m)  x  /  (n)  x  /  (/•) 

x  r^(s)  X i.  e.  the  product  of  ^u'O  or  more  such  series  as 

that  denoted  by  T  (m)  produces  another  series  of  precisely  the 

same  form. 

P 
Now  let  m  =  n  =  r  =  s  &c.,  =  —  where  p  and  5  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  q. 

■  T'^'°/(i  ^  I"  *  7  ^  ^'■' '" '  '"■"=)  =/(?)  '/(I 

to  5  factors. 


^/i 


*  The  product  of  two  algebraic  factors  is  not  altered  inform  by  any  varia- 
tion in  the  value  or  nature  of  the  factors.  Thus  (x  -f  a)(x  -j-  6)=.f  2  -f  (a-f  6)^; 
+  a6  for  all  values  of  x,  a  and  h.  So  in  the  above,  although  by  changing 
the  values  of  m  and  n  we  alter  the  values  of  6,  c,  &c.,  yet  their  fofm.s,  i.  e. 
tlie  maunor  in  whicli  m.  and  n  onter  the  scrip?,  remain  tlie  sanif*. 
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intesrer, 


■'•  t  iP)  -  1  /  ( T )  r   •    ^^^  s'mcQ  d  is  &  positive  i 

^  1  1.2  1.2.3 

by  the  notation  adopted.  • 

Thus  the  Theorem  is  proved  for  a  fractional  index. 

Again  in  (iii)  put  m  =  -  ??. 

Thou  f(7i)  X  -fi-n)  -  f (71-71)  = -fiO)  =  1  .-.  the-  assumed 

series  becomes  1  Avhen  m  =  0, 

And  since  f{n)  x  J{-n)  =  1  dividing  each  by  T{n) 

n      .       1  1        .  ... 

/(-">  =  7^  =  (1  +  xy  ^^^^®  ^  '^  positive. 

And  (YTTy;  =  (1  -^  x)  -  '^  by  Art.  165  .-.  (1  +  x)  -^ 
-  '*^  (-n)(-?i-l)    ,     (-  7i)(-  n  -  1)(-  n  -  2) 


^f{-n>>~-\^\^y^—Y7z -^   •  1.2.3 

a;-  +  &c. 

Thus  the  theorem  is  also  proved  when  n  is  any  negative  quan- 
tity. 

275.  From  this  theorem  then  it  appears  that —  : 

11  n(n-l)  n(n -^  l)(n  -  2)   - 

I.  (1  i  J-y^  =  1  4  Y  a;  -i-  "YTY"  x'  ±  - — iXs — ~  ^''  +  &c. 

ll.(iix)-«=i±Y-^  +  — ^Y2 — '  ''  ± ~^ — 17273 ■  ^ 

+  &c. 

n'         n(n+l)  n(n  +  r)(ii  +  2)    .. 

•    =  1  +  r  "^ "  ""TT"  "-■'  ^  — 1:2:3 —  ''^ "  •^'^• 
^       J-     -(--0     -(--0(--2)  - 

III.  (li:c)y  =  1  ±  Jl.  a:  + -2-1^^- — Za;-iJLAj^ 1\2 U' 
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=  1  -J-  —  a;  +  j: ^  a:^  -  '/       g 1_  a;^  +  &c. 

"  2  1.2  1.2.3 

;>  ;)(p  -  9)     ,  ,  p(P-g)(p-2q) 

=  ^^7-^^-1:2^^"^  1.2.3.r  ^-''^^- 

^   -   ^  -    1  1.2  -  1.2.3 

-i-  &c. 

p          p(pi-q)     ^  _  p(p±QXP±2q) 
=  1  +  ya;  +  -^-2^3-  ^-r i;V^;^3 '^'  -  &c. 

And  these  reduced  general  expressions  should  be  carefullj 
noticed  by  the  student,  and  used  as  formula;  for  the  expansion  of 
binomials  according  as  n  is  positive  or  negative,  integral  or  frac- 
tional. 

XoTE.— No  examples  with  n  mtegral  and  positive  are  giveu,  as  there  are 
a  number  such  in  Exercise  XXXVIII. 

10  10.9  10.9.8  10.9.8.7 

Ex.  1.  (1  -r  xyo  =  i  +  Y^-^-fTy^'-TXy-^-' -77^^737^ 

X-*  +  &c. 

=  1  .-  lOx  +  45x-  +  120x3  ^  210x'-  -f  &c. 

5  5.6  5.6.7  5.6. 7. g 

Ex.2.(l+x)-^  =  l-yx.~x^-^-^x3^-^-^-3-^ 

x^  +  &c. 

.=  1  -  5x  -f  15x^  -  35x3  ^  7Q^4  _  &c. 

1  1.2  1.2.3  1.2.3.4 

Ex.  3.   (1  -  X)  - 1  =  1  +  —  X  -r  —  X-+  ^-"273  x^-r  ^   3  3^^x-^ 

+  kc. 

=  1  +  X  +  x2  +  x^  -f  X*  +  &c. 
Note.— Hence  it  appears  that  in  all  cases  when  n  is  integral  if  the  sign 
of  the  exponent  and  that  connecting  the  terms  of  the  binomial  are  both 
like,  i.  e.  either  both  i?/us  or  both  minus,  the  signs  of  the  expansion  are  all 
plus,  but  if  unhke,  the  signs  of  the  expansion  are  plus  and  mz«!<^  alter- 
nately. 

'i  3  3(3-5)  3C3-5)(3-  10) 

Ex.4.  (1-fx)    --1  +-X.H- -^77^733;^  x^-r      1.2.3. 125~  ^-^ 

3(3  -  5)(3  -  10)(3  -  15) 

1.2.3.4.625  -r^i&C. 

:i  3x-2  3X-2X-7  3x-2x-7x-12 

=  ^  -^  T  ^  •*■  rTs^  ^'^  •172T3T125  ^"+      1.2.3.4.G25      ^'+  ^^' 
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3         3  7  21 

-#            3           3(3  ^- 2)             3(3  4-2)(3  +  4) 
Ex.  5.(1-0:)      '  ^]-fYX  +  ■  ^.^^^     X-  X   ^   0.3.8 "^^ 

,    3(3  4-2)(3  +  4)(3  4-6)     ^  , 
■^  1.2.3.4.16  ^    "^ 

3  3.5       „       3.5.7  3.5.7.9 


2  '^■*'1.2.4^    '  1.2.3.8 

3  15  35  315 

2-^-'T^'-^i6^-^r2i^'"-^'- 


(a  +  2x)--'=|aA4-^U       =  a  ^  -  (1  +  2a  - 1  j) 


Ex.  6.  (a  +  2x)  -  -  =  'I  "  M  4-  —  ^  L      =  «  -  -  /'I  ^  o^,  - 1  r^  -  2 
2  2.3  2.3.4  2.3.4.5 

%"  "J  \-.  T  (-""' ^)  ^  r^c-"  "'•'■)'- r273C^"  ■' ^o"  ^  rro 

C"^      x^ 

=  a-^{l  -4a-\c  -f  12a- ^x--  32a  " ^x^  +  80a " ^x*  -  &c.} 
Fa---4a-^x-t-  1 2a -*x2- 32a -5x3  + 80a -6x4-  &c. 

Ex.  7.  (a-  +  x'O"  '  =  {a2(l  +  a  "  ^x^)}"  ^  =  a"^(l+a-  ^x^)  "  ^ 

3.7.11.15  .^  ^^^ 

17273747256.  <^^-^"> 

=  a  ~  2  {1  -  5  a  -  ^x2  +  |ia-  -x*  -  ^/,-  a"  Gx^  +  iii|  a  "  ^x«  -f  kc] 

=  a~^-ta'"^x^  +  fia--^x4-f^a""^6j-i^i^ft"-^^ 
-&c. 

Exercise  LXIV. 

Expand  to  five  terms  each  of  the  following  expressions : 

1.  (1  4-x)  -^  8.  (1  -  4x)^ 

2.  (1  +x)-2.  9.  (1  4-  x)~^ 

3.  (1  -  2x)-i.       10.   (1-  5x)^ 

4.  (l-ix)-».      11.  (1  +  |x)\ 

1 

5.  (1  -f3x)  -2.       12.   1. 


13.  (a-x2) 


(1  -2x)=- 
1 


'•ir^r^--  14.  (a^  +  x3) 


15. 

(J  -  x^)  -  ^ 

16. 
17. 

(a^-x^y. 
(a^-fx-^)". 

18. 

(a^-x-^)-' 

19. 

(ahn-x^)~K 

1 

20. 

(a  +  x-^)-r 

21. 

1 
'/a  -  6x " 
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276.  Theorem  111. — In  the  expansion  of  (1  +  x)'-  iktre.  are  only 
n  -r  1  term-fj  when  the  exponent  is  positive  and  integral. 

Demonstration. — The  coefficient  of  the  (r  +  l)th  term  is  C,.  = 

n(n-  l)(n-2)(n-3) (n  -  r -f  1) 

\r  •      Xow  if  r  be  such  that 

n-r-r  1  =0,  then  the  (r  -^  l)th  and  all  the  following  terms  vanish, 
»nd  the  series  will  terminate  with  the  rth  term.  But  if  ti  -  r  -f- 1 
=  0,  r  -  n-rl  and  the  (n  -h  l)th  term  is  the  last  term  of  the  series. 

Note.— If  w  is  negative  or  fractional,  the  series  never  ends,  but  may  be 
continued  to  an  infinite  number  of  terras,  since  as  ?-  is  necessarily  integral 
and  positive,  we  can  then  find  no  value  for  r  which  will  render  n—r-t-  1 
=  0. 

277.  Theorem  IV. — la  the  expansion  of  (1  -r  x)'^  when  n  f<? 
positive  and  integral,  the  coefficients  of  terns  equally  distant  from 
beginning  arid  end  are  the  same. 

Demonstration. — The  (/•  +  l)th  term  from  the  end  having  r 
terms  after  it  is  the  same  as  the  {(n  +  1)  -  r  |  th  term  from  the 
beginning,  i.  e.,  is  the  same  as  the  (n  -  r  +  l)th  term  from  the 
beginning.  And  since.  Art.  271,  the  coef.  of  the  (r  +  l)th  term 
is  C,.  writing  n-r  for  r  the  coef.  of  the  (  n  -  ?--f  l)th  term  will 
be  C„.r. 

But  it  has  already  been  shown  (Art.  270)  that 
n(n-l)(n-2)....(n-r4-  1)  ^       I  ^^     ^        I  ^^        ^   ^ 
^>~'  1.2.3 r  \r  \n-r       j7z-r  (r  ""''" 

that  is  the  coef.  of  the  (r+  1)  from  the  beginning:  =  coef.  of 
('/•  +  1)  term  from  the  end. 

278.  To  find  the  general  term  of  trie  expansion  of  (a  f  x)". 

In  writing  down  any  term  of  the  expansion  of  (1  -f  xy\  say 
the  5th  term,  so  as  to  exhibit  the  factors  of  the  coefficient  thu=, 

n        n-1  n -  2  n -  3 

T  ■   "'f    '         3         *         4 

I.  The  numerator  added  to  denomiaator  of  each  factor  =  n-f  1. 
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il.  The  uuuiber  of  such  factors  is  one  less  than  the  number  of 
the  terra. 

III.  The  exponent  of  x  is  equal  to  thedenom.  of  last  factor. 

IV.  The  exponent  of  a  -  n-  (the  exponent  of  x). 

Hence  the  (r -f  l)th  or- the  general  term  of  the  expansion  = 
7?(n-l)0;-2)....(n-r-H) 

1.2. 3.... r  -^ - 

279.  The  student  must  note  the  following  points  with  respect 
to  this  general  term  : 

T.  The  gen.  term  of  (I  -r  xY  when  v.  is  a  positive  integer,  is  as 
above. 

IT.  When  n  is  positive,  the  gen.  term  of  (1  -  x)^  =  C^(  -  x)' 

where  (-1)''  """ill  of  course  be  positive  or  negative  according  as 
r  is  even  or  odd,  that  is  according  as  r  '^  1,  the  number  of  the 
term,  is  odd  or  even. 

III.  If  n  be  negative,  the  general  terra  of  (1  4-  .r)  "'^  - 

-n(-n-  1) {-n  -(r-1}  7!(n  fl) (n-Vr-  1) 

JT-  =  (-!)'■  ( j7-^ .rO 

lY.  If  n  is  negative,  the  general  terra  of  (1  -x)  ■'''=(  -  1)'"  x 

/'n(ri  +  I)(?i  4-2) (n  4-  r  -  1)\ 

C,(  -  xy  .  (  -  ir  (  -  l)--  / -'-^ ■-^- ^ — ^  )  :,r 

'/?(?« -f  l)C/i -!- 2) (n-fr-1)  "~~ 

-  -^ ^ -^- x\    Since  ( .-  ly  X  (  -  vy 

-    (   _   1)2'-  =  f   1, 

When  the  exponent  is  fractional,  the  sign  of  the  general  term 
is  subject  to  the  same  laws,  and  Cr  may  be  written  as  in  III  and 
IV  on  pages  226,  227.    Thus  the  general  term  of 

V  .  (1  -f  x)-^  = Y^^r .r 

vii.  (i.xr  t.  (_  i).-,(^(^i:^KP^^ 
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Yin.  (1  -xr  =  c-irr^^       — Yrx<f      —    ^j 

Ex.  1.  Find  the  general  terms  in  the  expansions  of  (1  +  xY, 

„     .            .,        8.7.6....  (8  -7- +  1)             8.7...(9-r) 
G.  T.  of  (I  -!-  :r)«  =  + n^ihr.^ ^  ^''  =  -^ \r ^" 

-\  1.3.5....f  1 +  Cr- 1)2  } 

G.T.of(l-x2)     '=-f .1x2'     •     -^(^T 

1.3.5....  (2r-  1)  ^  U  ^^ 


r  X  2' 


-§  -? 


G.  T.of(a2-a:2)     *  =  a     ^(l-a-2j2) 
-I   f3.  7.11... {3+ (r- 1)4}-] 

I E^^ — r""    ' 

_3.7.n...     (4r-I)^., 
I  r  X  4' 

/2.3,4....(2  +  r-  1)N 
G.T,  of  (1  +  3a:)-2  =  (  -  lyi 1>-. ^ j  (3a:y  = 

/2.3.4 ('•-M)\  ~~ 

(  _  !)'•  / — ^ j  S'-  .r''  ^  (  -  !)'•  (r  H-  1)  3''  :e''-.     Since 

{  r  in  the  denominator  cancels  1 . 2 . 3 . . . .  r  =  }  r  in  the  numerator. 

Ex.  2.  Find  the  general  term  in  the  expansion  of  (1  +  a.)^ 

%      5.2.-l.-4....f5-(r-l)3} 
G.T.of(l-.)-^=  TTTtV-^ -"=' 

\  5.2.1.4....(3r  -  8)  \ 
-(-!>  j_rx3*-  ^ 

Note.— In  the  above  expression  for  the  general  term  it  will  be  observed 
that  we  change  all  the  negative  signs  in  the  numerator  and  then  prefix  a 
power  of  ( - 1).  Kow  if  all  the  fav ;  "rs  in  the  numerator  are  negative,  ( - 1)** 
is  the  prefix,  and  if  any  even  numbers  of  negative  factors  are  changed  to 
positive,  (  -1)'^  is  still  the  prefix,  but  if  any  odd  number  of  them  is  changed, 
the  sign  of  the  product  of  the  whole,  i.  e.  of  the  general  term,  is  altered,  and 

p_ 

becomes  ( -  if  *  ^'  In  the  expansion  of  (1  +  ar)  ^  therefore  the  sign  of  the 
general  term  is  (  - 1)'"  or  ( -1  )*"  ^  *,  according  as  the  number  of  positive 
lectors  is  even  or  odd. 
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p 
In  the  expansion  of  (1  -  a? )  ^  the  general  term  will  of  itself  involve  ( -  if , 
and  this  taken  in  connection  with  the  above  render.^  the  sign  of  the  general 
torm(-l)  "'  :=lor  (-l)"'"'^^  — -1  according  as  the  number  of  positive 
factors  is  even  or  odd. 

Remark. —In  the  above  paragraph  the  general  term  merely  expres.ses 
*Ey  term  after  negative  factors  begin  to  appear  in  the  numerator. 

5 

Ex.  3.  Find  the  general  term  of  (1  -  a:)" 

G.  T.  of  (1  -  x-f  =  .    ^  ^,^ ^—^x"- 


•       3.2.7 (nr-8) 

(-1)'^' rir~7. -^^ 


Ex.  4.  Find  the  8th  term  of  the  expansion  of  (*1  +  j:)  "  -^ 
Since  the  general  term  =  (r  -f  l)th  term  =  8th  term,  r-  7 

/4.5.6.7.8.9.10\ 
Formula  III.  8th  term  =  (-!)"    (   ^  ^  3.4  5  (>  7  )-^^ 

_  ! 

Ex.  5.  Find  the  5th  term  of  the  expansion  of  (1  -  r) 
1.3.5. ...{  1  +  (4-1)2  } 
Formula  VI.  5th  term  =  TTx  2^ " 

1.3.5.7  35 


1.2.3.4x16  128 

Ex.  6.  Find  the  7th  term  of  the  expansion  of  (1  -  Ixy^ 

11. 10. 9. 8. 7. C 
Formula  II.  7th  term  =  ( -  1)^  -  ^23456    ^"^-^^ 

x6        462  154 

=  +462x^29  =  729^'  =  ^^' 

7 
Ex.  7.  Find  the  6th  term  of  the  expansion  of  (  1  -  x)^ 

7.2.-3..{7-(5  -  1)5}           7.2.3..  f(4x5)-7} 
Formula  Till. ^j—p^ x^'  = j^--^^ 

7.2.3.8.13  182 


1.2.3.4.5  X  612; 


Since  there  are  two  positive  factors  in  the  first  expression, 
the  sign  is  (  -  1  )  ^'"  -  -i-  1,  see  note  above. 

Ex.  8.  Find  the  11th  term  of  the  expansion  of  (a    '  +  x^) 
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-.1  IX  f-l  i  "jiJ-  _iJ-/  iNii 

(a     %.r2)^    =^a     '  (1  +  a'a:^  )  I  '  :.  a      '(l+a'xM'' 

Then  by  formula  v  the  lltli  term. 

^,-Lril.7.3.-l.-5....{ll-(10-l)4n    ,  i    ,^, 

J   _^ ^ I     (n     r^\l<J 


-\-  11    /11.7.3.1.5....(36-I1) 

=  tt     -x(-i)     (^ [Toinro 

-V-  11.7.3.1.5.9.13.17.21.25     •    ,     ^ 

1.2.3.4.5.6.7.8.9.10.1048576 
-V  85085  85085         21 

26843545G 

280.  To  find  the  sum  of  all  the  coefficients  0/  (1  -r  s)i. 

n         n(n-l) 
The  Theorem  (l+a:)"'=l  +  Y^+      ^  3      -^'^  ^  *^'^''    ^^   ^"^^ 

for  all  values  of  x.     Let  a;  =  1. 

71       7?(n-])       n(>i-l)(i-2) 
Then  (1  -h  1)"'  =  2«  =  1  -r  Y  +     \  3      -f         ^33 -^-f  &c. 

.'.  3"^  -  sum  of  all  the  coefficients  of  (1  ~  xy-. 

281.  Theorem  V. —  The  sum  of  the  coefficients  of  the  odd  terms 
i?i  the  expansion  of  (I  +  x)"  is  equal  to  the  sum  of  the  coefficients 
of  the  even  terms, 

Demonstbation. — Put  r  =  -  1  in  the  expansion  of  (1  +  xy-. 
n(/i-l)     n(n~l)(n-2) 
Then  (1  -  1)  »*  =  0"  =  0  =  1  -n-r  -^"2      " ^ T^l "^  *^^- 

Sum  of  coefficients  of  odd  terms-sumofcoef.  of  even  terms  =  0. 
.-.  Sum  of  coefficients  of  odd  terms  =  sum  of  coefficients  of 
even  terms. 

CoR. — Since  the  sums  are  equal,  each  sum  is  evidently  half 
of  2",  Art.  280,  and  is  therefore  =  — —  -  2*^  *■  ^ 

282.  To  find  the  greatest  term  in  the  expansion  of  {a  -f  x)». 

n(n-l)(ri-2)....(:i-r  +  l) 

The  (r  +  l>th  term  =  -^^ ^ r;, — ^ a"-  -  ^c*• 
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The  rth  term  =  -^^ r :— ^^ a"'  - »"  +  ij;''  - 1 


T 


a  +  X 


Hence  the  (r  +  l)th  term  is  obtained  from  the  rth  by  mnltiply- 
n- r  + I    X 
iDg  the  latter  by  — ^ .    CoQseqiiently  the  yth  term  will 

be  the  greatest  as  soon  as •  —  becomes  <  1. 

'/•  a 

That  is  as  soon  as  (??  -  /•  4-  1)  x-  <  ar  or  r(.i  +  j-)  >  (n  -i-  1)^. 
That  is  as  soon  as  /•  >  (n  f  1) 
;•  therefore  must  be  the  first  whole  number  >  (n  4-  l) 

^   Li.   ^  X 
X 

If  (?i +  1)^^-7-^  is  a  whole  number,  then  two  terms  are  equal, 

and  each  is  greater  than  any  other  term. 
\^  n  is  negative,  r  is  the  first  whole  number  equal  to  or  next 

X 

erreater  than   (n  -  X) . 

Ex.  9.  What  is  the  sum  of  all  the  cocfficiens  of  (1  -f  x)^  ? 

Here,  Art.  280,  2^  =  2^  r.  512. 

.Ex.  iO.  What  is  the  sum  of  all  the  odd  coef.  of  (1  -!-  .r)^  ^  ? 

Here,  Art.  281,  2'^"  1  ^  21^  -1  =  21-*  =  1G384. 

Ex.  11.  Which  is  the  greatest  term  in  the  expansion  of  (1 -f  .r)^'* 

when  i-  =  -3  ? 

Here  r  is  the  whole   number  equal  to   or  first  greater  than 

•3  3        42 

(13  +  1)  YT3  or  14  X  —  or  p  which  is  4,  therefore  the  4th  term 

is  the  greatest. 


Exercise  LXV. 
Find  the  general  term  and  the  6th  term  of: — 

I.  (1  -  a;)-3     2.  (1  +  .r)-4     3.  (1  -  x)-|     4.   (1  -  a;)f 
5.   (l+x)   2     6.   (1+x)   '■'   7^  f/i-x)-!     8.  (a+ix)o 
Find  the  general  term  and  ibe  5th  term  of: 

9.  (1  -  2.r)-2  10.  (1  +  §,r2)-f 

II.  {a--  \x'\y^  12.   (a- J  -x-iy^ 
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Find  the  sum  of  all  the  coefficients  of  : — 

13.(1  +  ^)10     14.  (l+x)7     15.  (l-x)J3     16.  (l+x)i2- 

17.  Find  the  greatest  term  in  the  expansion  of  (1  +  z)'^  when 
x  =  2. 

18.  Find  the  greatest   term  in  the  expansion  of  (1  +  xV  ° 
when  X  =  I. 

19.  Find  the  greatest  term  in  the  expansion  of  (2a  +  xy^ 
when  a  -  4x  =  1. 

20.  Find  the   greatest  term  in  the  expansion  of  (1  +  a;) "  ^ 
when  a:  =  ?. 


SECTION  XIII. 

NOTATION  AND  PROPERTIES  OF  NDMBERS. 

283.  jiny  number  N  may  be  expressed  in  the  form  of  d„  t^  + 
c^B-  1  r'*"^  +  &c.  4-  djT-'  +  d.^r^  +  dji^  +  do  where  r  is  a  posi- 
tive integer,  and  the  coefficients  do,  dj,  &c.,  d„_  ^j  do,  are  also  in- 
cegers  all  less  than  r,  the  radix  of  the  scale. 

For  let  N  be  divided  by  the  greatest  power  of  r  it  con- 
tains, and  let  the  quotient  be  d„,  less  of  course  than  r,  and  let 
the  remainder  be  xV, .     Then  iV  =  d,  r^  +  A"i . 

Similarly  let  iVj  be  divided  by  the  greatest  power  ofr  it  con- 
tains, and  let  the  quotient  be  d^  ~  ^  with  remainder  iV^.  Then 
jS\  =  d„_  1  r^-i  +  iVg. 

Similarly  /Vg  = 'Z,.  ,  r"  "- +  iVg,  and  so  on,  and  continuing 
the  process  until  the  remainder  becomes  <r  -  say  d^,  we  have 
iV=ri^r''  +  rf,_i  r'»-  '  + &c.  +  (^2  r^  +rf,  r^  +  (Z„. 

Where  any  of  the  coefficients  d„,  d„  _  i,  &c.,  d^^  <^2> ''m  J,,, 
may  vanish,  i.  e.,  become  =  0,  but  none  can  be  >  or  =  r.  In 
other  words,  these  coefficients,  or  digits  as  they  are  called,  may 
have  any  value  from  0  to  r  -  1  inclusive,  and  consequently  in 
any  scale  r  there  occur  r  digits,  including  zero.  (Soe  National 
Arithmetic.) 
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234.    To  express  any  number  in  any  proposed  scah  : — 

Let  A' be  the  number  and  let  r  the  radix  of  the  proposed  scale. 

Then  by  last  Art.,  the  given  number  may  be  -written  as  = 

dnr''  +  (^„-^  r^  "  ^  +  &c.  -}-  d.2  r-  4-  (/j  r^  +  do- 
Dividing  this  by  r  we  get  a  complete  quotient  with  remainder 

fi'',  the  right  digit  of  the  number  in  the  proposed  scale. 

Dividing  this  complete  quotient  by  r,  we  get  another  complete 

quotient  with  rem.  rfj,  which  is  the  second  digit  of  the  number. 

'    And  proceeding  thus  as  long  as  we  get  a  quotient  divisible  by 

r,  we  obtain  as  remainders  the  successive  digits  of  the  number. 

(See  Arithmetic.) 

285.    To  prove  the  rule  for  reduchvj;  a  pure  repelend  to  it?  equi- 
valent vulgar  fraction. 

Let  R  -  the  given  repetend,  and  let  it  contain  r  digits,  and 
let  V  =  its  value. 

Then  F=  •  RR  &c.  (i).     Multiplying  each  by  10'  we  have 

10'' F=  R'RR  kc.  (II.)     Subtracting  (i)  from  (n) 

R 

10'- r-  r=  R  .'.  r(io''  -  i)  =  r  .-.  v=  ^rzi- 

Bat  since  >•  =  the  number  of  digits  in  the  repetend,  ly  -  1  will 
l?e  as  many  9's  as  there  are  digits  in  the  repetend. 
Rt:pttend. 
"As  many  9's  as  there  are  digits  in  repetend' 

2S6.    To  prove  the  rule  for  reducing  a   mixed  repetend  to  Us 

equivalent  vulgar  fraction. 

Let  V  =  the  value  of  a  mixed  repetend  in  which  -F represents 

the  finite  part  and  R  the  repetend,  and   let  F  and  72  contain 

respectively /and  r  digits. 

Then  r=  -FRR  &c.  Multiplying  these  by  ]*y*'"  we  have 
10-''+''  V^  FR'RR  &c.  (i).  Also  multiplying  them  by  U*-' 
lO-'  F  -  FRR  Sc.  (n).     Substracting  n  from  i, 

(10/-.  ,0')  V-FR-F.     That,.,  V.   j^""~ 

But  10^  is  unity  followed  by  as  many  ciphers  as  there  are 
units  in/,  i.  e.,  as  many  ciphers  as  there  are   digits  in  F,  the 
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finite  part,  and  10'  -  1  is  as  many  9's  as  there  are  units  in  r,  i  e,, 
as  many  9's  as  there  are  digits  in  R,  the  repetend. 

"Whole  repetend  minus  the  finite  part. 
"As  many  9's  as  figures  in  repetend  followed  by  as  many  O's 
as  figures  in  finite  part. 

287.  Theorem  I. — Jf  from  any  number  the  sum  of  its  digits  be 
subtracted,  the  remainder  is  divisible  by  the  radix  of  the  scale 
decreased  by  unity. 

DE.AfoxsTRATiox. — Let  r  be  the  radix  of  the  scale,  and 
let  a  +  br  +  cr^  +  dr'"^  +  &c.  be  the  number. 
Subtract  a  +  b    +  c     +  d    +  &c.  the  sum  of  the  digits. 

Then  the  rem.  =  6r  -  6  +  cf^-c  +  dr^-di-  Sec.  =  b(r  -  1)  -i-  c(r^ -  1) 
+  d(r^  -  1)  +  &c.,  which  (Art.  80)  is  evidently  divisible  by  r  -  1, 
i.e.,  by  the  radix  decreased  by  unity. 

288.  Theorem  II. — If  the  sum  of  the  digits  of  any  number  is 
divisible  by  (r  -  1),  that  is  by  the  radix  decreased  by  unity,  then  the 
number  itself  is  divisible  by  one  less  than  the  radix. 

Demon-stration.— For  let  N=  the  number  and  .S*  -  the  sum  of 
its  digits,  and  since  S  is  by  hypothesis  divisible  by  (r  -  1)  let  <S 
=  m(r-  I).     Then  Theorem  I,  N-  S  is  also  divisible  by  r  -  1 
.-.  letiV^-  S  =p(^r-  1). 

Then  by  substitution  we  have  N -  m  (r  -  1)  =  p  (r  ^  1). 

.'.  N=  p(r  -  1)  +  m(r  -  1)  =  (r  -!)(?>  +  m),  and  since  the 
right-handed  member  is  evidently  divisible  by  r  -  1  .-.  also  the 
left-handed  member  A' is  divisible  by  r  -  1, 

Cor.  In  any  scale  such  that  r  -  1  is  divisible  by  3,  if  the  sum 
of  the  digits  of  any  member  be  divisible  by  3,  the  number  itself 
is  divisible  by  3.  For  let  N  and  -S'  represent  the  number  and  the 
sum  of  its  digits,  and  let  S  =  3m  and  r  -  1  =  3^. 

Then  N-  S  =p(r-l)  =  3pq  .-.  N-3m  =  3pq  .-.  N=3(pqi'm) 

That  is.  A"  is  divisible  by  3. 

Hence  in  the  common  scale  a  number  is  divisible  by  3  or  by  9, 
according  as  the  sum  of  its  digits  is  divisible  by  3  or  by  9. 

289.  Theorem  III. — If  from  any  number  the  sum  of  the  digits 
c.tanding  in  the  odd  places  he  subtracted,  and  to  it  the  sum  ofUie 
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dibits  standing  in  the  even  places  be  added,  then  the  remit  is  divis- 
ible by  the  radix  increased  by  unity. 

Demoksteation. — Let  r  be  the  radix,  and  let  the  number  be 
a^br  +  cr'^  +  dr'"^  4-  er*  +  &c. 
Add  -  a  +  b   -  c     +  d    ~  e    +  &c. 


The  result  is  br  +  6  +  cr^-c  +  dr^-f  rf-{-er*-e  +  &c.,  which  is  equal 
to  b(r  +  1 )  +  c(r'^  -  1)  +  d(r^  +  1)  +  eQ-^  -  1)  +  &c. 

But  r  4-  1,  r^  -  1,  r=^  +  1,  r*  -  1,  &c.,  are  all  (Art.  80)  divisible 
by  r  +  1,  .  • .  b(r  4-  1)  -f  c(r^  -  1)  +  (/(?-^  +  1)  +  &c.  is  divisible  by 
r -f  1. 

Cor.  Hence  in  the  common  scale  any  number  treated  as 
above  is  divisible  by  11. 

290.  Theorem  IV. — If  in  any  number  the  sum  of  the  digits  stand- 
ing in  the  even  places  be  equal  to  the  sum  of  the  digits  standing  in 
the  odd  places,  then  the  number  is  divisible  by  the  radix  increased 
by  unity. 

Let  N=  the  number,  .S'  =  the  sum  of  digits  in  the  even  places, 
and  S■^  the  sum  of  the  digits  in  the  odd  places. 

Then  Theorem  III,  Is  i-  S  -  S,  is  divisible  by  r-f  1.  But  since 
by  hypothesis  -S"  =  5,,  it  follows  that  S  -  S^  =0  .• ,  A" is  divis- 
ble  by  ?•  +  1. 

291.  To  prove  the  common  rule  for  testing  the  accuracy  of  mul- 
tiplication by  casting  out  the  9's. 

Demonstration. — It  follows  from  Theorem  II.  that  any 
number  in  the  common  scale  will  leave  the  same  remainder  when 
divided  by  9  that  the  sum  of  its  digits  will  leave  when  divided 
by  9 .  Let  then  9a  +  c  be  the  multiplicand  and  96  +  (f  be  the  mul- 
tiplier. Then  8 la6  +  96c +  9arf-i-c£i  will  be  the  product.  Now  if 
the  sum  of  the  digits  in  the  multiplicand  be  divided  by  9,  the  rem. 
is  c,  if  the  sum  of  the  digits  in  the  multiplier  is  divided  by  9  the 
rem.  is  d,  and  if  the  sum  of  the  digits  in  the  product  be  divided 
by  9,  the  rem.  is  evidently  the  same  as  the  rem.  obtained  by 
dividing  cd  by  9.  ^ 

■i  < 

292.  Theorem  V. — The  product  of  any  three  consecutive  numbers 
in  the  scale  of  10  is  divisible  by  1.2.3.,  i.e.,  by  6.  • 
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Demonstration. — Every  number  must  be  of  the  form  of  3m 
or  3m  +  1,  or  3}7i  -h  2,  because  every  number  when  divided  by  3 
must  leave  0  or  1  or  2  as  remainder. 

.-,  The  product  of  any  three  consecutive  numbers  may  be 
represented  by  3m(3m  -f  l)(3.'?i  +  2).  But  3m  is  a  multiple  of  3 
and  of  the  oiher  factors  3m  -f  1  or  37/i  -f-  2  one  must  be  even,  and 
must  therefore  be  divisible  by  2,  .-.  3m(3m  -r  l)(3wH-2)  must  be 
divisible  by  1.2.3,  i.e.,  by  6. 

293.  Theorem  VI. —  The  product  of  any  r  consecutive  mimbers 
is  divisible  by  1.2.3. ..  .r. 

Demonstration. — Let  n  be  the  least  of  the  numbers,  and  let 

n(7i  +  l)(n  r  2) (rt  +  r-1),  ^    ,  ^     ^ 

:;— — — •    be    represented   by    ,,Pr   for    ail 

values  of  n  and  r. 

n(n-{-l) (n-hr-2)      n  +  r-l  fn~\ 

Then.A--^.,:3...:(,_iy —  ^  ,./•,.  .  (— ^  1 

n  -  1  (n-l)n(n+l)(n  +  2) (n-\-r-2) 

^'   nPr.  I  X   -y-  +  ^Pr.  i   =     ^  1.2.3. ...r  ^ 

Now  if  we  assume  that  ,,P,-.  ^  is  an  integer,  or  in  other  words 
that  the  product  of  any  (r  -  1)  consecutive  integers  is  divisible 

by  1.2.3 r 

Then  since  as  above  shown  ^P,.  =  „ .  -,Pr  -f  ^P,  .  -^  we  have 
«P,.-  „ .  |Pr  +  int.,  an  integer  for  ail  values  of  n  and  r,  and  writing 

•  in  succession  «  -  1,  n  -  2 3 . 2  for  n  vre  obtain 

n.^Pr  -  n-iPr^  int., 

n.^Pr   =    H-iPr   +    int.    ' 
.^C.    =    &C. 

.,/',.  -   .fr^  int. 

2p,  -  jP,  +  int.      Adding    these    equals   and    cancelling,    we 

1.2.3.4   ...r 
have  nPr  ~  iPr  -^  sum  of  integers,  but  ^Pr  -  ^234 r  ^  ^* 

.-.  ;,Pr  =  1  +  sum  of  integers  -  an  integer. 

Hence  if  „Pr-i  is  an  integer,  then  also  „P,.  is  an  integer.  Bat 
it  has  been  shown  (Theorem  V)  that  ^P.j  is  an  integer  ;  therefore 
also  nPi  13  an  integer,  and  therefore  also  aPo  ^nd  so  on,  .-.  aP/is 
an  integer,  that  is  ?i(n  +  l)(n  -f  2). . . .  (n  +  ?•  -  1)  is  divisible  by 
1.2.3. ...r. 
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SECTION    XIV. 

INEQUALITIES;  VANISHING  FRACTIONS,  INDETER- 
MINATE EQUATIONS. 


INEQUALITIES. 

204.  In  addition  to  tlie  axioms  given  on  pages  16,  17. 
tlie  student  will  find  it  advantageous  to  remember  the  fol- 
lowing propositions :  — 

I.  If  the  same  quantity  he  added  to  or  subtracted  from  two  «n- 
equah,  the  sums  or  differences  are  unequal. 
Thus  if  rt  >  ^  then  a  ±c>  h  ±c. 

II,  Jf  tivo  iinequals  he  both  multiplied^  or  both  divided  by  the  same 
positive  quantity f  the  products  are  unequal,  as  also  are  the 
quotients. 

Thus,  if  a  >  6,  a  -  6  is  positive,  and  if  m  be  positive  then 
also  m(a  -  b)  is  positive,  and  . • .  ma>mb]  similarly 

1  a         b 

— (a  -  b)  is  positive,  .-.  —  >  — 
m^  ^  '  m        m 

ITT.  If  tlie  terms  of  an  inequality  be  multiplied  or  divided  by  any 
negative  quantity,  or  if  the  signs  of  all  the  terms  be  changed, 
the  sign  of  inequality  must  he  reversed. 

Thus,  if  a  >  6  then  a  -  b>  0  or  -  b  >  -  a,  ov  -  a  <  -  b  ;  so  also 
if  a  >  b  and  -  m  be  any  negative  quantity,  a  -  6  is 
positive  .-.  m(a  -  b)  is  negatire,  .-.  ?n(b  -  a)  is  positive 

1  ^ 

,'.  mb  >  ma  or  ma  <  mb.     Similiarly  —  (b  -  a)  is  pos. 

b  a  a    "'    6    '• 

.-.  —  >  —  that  is  -    <  — 

IV.  If  any  number  of  inequalities,  all  having  the  same  sign  of 
inequality,  i.e.,  all  >  or  all  <,  be  all  multiplied  together, 
left-hand  membersby  left-hand  members,  and  right  by  right, 
then  the  resulting  products  icill  form  an  inequality  icith  the 
same  sign. 
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Thus,  if  a  >  6,  €>  d,  e  >/,  then  ace  >  bdf.  • 
Y.  If  tx^h  and  n  he  positive  qnaniUie^,  and  a  >  b.  then  a^  >  b-'  and 
'f'Ja  >  PJb. 

Thus,  a  >  b,  .-.  last  article,  o^  >6-,  .-,  «^>  /A  and  so  on. 
.♦.  a'*  >  ft** ;  similarly  i^a  >  VJb 

VI.  If  any  number  of  inequalities  having  the  same  sigji  be  added 

together,  the  sum  is  an  inequality  of  the  same  kind. 

Thus,  if  «  >  Z',  c>d  and  e  >/.  then  a  +  c  +  e>6+(/+/. 
Note — It  does  not,  however,  follow,  that  if  oije  inequality  be  sub- 
tracted from  another,  the  difference  is  an  inequabty  of  the  same 
kind.  Thus,  if  «  >  h  and  c  > rf  it  does  not  always  follow  that  n  -  c^  b  -  d, 
since  a  may  be  nearer  in  magnitude  to  c  than  Z;  to  r? ;  for  example,  although 
7>5  and  6>  2,  7-6,  is  not  greater  than  5  -2,  i.  e.  1  is  not  greater  than  3 

VII.  If  the  same  quantity  or  two  equal  quantities  be  divided  by 

each  side  of  an  inequality,  the  sign  of  inequality  will  be 
reversed. 

15       15 
Thus  5  >  3  but  y  <  y,  i.e.  3  <  5  ;  so  also  \f  a  >  b  then  by 

m       m 
dividing  m  by  each  we  have  —  <-r. 
°         "  a        b 

a-^b       a^-  -  b^ 


Ex.  1.  Shew  that  if  a  be  pos.  and  b  >  a  then  ——7  > 


u+  b      d^  -I-  b'^ 

Since  2  >  0  multiplying  by  ab  we  have  2ab  >  0  .-.  also  a^  -f  2ah 
+  fc2>a-H-  b"^  and  dividing  each  by  (a'^  +  b^)(a  +6)  which  is 

1  a  ^  b 


a  -vb       d~  +  b^ 
and  multiplying  each  of  these  hja-b  which  is  negative,  because 

a-'b      a^-b' 
6>o  we  have,  proposition  in,  ^^TT^^^^jT^^ 

Ex.  2.  Shew  thatx2  4-y^<-T z     ^  .,  ,- t 3 

Because  (Art.  134)  2xy  <  1"^+  y^,  multiplying  each  by  xy  we 
have  2x-y2  <  x^y  +xj/^. 
And  adding  x'^  -  xhj  -  xV  _  xy^  +  i/^  to  each  we  have  x'^  -  x"y 

-^  xY  -  xy^  +  7/  <  x*  -xY+y*  --.K 
nd  raul 

x^  +  y^< 


X*  -  x^y  +  x^'^  -  xy^  A-  y^ 
and  multiplying  each  of  these  unequah  by  x'^  +  y^  yre  have 


a^</  +  x'Y  ^  ^y^ 
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Ex.  3.  Given  3x  -  4  <  a:  +  6' 


a: +  6^ 


5x  +  1  >  3x  '  1^  ^'■"  ^'^^  ^'  ^"  ^liole  numbers. 
From  1st  inequality,  2a:  <  10  .• .  x  <  5.  From  2nd  inequality,  2x >  6 
.-.  X  >  3  .-.  X  is  >  3  and  <  5^  i.e.  is  any  whole  number  between  3 
and  5.     Hence  x  =4. 


Exercise  LXVT. 
Find  the  limit  to  the  value  of  x  in  the  following  inequations: 

X  X  X  CC  X 

1.  7x-13<22.  2.  ■5-  +  -  +  -^.--f--7>9. 

3.  7t- l<3x+ 11.  4.  2a;+ 5>ir-x- 10. 

ax  a^  bx      .  b^ 

5.  Given  — +6x-a6>  —  and -z--ax  +  a6  <-r-  to   find   the 
limits  of  X.      ^  a  i  7 

G.  Prove  that  a^  +  1  is  equal  to  or  greater  than  o^  +  «  accord- 
ing asa  =  1  or  a>  1. 

7.  Prove  that  a'  +  1  >  a"  +  a  when  a  is  negative  and  numeri- 
cally <  1. 

a        0 

8.  Prove  that  -7-  4-  — -  >  2  when  a  and  b  are  both  positive  or 
both  negative. 

9.  Given  |(x  +  2)  +  ^x  <*i(x  -  4)  +  3  and  i(x  4-  2)  +  ^x 
>  .^(x  +  1)  -f  i  to  find  the  value  of  x  in  whole  numbers. 

10.  Shew  that  a'^  +  b^  +  c'^>  ab  +  ac  +  be  unless  a  -  b  =  c. 

11.  Shew  that  abc  >  (a  +  b  -  c)(a  +  c  -  b)(b  +  c  -  a)  assuming 
that  a,  b  and  c  are  unequal. 

12.  Shew  that  (1  +  a  +  a^y  <3(1  +  a^  +  a"^)  unless  a  =  1. 

13.  Shew  that  ab{a  +  b)  +  bc{b  +  c)  4-  ca{c  +  a)  >  &abc  and 
<  2(0^  +  6^  +  c^)  when  a,  6  and  c  are  positive  quantities. 

14.  If  x^  =  a^  +  6^  and  if  ~  c^  ^  d-,  shew  that  xy>  ac  +  bd. 

15.  If  a>  6  shew  that  V  («  +  b){a-b)  +  V6(2a  -  6)  >  c. 
•     IG.  Shew  that  (o  +  6  +  c)^>  2  7a6c  and  <  9(a^  +  U^  +  c''). 

1 7.  Prove  that  {a  +  b)(b  +  c)(c  +  a)  >  8a6c. 

x'' +  34x  —  71  * 

18.  If  X  be  real  prove  that  — — — —  can   have   no    value 

between  5  and  9.  x  +  zx      / 

w2  -  n  +  1 

19.  Shew  that  ^^  lies  between  3  and  h  for  all  real  values 
of  n. 
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VANISHING     FRACTIONS. 

295.  A  vanishing  fraction  is  one  which  assumes  the 

form  of  —  when   some  particular  value  is  given  to  some 
particular  letter  in  both  numerator  and  denominator. 

Thus,    ■■■_■,■  is  a  vanishing  fraction  when  b-a,  because  then 

0 
it  becomes  =  -r-. 

296.  Now  it  will  be  readily  seen  that  in  the  above  ex- 
ample, and  indeed  in  all  others,  the  peculiarity  arises  from 
both  numerator  and  denominator  having  a  common/actor, 
which  factor  =  0  under  the  assumed  conditions.     Thus,  in 

the   example  given  above  we  have    ^^ — '■ ,    and 

striking  out  the  common  factor  a  —  b  which  =  0  when  h  ~a 
the  expression  becomes  a  -r  h  or  2a  since  h  =  a. 

297.  In  order  therefore  to  find  the  value  of  the  fraction, 
or  more  properly  the  limit  to  its  value,  we  endeavour  to 
find  out  the  common  factor  involved,  and  casting  it  out,  the 
result  required  is  obtained  by  a  simple  reduction! 

F.x.  I.  Find  the  value  rif when  a-  =  a. 

X  -  a 

OPERATION. 

Here  -^^^  =  ^ 4-:— (^  4-  a)(x^  +  a^). 

Now  making  x  =  a  we  have  this  =  2a  x  2u^  -  AcvK 

Ex.  2.  Find  the  value  of when  x  =  a. 

X  —  a 


OPERATION. 

x"»  -  a''^ 
Here  — =  x"^  - 1  +  ax""'    ^  +  a^x"'-^  -i-  a^x"*  -  *  +  &c.,  to  m 
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terras  and  when  x  =  a  this  expression  becomes  =  a'"  -  ^  +  a'"' '  ^  + 
u^n-i  s.  a"'  - 1  +  &c to  m  terms  =  ma"'- "  \ 

_  _  X  -  a  +  J2ux  -  2tt^ 

Ex.  3.  Find  the  value  of  — : when  x  =  a. 

v>^  -  «■' 

OPERATION. 


X  -  rt  4-  V2r/(x  -a)       '\jx-a\^Jx-a-\-  V^a  [ 

Here     --::: —    .   I         —    =     . 

'\l{x  -  a)(x  +  a)  y/x-a  'Jx  +  a 

yx  -  fj  +  \/2a  _   V''  -  a  +  V-^^       V2« 


Exercises  LXVIT. 
Evaluate  the  following  vanishing  fractions  : 

1  -  a^^     ,  x«  -  a^ 

1-    ^  _  ^.-  when  r  =■  1.  2.  ^2  _  ^2  when  a:  =  ff 

Q    a;-a^a;^      ,  ^    x^  +  2x  -  35      ^ 

3.   when  x  ^  a.  4.  -3 — iH^ — TT  when  x  =  5. 

X  —  a  X  —  iiX  —  10 

x^+Jx-i  x»+6r-ax2-o6 

^'  x-^-tx-fi  ^1^^^  ^  =  i-     6.  ^-.:r^:,-:,i2^_«6.  when  X  =  «. 

ax'^  +  ac2  -  2ocx 
•  •  6x^-26cx+6H  "'^^^^  ^  =  ^• 

^-  r7^^:^^'^i^:r^4  when  x  ^  a. 
x'^  +  lax"^  -  a^x  -2a? 


INDETERMINATE  EQUATIONS. 

298.  It  has  been  already  stated,  Art.  122,  that  when 
there  are  two  or  more  unknown  quantities  involved  in  a 
single  equation,  the  number  of  solutions  is  unlimited, 
and  the  equation  is  indeterminate. 
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Thus,  S:c  4-  2^  =:  11  is  an  indeterminate  equation,  because  the  number 
af  values  which  may  be  assigned  to  x  and  >/  is  indeiinite.  This  number 
may,  however,  be  decreased  :  1st  by  rejecting  all  fractional  values;  2nd, 
by  rejecting  all  negative  values;  3rd,  by  rejecting  all  numbers  that  are 
squares  or  cubes,  &c. 

299.  Theorem  I. —  The  i:ideterminate  equation  ax  ±  hy  =  c 
admits  fat  least  one  solution  ivhen  a  is  prime  to  b. 

c  ^  by 
Demonstration,     ax  ±  by  =  c  .' .  x  =  ;  and  substituting  in 

succession  0,  1,  2,  3....  (a  -  1)  for  y,  a.  being  prime  to  b, 
the  several  remainders  must  necessarily  be  different.  For  if  any 
two  values  of  y  as  v  and  v'  give  the  same  remainder  r,  q  and  q'  being 
the  quotients,  then  c  ±bv  =  aq  +  r  and  c  ±bv'  =  aq'  -^  r.  There- 
fore ±  bv  f  bv'  =  a(q  -  q'),  that  is  b(v  -  v')  =  a(q  -  q')  or 
b  (v'  -  v)  =  a(q  -  q)  ;  that  is  6  (t?  -  v')  and  b  (v'  -  v)  are 
divisible  by  a  without  a  remainder.  But  by  hypothesis  b  is 
prime  to  a  .w  -  v'  is  divisible  by  a  which  is  impossible,  since 
c  and  v'  are  both  by  hypothesis  less  than  a,  and  consequently 
V  -  v'  and  v'  -  v  are  less  than  a.  Hence  the  remainders  are  all 
different  and  their  number  =  a  and  each  is  a  positive  integer  less 
than  a,  consequently  one  of  them  must  =  0,  .-.  x  is  an  integral 
number  for  a  certain  integral  value  of  y  less  than  a,  and  these 
integral  values  of  x  and  y  satisfy  the  equation  ax  ±by  =  c. 

Ex.  1.  Find  integral  values  of  x  and  y  which  satisfy  the 
equation  5x  +  23)/  =  170. 

SOLUTION. 

170 -23y 
Here  x  = and  substituting  in  succession  1,  2,  3.  &r., 

for  y  we  find  that  5  will  do. 

170-115      55 
Thus,  ■= =  —  =  11  =  X  .-.  X  =  11  and  y  =  I 

300.  Theorem  II. —  The  equation  ax  +  by  =  c  cannot  he  solved 
in  positive  integers  if  a  and  b  have  a  divisor  which  does  not  also 
divide  c. 

Demonstration. — For  if  it  be  possible  let  a  and  b  have  a  com- 
mon measure  m  which  is  not  also  a  measure  of  c,  and  let  a  con- 
to  in  m,  p  times,  and  let  h  contain  w,  q  times.     Then  ax  \  by -c  is 


46  INDETERMINATE   EQUATIONa  [Sect,  xiv 


equivalent  to  pmx  ±  qmy  =  c,  or  px  ±q>j  =  —.     AuQ  since  botb  p 


m 


c 


and  q  are  integers,  and  —  is  a  fraction,  it  follows  that  x  and  y 

cannot  both  be  integral. 

Note.— If  a,  b  and  c  have  a  common  measure,  the  equation  may  be 
divided  through  by  this,  and  thus  a  may  be  made  prime  to  b.  In  the  fol- 
lowing articles  this  is  always  assumed  to  be  done. 

301.  Given  one  solution  of  the  equation  ax  +  by  =  c  in  poaitivi 
integers  to  fi^id  the  general  solution. 

Let  X  ~  ^  and  ?/  =  7  be  one  solution  of  the  equation  ax-\^hy-  c, 

a      y  -  y 
Then  afi  i- by  =  c  =  ax  +  by  .-.a  (fi- x)  =  b  (y -y)  .'.  -j=  j^T^- 

a 
Now  since  -r-  is  in  its  lowest  terms,  a  being  prime  to  b  ; 

.*.  whatever  multiple  y  -  7  is  of  a  the  same  multiple  is  fi  -  x  ol 
b.  Let  y  -y  =  at,  then  fi  ~  x  =  bt  where  t  is  an  integer,  since  we 
are  only  to  obtain  integral  values. 

Therefore  y  =  y  +  at  and  x  =  fi  -  bt  is  the  general  solution. 

Similarly  writing  -  b  for  b  we  obtain  for  the  general  solution 
of  ax  -  by  =  c,  X  =  $  +  bt  and  y  =  y  +  at. 

Hence  if  one  integral  solution  of  the  equation  rt:c  ±by  =  c  can 
be  detected,  the  others  can  be  readily  found  by  giving  different 
integral  values  to  t  in  the  equations  x  =  (3  J  bt  ;  y  =^  y  +  at. 

Ex.  2.  Given  3x  +  4y  =  39  to  find  the  positive  integral  values 
of  X  and  y. 

SOLUTION. 

Here  x  =  I  and  y  ~9  is  evidently  one  solution. 

Then  x  =  I  -  'it  and  ^  =  9  +  3^  Now  let  t  =-  1,  then  x  =  5, 
y  =  6,  let  #  =  -  2  then  x  =  9,  y  =  3. 

XoTE.— Since  the  values  of  x  and  y  may  bo  found  by  substituting  for  t 
in  the  general  solution  x  =  $  i^  bt.  7/  =  y  -{-  at,  successively  the  values  0, 
±  1,  i  '^.  ±3,  &c.,  it  follows  that  the  values  of  x  and  7/  taken  in  order 
constitute  two  arithmetical  series,  and  consequently  that  as  soon  as  two 
contiguous  values  of  each  are  determined,  the  rest  maybe  written  at  once. 

302.  Theorem.— T7ic  yuimber  of  positive  integral  solutions  is 
limited  for  ax  h  by  =  c,  but  unlimiUdfor  ax  -  by  =  c. 
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Demoxstkasion. — I.  By  Art.  301  it  appears  for  ax  +  oy  -  c  the 
general  solution  is  x  =  $- bt  and  y  =  y  +  at  where  x  =  ^  and 
y  =  y  is  one  solution  and  t  is  any  integer  positive  or  negative. 
Nov/  since  by  hypothesis  x  and  y  are  both  to  be  positive,  it  is 
manifest  that  ^  -  bt  must  be  positive,  that  is  bt  must  be  less 
than  /3,  that  is  t  is  limited  to  integral  values  which  are  less  than 

a 

~r.     Hence  the  number  of  positive  integral  solutions  of  ax  -r  by 

=  c  is  restricted. 

II.  Similarly  in  the  general  solution  of  ax  -by  =  c  we  have 
X  =  ^  +  bt  and  y  =  y  +  at  where  x  =  ^,  y  =  y  is  one  solution  and  t 
is  any  integer  positive  or  negative.  Now  since  by  hypothesis  x 
and  y  are  to  be  positive,  $  +  bt  and  y  +  at  must  be  positive  and 
since  p,  b  and  y  are  positive  it  is  manifest  that  t  may  be  any 
negative  integer  such  that  bt  <j8  and  at  <y  and  that  t  may  be  any 
positive  integer  whatever.  Therefore  the  number  of  positive 
integral  solutions  of  ax  -by  =  c  is,  unlimited. 

303.  In  addition  to  the  method  indicated  in  Arts.  299, 
301,  for  finding  the  values  of  the  unknown  quantities  in 
an  indeterminate  equation,  the  following  method  may  be 
studied  with  advantage. 

Ex.  3.  Solve  Ax  +  13y=  123  in  positive  integers. 

SOLUTION. 

Divide  by  the  least  coefficient,  which  in  this  ci^e  is  4,  then 
y 
x- -r  31/ +— =  30  +  |.    And  since  x  and  y  are  to   be  integral 

Z-y  . 

X  4-  31/  -  30  is  integral  and  .-.  — ^  which  is  the  equal  of  , 

a:  +  3i/  -  30  is  integral. 

3  -  y  ., 

Let  — T-  =  <,  an  integer,  then  Z-y  =  U.'.y-Z  ••. 

Substitute  this  in  the  given  equation  for  r/,  and  Ax  =  123  - 
123-39  +  52^      84  +  52^ 
13  (3  -  40  .-.  X  =  ~ =  : =  21  +  13/. 

Hence  a;  =  21  +  13i  ) 
y  =  3  -  4/       [ 
Take  /  =  0  ;  then  :c  =  21  +  0  =  21,  y  =  3  -  0  =  3. 
Take  t^-\]  then  x  =  21  -  13  =  8,  y  =  3  +  4  =  7.  ■ 
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Note.— These  are  the  ouly  positive  integral  solutions,  because  as  »/  is  to 
be  a  positive  integer,  3-4^  must  be  a  pos.  int.  .•.4<<3.'.^<|  that  is  t 
may  be  any  positive  integer  which  is  less  than  |,  but  0  is  the  only  positive 
integer  less  than  ?  .-.  f  cannot  be  a  positive  integer  greater  than  0.  Similarly 
since  x  must  be  a  positive  integer  21  +  ISt  must  be  a  pos.  integ.,  i.e.  t  may 
be  any  negative  integer  which  wiU  not  make  21  -f  13^  negative  i.e.  I3t 
<21ori<H,  i.e.  t  when  taken  negatively  must  be  an  integer  less  than 
ts  or  iu  other  words  can  only  be  -  1. 

Ex.  4.  Solve  3x  -  17y  =  20  in  positive  iategcrs. 


Divide  by  the  least  coefficient,  3.    Then  a-  -  5?/  -  —  =  6  +  — . 

2  +  2y      ^  4  + Ay 

.-.  — ^ —  IS  integral,  .-.  multiplying  by  2,  — —  is  integral, 

1+2/       .  1  +2/ 

or  1  -r  ?/  +  —^  IS  integral,  .'.  —^  is  integral  =  t,  say, 

Then  i  +  y  =  3t  and  y  =  3t  -  1.     Substitute  this  in  the  given 

20-17  +  5U 
equation  and  3x  =  20  -i-  17(3^  -  1)  .-.  x  =  ^ 1"^^+  1- 

Hence  x  =  17^  +  1  |       x  =  is,  35,  52,  69,  86,  &c. 
y^    3f-  1  j  •"•  ?/=    2,    5,    8,  11,  14,  &C. 
According  as  t  =  1,  2,  3,  4,  5,  &c. 

Note.— We  multiply  here  by  2  in  order  to  render  the  coefficient  of »/ 
divisible  bv  the  denominator  with  a  remainder  1,  and  this  we  seek  to  do  iu 
all  cases. 

Ex.  5.  Solve  in  positive  integers  ox-  -i-  19y  =  20  T. 

SOLUTION. 

Ay  ^       4y  -  2  . 

Here  dividing  by  5  we  have  x-  +  3j/  +  —  =  41  +  g-  .•.  — g—  if 

16y-8 
integral,  .-.  multiplying  by  4  we  have  — - —  integ.,  .-.  3y  -  1 

!/-3  1/-3  y  -o 

-f  — g—  is  integ.,  .-.  —r-  is  integ.     Let  —^  -  t  then  y  -3  =  5t 

and  y=5t  +  3.  Substitute  this  value  of  y  in  the  given  equation  and 
we  get  ox  =  207  -  19  (5t  +  3)  =  207  -  57  -  19  x  5^ 


.-.  X  -  30  -  19^  I 
y  =  5t  +3     j 


Now  when  ^  =  0  we  have  x  =  30,  y  =    3 
When  i  =  1  we  have  x  =  11,  y  =  8. 
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.-.  The  pos.  int.  solution  are  a;  =  30  or  11  and  y  =  3  or  8. 
Ex.  6.  Solve  in  positive  integers  41a;  +  68t/  =  2789. 

SOLUTION. 

21y  21y-l 

Dividing  by  41  we  have  x  +  y-i-—  =  68  +  -4^,  .-.  —^ —  is 

8\y-3  81y-3 

int. ;  multiplying  by  3  we  have  — -^ —  int.  .-.  ^y-'~^ — is  int. 

82y-81y  +  3  y  +  3      .       ,      y  +  3 

-•. 77 that  13  "Tj—  13  int.  Let  — rr-  =  t  then  y  =  4U  -  3. 

Substitute  this  value  of  y  in  the  given  equation  and 
41x  =  2789  -  68(4U  -  3)  =  2789  +  204  -  68  x  4U. 
2993  -  68  X  4U      ^ 

•*•  ^  ^  41 ^^^~  ^^^* 

Hence  x  =  13  -  68t  f        x  =    5  j 

y  =  4U-3    \    •••y  =  38r^'^^  =  ^- 
It  is  evident  that  this  is   the   only   int.   pos.  solution,  for 
73  -  68^  must  be  po3.  int.,  so  also  must  4U  -  3  .-.  68^  <  73  or 
t  <ll]  also  4U>  3  or  ^  >  -4^  and   the   only   positive   integer 
between  ^|,  and  -^^  is  1. 

Note.— The  student  will  not  fail  to  observe  the  artifice  made  use  of,  in 
the  2nd  line  of  the  solution,  to  avoid  using  a  large  multiplier,  and  the 
trouble  of  searching  for  it,  since  it  must  be  such  as  to  render  the  coeffi- 
cient of  2/  divisible  by  41  with  a  remainder  1. 

3x-1y+   z=  16?    to  find  the  positive  integral 
Ex.  6.  Given  5^;  +  3^  _  4^  =  _  4  $    values  of  x,  y,  and  z. 

SOLUTION. 

Multiplying  the  upper  equation  by  4  and  adding  the  two 
together  we  have 

8y  9 

llx  -  25y  =  60,  and  dividing  by  17  we  get  a;  -  y  -  r^  =  3  +  t^ 

8y  +  9  .    _ 
,\  — yj—  is  integral. 

^      ,      .    16y+  18      ^         ,      .  16y+  18  . 

So  also  13  — yj —  ^^^  so  also  is  y  -  — r^ —  integral. 

y-  18 
,-.      ,,.     is  integral  =  t,  say,  then  y  =  17t  +  18. 

Then  llx  =  60  +  25y  =  60  +  25  x  17^  +  450  =  510  +  25  x  17/ 
x  =  30  +  25/  andy=  17/+  18, 

B 
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Hence  x  =  5,  30,  55,  &c.,  and  y  =  1,  18,  35,  &c. 

But  z  also  has  to  be  positive  and  integral,  and  therefore  the 
only  values  of  x  and  y  which  are  admissible  are  a;  =  5  and  y  =  1, 
and  consequently  z  =  8. 

Ex.  "7.  What  is  the  least  number  which  when  divided  by  4,  6 
and  7  shall  leave  remainders  1,  3  and  5  ? 


Let  the  number  =  4x  +  I  =  6y  +  3  =  1z  ^  5.     Then  ix  -  6y  =  2. 

y  2/  +  1 

.-.  (i)  2x  -3y=  I  .-.  x-y  -Y  ^  2  -"•  -y-    ^^    ^^*"    ~   "*'  ^^^' 

then  y  =  2m  -  1. 

Also  (II)  6y  -1z  =  2,  that  is  Urn  -  6  -  1z  =  2  .-.  12m  -  7c  =  8 

5m              1        5m  -  1,                   15/?i  -  3 
.'.  m  -  z+  y  =  1  +  "«".*•  — ^: —  is  int.  .-, s —  is  int. 

m-3 

.-.  — ^  is  int.  =  /,  say,  then  m  =  It  -h  3. 

Hence  y  =  2/?i  -  1  =  14^  +  6  -  1  -  14i  +5. 
6y  +  2        3  1        42^+15        1 

a:=  -^—  =:-y  +  -  =  — 2—    +Y- 21^  +  8. 

Gv  -  2       84^  +  30-2 
And  z  =  ~j—   =  i^^ =  12^  +  4. 

Consequently  x  =  8,  y  =  5,  and  2  =  4. 
And  the  required  number  =  4x  4-  1  =  33. 

Ex.  8.  In  how  many  ways  can  JGBO  be  paid  in  sovereigns  and 
guineas  ? 

SOLUTION. 

Let  X  =  number  of  sovereigns  and  y  =  number  of  guineas. 

y 

Then  in  shillings  20a:  -f  21y  =  1600  .-.  x  +  y  +  ~=  80. 

.-.  y  =  20t.     And  20.r  =  1600  -  21y  =  1600  -  21  x  20/. 

.-.  x  =  80-21/. 

Then  since  80  -  21t  must  be  pos.  and  int.    .-.    80  must  be 

80 
greater  than  2U,  and  since  2  U  <80,t  <  —  and  .-.  cannot  exceed 

3.  and  consequently  there  are  only  three  ways  of  payment. 
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EXEECISE  LXVIII. 

Solve  iu  positive  integers  : 

1.  4a:  +  3y  =  U  2.  5x  -  I3y  =  11  3.  2x  -h  1y  =  59 

4:.5x+Uy  =  2Q        5.  dx  -  lly  =  2  6.  13x  +  2ly  =  H2 

7.  12x-41y=-lY     8.  37x  +  43^  =  357      9.  22a:  -  43?/ =  6 
10,   7x  +  25y=l77      11.  99x-160!/  =  335    12.   llx  -  4y  =  22. 
Find  a  positive  integral  solution  of  the  following  : 

13.  2a: -F  3y  +  42  =  29|  14.  4a;  -  5^  -  6cr  =  17"! 

3x4-52/ -32=    9J  2x  +  ^+ll2  =  47| 

15.  In  how  many  ways  can  the  sum  of  S697  be  made  up  by 
bank  notes  of  the  respective  value  of  $3  and  §5  ? 

16.  In  hov/  many  ways  can  $27-30  be  paid  in  twenty-five  cent 
and  ten  cent  pieces  ? 

17.  What  is  the  simplest  way  for  a  person  who  has  only 
guineas  to  pay  £7  10s.  6d.  to  another  who  has  only  half 
crowns. 

18.  Find  two  integral  square  numbers  whose  sum  is  a  square. 

19.  Find  two  integral  square. numbers  whose  difference  is  a 
square. 

20.  A  basket  of  apples  is  known  to  contain  between  90  and 
100;  and  it  is  fouud  that  when  they  are  counted  four  at  a  time, 
there  are  two  over,  and  when  counted  six  at  a  time  there  are 
also  two  over.     How  many  are  there  in  the  basket? 

21.  Find  the  le^ast  integer  -which  when  divided  by  C,  8  and 
10  respectively  shall  leave  remainders  1,  5  and  9. 

22.  How  many  pairs  effractions  are  there  with  denominators 
10  and  15,  whose  sum  is  |§  ? 

23.  A  person  bought  50  barrels  of  fruit,  consisting  of  apples, 
pears  and  cranberries,  for  $250  ;  the  apples  cost  $2  per  barrel, 
the  pears  §5  and  the  cranberries  $4 ;  how  many  barrels  were 
there  of  each  ? 

24.  How  can  a  debt  of  X'lOO  be  paid  with  100  pieces  of  money 
consisting  of  £5  notes,  £1  notes  and  crown  pieces  ? 

25.  Divide  25  into  two  parts,  one  of  which  may  be  divisible 
by  2  and  the  other  by  3. 

20.  Divide  24  into  three  parts  such  that  if  the  first  be  multi- 
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plied  by  36,  the  second  by  24,  and  the  third  by  8,  the  sum  of 
the  three  products  may  be  516. 

27.  Find  a  perfect  number,  i.  e.  one  of  which  is  exactly  equal  to 
the  sum  of  all  its  divisors. 

28.  What  is  the  least  odd  integer  which  divided  by  It,  12,  14 
shall  leave  remainders  7,  9  and  11  respectively? 

29.  A  person  buys  100  head  of  cattle  of  three  different  kinds 
for  $500.  For  the  first  he  gives  $50  a  head,  for  the  second  $30, 
and  for  the  third  $2,  how  many  were  of  each  kind  ? 


MISCELLANEOUS  EXERCISES. 

1.  Simplify  HKl  -  «)}  -  h(h{h(.^a  -  6)]). 

2.  Prove  that  (x2  +  I  -  x  - '''^  -  {x"  -  I  -  x -^y  =  ^z^^x'^). 

3.  Find  the  G.  C.  M.  of  a^  +  2ab  +  h\  a^  +  b\  a?-h^  and 
a^  4-  2a%  +  2a62  +  h^. 

X  -h       X  -  a  b^ 

4.  Find  the  value  of -  —j—  where  x  =  t . 

a  0  0  -  a 

5.  Given  x  +  y  +  z  =  3(x  +  z  -  y)  =  5(z  -  x  -  y)  =  15  to  find 
the  values  of  x,  y  and  c. 

Find  the  value  of  5^135  -  3^40  +  2-^'625    -  4^320. 

7.  Given  x*  +  1  =  0  to  find  the  values  of  x. 

8.  U a  :  b  ::  b  :  c,  and  b  :  c  ::  c  :  d,  show  that 

a  -r  b  :  b  +  c  ::  b  +  c  :  c  +  d. 

9.  Shew  that  if  a  :  c  :;  2a  -  6  :  26  -  c,  then  will  a,  |6and  ic 

be  in  harmonic  progression. 

1  2 

10.  In  the  series  a  +  a(  1  -  —  )  '''  +  afl-— J  " 
+  a(l  -  —  ]  ''^  +  &c.,  the  sum  to  infinity  is  p  times  the  sum  of 


P  . 
the  first  n  terms. 

11.  Reduce  ^^  "^ —  and  ^li^^^iH-^  to    their    simplest 

JL      .-J-         x^  +  Jx^  +  J 
form.  X     -x 

12.  Find  the  cube  root  of  343x6  _  44^5^  +  777xV-  531xy 
+  444xV  -  UixY  +  G4y^. 
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13.  Simplify  a;2^-'*xa:2'»-Pxa:2i»-m„Q(j  also  — «?"« 

'  c 

6c  ca 

14.  Find  the  product  of  2x^+  y-h  ^x-  ^  into  2z2-  y  +  i^  -  ^  1 
of  z2  +  az  -f  b^  into  x^  -  ax  +  6^^  and  of  x'™  +  yP  into  x''^  +  ]/^. 

,.    c-      ,.^    3V5-2V3       2V5-3V3 

15.  Simplify  3-^5^^3  +  3-^^ 

16.  Find  the  value  of  r — 

2x  + 


3x  +  — 
4x 


17.  Find  the  value  of 

1  1  I  _  2x  4-  1 

4(2x  -  1   ~  4(2x  +  1)  ■*"  T  (2x  -  l)(4x^  +  1). 

18.  Find  the  values  of  x  in  the  equation. 

a  c  a  -  c 

<0 


X  +  a      x  +  c       X  +  a  -  c 
(II)  V(x  -  IX^  -  2)  +  V(^-3)(x-4)  =  2. 
1  1  1 

^"'^  x'''-2x-  15  ^  x'''+2x-35  ~  x^-13x-48  '  ^' 

b  +  c 

19.  If  n  =  r ,  and  6  be  the   G.  mean  between  a  and  c, 

a^-b^  1 

then  TTTz  ^iH  be  the  H.  mean  between  n  and  — -. 

20.  A  and  5  can  together  perform  a  piece  of  work  in  a  days, 
which  ji  and  C  can  finish  in  6  days,  and  B  and  C  in  c  days. 
Find  the  time  in  which  each  can  perform  it  separately. 

21.  Find  the  value  of 

o^ 6^  c^ 

(a  -  b){a  -c)  "  (c  -  6)(6  -  a)  "  (6  -  c)(c  -  a)' 

,      /a2  +  4i2  -  9c2\  2 

22.  Shew  that  a2-  / -^ j  = 

(g  +  26  +  3c)(a  +  2b~  3c)(a  -  26  +  3c)(26  -  a  +  3c) 
166^ 
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23.  Find  the  two  factors  of  u^  i-  b^,  and  the  two  factors  of 

a;  +  ?/  +  — 

24.  Simplify y.. 

or  +  ^z-F- 

25.  Find  the  /.  c.  m.  and  also  the  G.  C.  M.  of  a:^  +  3xy  -  28y^, 
r2  -  2xy  -  8^2  and  a;^  -  5a:i/  +  4t/^ 

26.  Find  the  general  expression  for  the  sum  of  a  geometrical 
series  when  r  =  4  1. 

27.  If  by  the  notation  at  we  represent  the  ^th  term  of  a  series.; 
then  in  an  J.  series  (p  -  q){a,n  -  a„)  =  (m  -  n)(aj,  -  a^  and  in 

~\  ~   (  ~  )  •     Required  proof. 

28.  In  comparing  the  rates  of  a  watch  and  a  clock,  it  was 
observed  that  one  morning,  when  it  was  12h.  by  the  clock,  it 
was  11  h.  59m.  493.  by  the  watch,  and  two  mornings  after,  when 
it  was  9h.  by  the  clock,  it  was  8h.  59m.  583.  by  the  watch.  The 
clock  is  known  to  gain  one-tenth  of  a  second  in  24  hours.  Find 
the  gaining  rate  of  the  watch. 

29.  Sum  to  12  terms  the  series  8+124-18  +  &c.,  and  find  the 
series  both  A  and  0,  whose  third  term  is  4,  and  6th  term  f  ^ . 

30.  The  receiving  reservoir  at  Yorkville  is  a  rectangle  60 
yds.  longer  than  it  is  broad,  and  its  area  is  5500  square  yds. 
What  are  its  dimensions  ? 

by  the  method 


Divide  (i) 

of 

-  2xY  +  y 
factoring. 

6  byx 

- 

2xy 

+  '/  1 

(") 

7x8 

+  5x*  - 

4x-^  + 

3x 

+  9 

by  x' 

+  2x  -  1  by 
Horner's  method. 
(in)  a:™  -  a:  -  *»  by  a;  -  a:  - 1  to  five  terms.  Also  find 
the  rth  term,  and  if  m  be  an  even  integer, 
prove  that  the  complete  quotient  can  be 
separated  into  two  parts  of  which  one  is  x"* 
times  the  other. 


32.  Find  the  square  root  of  37  +  20^/3,  and  of  4x  +  2V4x^  -  1. 

33.  Find  the  fifth  term  of  the  expansion  of  (a*  -  x-4)-3. 

34.  In  how  many  ways  can  a  party  of  seven  men  be  formed 
out  a  company  of  28  ? 
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35.  Find  the  square  root  of  x*  -  4x^  +  9x  "  *  -  12x  "  ^  x  iq  by 
in    ection. 

36.  Find  the  three  cube  roots  of  unity,  and  show  that  their 
sum  is  equal  to  the  sum  of  their  squares. 

37.  Find  the  values  of  x-  and  y  in  the  equations  : 

X        y  X  -  a       y  -  h 

(■)  T  -^  i-  =  1  = 


b  ~       b  a 


(II)  x^=Qx^Ay\ 
?/  =  Ax  +  &y\ 

38.  A  and  B  sold  130  yards  of  calico  (of  which  40  yards 
were  ^'s  and  90  yards  jB's)  for  $42.  Now  A  sold  for  $1,  one- 
third  of  a  yard  more  than  B  sold  for  the  same  sum.  How  many 
yards  did  each  sell  for  $1  ? 

39.  Insert  five  ff  means  between  |  and  \. 

40.  "What  is  the  diflference  between  an  identity  and  an  equa- 
tion, and  to  which  of  the  two  does 

a  +  c  6  +  c  xM-c 

(a-6)(x'-a)  "  (a  -  6)(x  -  b)  ^  {x  -  a){x  -  b)  ^^^O^^*^ 

41.  Solve  the  equation  ^x^  +  1  -f  V-^  =  1. 

42.  Simplify  ab  -  [(a  +  c)b  -  Zac  -  [ab  -  2c{a  ~  h)\]. 

43.  SimpHfy 

'Ix^  -  |xy  -  .a^!/^  -  mx  -{-ny  ±  (fx^  +  xy  -  -^^gy^  +  px  -  qy). 
{x^-2x-4:8)(x^  +2x-  28) 

44.  Reduce  .^^  ^  ^x  -  24:)(x'^  -  3x  -  40)  ^°  ^^^  lowest  terms, 

45.  Find  the  value  of  x  in  the  equations 

X  a  b  I 

(0 


(x-a)(x-6;       {a-b)(^a-x)    '    (b  -  a)(b  -  x)       a  -  b' 

(II)  i  ^4  +   ~^-K^=^-h)  =  U' 

40.  Find  the  value  of  x,  y  and  z  in  the  equations 

x^  +  xy  +  y'^  =  37;  y^  +  yz  +  z'^  =  28,  and  z^  +  zx  +  x^  -  19. 
-  47.  Find   the  least  possible  value  of  2d^  +■  2a^b  +  a^b'^  -  2a6x 
+  fe^x^  for  all  real  values  of  x. 

4^.  Find  the  square  root  ofxPi'  +  9x~6P«4j;4p^4(-;j-2p_ 3^ -2p^^(3 

h'j  inspection. 

49.  Sum  to  8  terms  each  of  the  series  3?-  +  G?  +  9f  +  &c.,  and 
81x12  -  54x1^01/  -{-  36x^1/2  _  ^c.  Also  find  the  sum  of  the  .latter 
series  to  infinity  when  x  =  2y-  1. 
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50.  Find  a  geometrical  series  such  that  the  sum  of  any  three 
consecutive  terms  may  be  ^\  that  of  the  succeeding  six  terms. 

5 1 .  Simplify  x^»(>i  •  p^  .  xn(p  -  m) .  xP('n  ■  nj . 

3;4  ^  3;3  ^  2ic^  +  a;  +  1 

52.  Reduce  x'^  -  x"^  ■{■  ix"  -  x  +  l  ^  ^^^  lowest  terms. 

53.  Solve  with  respect  to  x  the  equation  x^  -  lax  -  2hx  -  3a^ 
+  lOab  -  362  ^  0. 


54.  Given  '^Jy  -  '^y  ~  x  =  ^20  -  a:,  and  also  ^Jy  -  x  \  *j2()-x 
::  2  :  2  to  find  the  value  of  x  and  y. 

55.  Find  by  inspection  the  product  of  (x^  -  2x  +  3)  by 
(.1-2  -f  2j;  4-  1),  and  (x4  +  ix-^y^  +  2f)  by  (x*  -  2x'^y^  +  y^). 

56.  Solve  the  equation  x'  +  y^  =  a^,  and  x^j/  +  x^^^  s  6^ 

57.  A  company  at  a  tavern  had  $35  to  pay  ;  but  before  the 
bill  was  paid,  two  of  them  left,  and  in  consequence  of  this  the 
remainder  had  each  $2  more  to  pay.  IIow  many  were  there  in 
the  company  at  first  ? 

58.  Find  the  fourth  term  in  the  expansion  of  (a*  +  6')*. 

59.  Find  by  inspection  the  coefficients  of  x^  and  x"  in  the 
expansion  of  (1  4-  ax  -  iax^  -  2a'^x^  -  x^  +  |ax6  -  3ax")* 

60.  Find  two  numbers  such  that  the  greater  shall  be  to  the 
less  as  their  sum  to  a,  and  their  difference  to  b. 

1  /x2+l\  /x2+x-2+2\ 

61.  Reduce  2  4-  ^ and  also  (i^STl  )  (    x^  +  x  -  ^J 

4  T   

to  simple  quantities.         x  -  1 

62.  Find  the  value  of  the  expression 

x+6  x-4  x+2 

rr  + 


x2  +  2x-35       x^+lOx  +  21       x2-2x-15' 
2?      y^     f  X       y\ 

63.  Find  the  square  root  of -g-  +  "?"•(  —  +  —  )  +2jby  inspec- 
tion, and  also  of  x*  -  2x'  +  fx^  -  ^x  -f  -j^. 

64.  Multiply  (x"*  -  2]/")  by  (x"»  -  i/"),  and  also  (x^'^  +  ax"»  -  b) 
by  (x'^^  -  ax'"'*  4-  6). 

65.  Divide  (12x*  -  192)  by  (3x  -  6),  and  (20a*i6  _  22(^b^ 
4-  lla26'  -  3ab^),  by  (^a^b^ -  2ab'^ +b5).  The  former  by  factor- 
ing, and  the  latter  by  the  method  of  detached  coefficients. 
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66.  If  four  quantities  are  in  continued  proportion,  the  first 
has  to  the  fourth  the  triplicate  ratio  which  it  has  to  the  second. 

67.  Find  the  integral  values  of  x  which  satisfy  the  inequality 
x^'<  lOx-  -  16.  

13  -  2Jx  -  5 

68.  Given  ; 

13  -}-  2Vx  -  5 

a 

69.  If -7-  be  any  fraction  whatever,,  the  sum  of  it  and  its  recip- 
rocal is  greater  than  2, 

70.  Shew  that  the  sum  of  the  cubes  of  any  three  consecutive 
numbers  is  divisible  by  three  times  the  middle  number. 

71.  Divide  (a^  -  4a*  -f  la^  -  5a  +  6)  by  a^  +  6a  -'  4:  synthe- 
tically. Also  divide  (x^  -r  x  -  '^  -2)  by  (x'^  ■{■  x  '  ^  -  2)  by  inspec- 
tion. 

72.  Find  the  continued  product  of 

{ x^^^"  '  ^  -  a^^^^""  '^ }  {x^^  +  J)  {x^  +  a^)  . » . .  &c.,  to  n  factors, 

13  1  X-4: 

73.  Simplify  i2(2x  -  3)  "  12(2x  +  3)  "  i^M^  ' 

74.  Find  the  product  of  (^x^  +  ^xy  +  fy^)  into  (?x^-  ^xy  -f  p/), 
and  of  {2x^  +  3»/^)  (2<^  -  3y'^){4x^  +  6x^y^  +  9y^)  into  the 

quantity  (4x^  -  6x*y*  +  9y^). 

75.  Given  2xV3  -  3y^/2  =  6  and  3xV2  -  2j/V3  =  6^/6  to  find  the 
values  of  a;  and  y. 

76.  Prove  that  if  the  series  1  +  3  +  5  +  7  +  &c.,  be  continued 
to  any  even  number  of  terms,  the  sum  of  the  latter  half  is  three 
times  the  sum  of  the  former  half. 

a        b 

77.  If  the  A.  mean  between  two  quantities  be  -^  +  —  +  2, 

ah  a       b 

and  the  H.  mean  be  v   +  —  -  2,  then  the  G.  mean  will  be  -j 

b         a        '  b       a 

78.  If  «,  b,  Cy  be  in  H  progression,  then  will 

1         1 1_  1 

a         c    ~  h  -'  a       b  -  c' 

X 

70.  If  r  +  s  +  ^  =  V,  where  r  is  constant  and  «  oc  — and  t  oc  xy^, 

and  when  x  =  y  =  1,  v  =  0,  and  when  x  =  y  =  3,  v  =  8,  and  when 
X  =  0,  V  =  1,  find  V  in  terms  of  x  and  y. 
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80.  Solve  with  respect  to  x  the  equations 

(i)  {(a  +  6)x  +  a  -  6}[(a  +  6)x  +  6  -  aj  -  4a&. 

ax        b  b 

(ii)  -J-  -  — =  X  +  — . 
^    ^   0         a  ax 

81.  Find  the  continued  product  of  (a-  6) (a  +  6)(a2  + 52^  4.&;c. 
to  71  +  1  factors. 

82.  Divide  a;*  -  (a  +  6  +  'p)x^  +  (a;)  +  6j9  -  c  +  5)x-  -  (aq  -r  bq- 
cp)x  -  qc  by  x^-px  +  q  synthetically. 

83.  Find  the  square  root  of  a'^x^  +  2abx'^  -}-  (6^  +  2ac)x'^  +  c^x  -  ^ 
f  2bc. 

84.  Simplify 

|(x  +  a)(x-6)  "^  (a;-a)(x  +  ^)J~|^(aj  +  a)(x  +  6)'^(x-a)(a;-6)J 

85.  Find  the  G.  C.  it/,  of  x'^  ^p^x^  +  p'^  Sindx^+2px^+p^x^-p'^. 

86.  Find  the  Z.  c.  wi.  of  2i(a;2  +  a:- 20),  3j-(x2  -  x  -  30)  and 
4i(x2-  10a:  +  24). 

87.  Solve  with  respect  to  x  the  equation 

(a2  _  1)^2  -  2(a6  +  l)x  +  6^  _  1  =  0. 

88.  Simplify  the  following  expression 

x^-\-x-'-^  +  2(x  +  x--^)        /x'^-iy 
x^  -  X-  '^  -  2(x  -  X  -  1)   *    I  x^  +  \J 

89.  Prove  that  if  to  any  square  number  there  be  added  the 
square  of  half  the  number  immedintely  preceding  it,  the  sum  will 
be  a  complete  square  ;  viz.,  the  square  of  half  the  number  imme- 
diately following  it. 

90.  A  cistern  is  furnished  with  two  supply  pipes  A  and  5, 
and  a  discharge  pipe  C.  If  A  and  C  be  left  open  together  for 
three  hours,  and  C  be  then  closed,  fhe  cistern  will  be  filled  in  ^ 
an  hour  more  ;  if  B  and  C  be  left  open  together  for  five  hours  and 
Cbe  then  closed,  the  cistern  will  be  filled  in  1|  hours  more ; 
or  it  can  be  fJled  by  leaving  A  open  fo;  1|  hours,  and  B  ^  hour. 
In  what  time  can  the  cistern  be  filled  or  emptied  by  A,  B,  and 
C,  separately? 

91.  Find  the  G.  C.  M.  of  2x^  +  2x*  -  5x^  +  4x2  _  9^  ^nd  3x* 
+  3x3-  10x2- x  + 3. 

92.  Find  the  Z.  c.  m.  of 

apx^  +  (aq  +  bp)x  +  bq,  and  aqx^  -  (ap  -  hq)x  -  Lp. 
Also  of  (x2  -  xrf)  ]  (x^  -  y^)  and  {xy  +  /). 
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93.  Solve  the  equations 

X  -  "^a      2x  +  6a      x  +  2a 

a:  -  1       a;  +  I  3  2 

(n)   -y-  -      3      =  ^TTl  "  T^l 


(III)   V^  +  4  +  ^J2x  +  6  =  V3-r  +  34 


(it)   x2(y  -  1)  +  3y(x2  _  1)  =  ^a;2  +  3?/  and  ar^j/  =  5 

94.  Form  the  equation  whose  roots  are  2,  3  and  -  2  +  V-  3 

95.  Simplify  a  -  {a  -  m)  -  {-  {- {-  a-{-m-[-{m-a)\)])]. 

96.  Resolve  a^  +  6^  into  its  component  factors. 

97.  If  A.y  G.  and  H.  be  the  arith.,  geom.  and  harm,  means 
between  two  quantities  a  and  b,  then  will 

—  -         (H^aXH-  b) 
'     A  ~^^  G^  • 

98.  Find  the  time  between  two  successive  transits  of  the 
minute-hand  over  the  hour-hand  of  a  common  clock. 

99.  The  opposite  sides  of  a  rectangle  are  each  increased  by  a 
units  in  length,  and  the  other  two  sides  decreased  by  b  units, 
and  the  area  is- found  to  be  unaltered  ;  but  if  these  changes  in 
the  sides  had  been  respectively  c  and  d  units,  the  area  would 
have  been  diminished  by  e  square  units.  Find  the  sides  and 
examine  the  nature  of  the  problem  when  ad  =  be,  and  be  +  €  =  ed. 


X  ~  a\^       X  -  2a  +  b 


100.  Given  (^-—j    =  ^  _  2^  ^  ^  ,  to  find  x. 

101.  Divide  ox^  -  3x-  +  1  by  a;^  -  2x  +  3  by  Homers  method, 
exhibiting  both  the  complete  remainder,  and  the  continuation 
of  the  quotient  in  descending  powers  of  a;. 

102.  Find  the  G.  C.  M.  of  x^y  +  xy^  -  3a:'^  +  3/  -  9x  +  9y  -  2/, 
and  x^y  +  2xy^  +  x'^  +  4xy  -  5y--h  2x-2y  -  3y%  and  examine  whal 
the  result  becomes  when  y  =  1. 

103.  If  a  oc  V^  and  c^  oc  6^  shew  that  ac  oc  b^. 

104.  Resolve  a^'^  +  m}^  into  four  elementary  factors. 

105.  Reduce  („^,y.p.  +  (^;y-~^.  +  W^^'  *° 

its  simplest  form. 

106.  Given  2^  + 1  +  4-^  =  80  to  find  x. 
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lOV.  If  .7;  be  real,  prove  that  x^  -  8a;  +  22  can  never  be  less . 
than  6. 

108.  If  a  oc  d^,  b^  oc  (/*  and  r^  oc  inversely  as  d,  shew  that  the 
product  abc  varies  as  if  each  of  the  three  varied  directly  as  d. 

109.  Shew  that  the  sum  of  n  consecutive  odd  numbers  begin- 
ning with  2m  +  1  exceeds  the  sum  of  the  first  n  odd  numbers 
beginning  with  unity  by  twice  the  product  of  m  and  n. 

110.  If  the  roots  of  the  equation  ax^  +  bx  +  c  =  0  are  in  the 

62       (m  +  7iy 

ratio  m  ;  n,  shew  that  —  =  . 

'  ac  mil 

111.  Prove  that  — ^tt — \  .  .,, /.    ,/ — r^  = 

(a  + 6)(6 +  c)(a  +  c). 

112.  Every  square  number  is  either  divisible  by  3,  or  becomes 
so  by  the  addition  of  2,  and  the  product  of  any  three  consecutive 
integers,  the  middle  one  of  which  is  odd,  is  divisible  by  24. 

113.  Prove  that  { 7i(n  +  i)  p  _  {  (n  -  l)n  f  =  4n3. 
„.    ,  {ab  4-  l)(a;2  +1)       x  +\ 

114.  Find  the  value  of  J^y  ^  IXd^  ^  \)  "  ^^1  ^^^^ 

1 +a  1+6 

X  =  ^^^  and  J/  =  rr6- 

115.  Divide  synthetically  Tx^  +  21a:*y  +  35x3^/2  +  35a: V 
+  2lxy^  +  *ly^  hj  X  +  y,  and  the  result  by  x^  ■\-  xy  ■>r  y^. 

116  Employ  the  method  of  detached  coeflScients  to  find  the 
G.  C.  M.  of  18a;4  +  Sx^  -  iTx^  -  4x  +  4  and  Sx*  +  4x^-6x2- 
X  +  1. 

1 1 7.  Resolve  the  quantities  given  in  the  last  question  into  their 
elementary  factors. 

118.  Reduce  to  a  single  fraction 

3  3  1  1  -X 

4(1  -x)2  +  8(1  -  X)  ■•"  8(1  +  X)  ~  4(1  +  x^) 

119.  Is  the  following  expression  an  identity  or  an  equation 

V  ■*"  T )  ( ^  ~  T  )  "^  "*  "^  ^^  "^  ^"^^"^  -  3a)  +  lU ? 
Ifa=  1,  how  then? 
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120.  If  cf,  b  and  c  be  in  fl.  progression  then  will  — — r 


ab        ac 


a  +  c 


be  6  +  cc  +  a  a  +  6 

and  7 also  be  in  //.  progression  and  ,  — r—  and  

6  +  c  ^*'  a    ^      b  c 

will  be  in  A  progression. 

121.  If  ace  b  and  c  oo  d  then'will  ad  oc  6c. 

122.  If  there  are  two  circles  each  of  radius  3,  and  four  others 
of  radii  4,  5,  6,  and  7  respectively,  shew  that  they  can  all  be 
made  into  a  single  circle  of  radius  12,  assuming  that  the  area  of 
a  circle  varies  as  the  square  of  its  radius. 

123.  Given  the  first  term  of  an  A.  series  =  11,  and  that  the  sum 
of  the  first  3  terms  =  the  sum  of  the  first  9  terms,  to  find  the 
series. 

124.  Given  any  two  terms  of  a  G.  series  to  construct  it. 

125.  Find  the  G.  series  whose  1st  term  =  3,  5th  term  =  |f , 
and  sum  of  first  five  terms  =  2^^  • 

126.  Prove  that  the  latter  half  of  2n  terms  of  an  A  series  is 
one-third  of  the  sum  of  3n  terms  of  the  same  series. 

127.  If  5 1  denote  the  sum  of  n  terms  of  the  series  1  +  5  +  9  +  &o. 
and  ^2  denote  the  sum  to  (n  -  I)  or  to  n  terms  of  the  series 
3+7  +  114-  &c.,  prove  that  8^  +  82  =  (S^  -  S^y. 

128.  Find  the  7th,  the  10th  and  the  general  term  in  the 
expansion  of  (1  +  x-^)  "  ^* 

129.  Form  the  equation  whose   roots  are    1,  -  1,  2,  -  2  and 

3+  V^- 

130.  Assuming  that-  1,  1  and  1  are  three  roots  of  the  equation 
x^  +  2x*  -  3x^  -  3x2  +  2x  +  1  =  0,  find  the  other  two  roots. 

131.  Find  what  quantity  must  be  added  to  each  term  of  the 
ratio  a  :  6  in  order  to  make  it  four  times  as  great  as  the  ratio  c  :  d. 

V2 


132.  Shew  that 


/2  -V3\i 

\2  +  vsy 


1  +V3 
2x  +  3y  +  4z  =  29 ) 

133.  Given    x~2v  +  3z=   gl  ^^^'^^^'j^' ^^^P°^^^^^^  ^"^^^S^^^S- 

a;n  + 1  _  ^n  +  1 

134.  Find  the  value  of  the  vanishing  fraction    •  -  „^ ; 

x"y"(x  -  y) 

when  X  =  y. 

135.  The  sum  of  two  numbers  is  45,  and  their  /.  c.  m.  is  168, 
what  are  the  numbers  ? 
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1     (x+  l)(x  -  3)        1     (x  +  3)(x  -  5) 

136.  Given  -j  •  (^.  ^  2)(x  _  4^  +  "J  *  (^T4)(^V6)  " 

2     (:c  +  5)(x  -  1)        9? 
Is  •  (x  +  6)(x-8)  =  58-5  ^^  fi^*^  ^' 

2x?/  -  4?/^  +  x^  =  4 ) 

137.  Given         2     ,,2  _  o^?       {  to  find  the  values  of  x  and  y. 

a;  —  3/  -  i5b       ) 

138.  Prove  that  the  fraction  -gV  on  being  converted  into  a 
decimal  will  continually  produce,  successively  in  order,  the 
digits  0,  1,  2 9  inclusive  with  the  exception  of  8. 

139.  Prove  that  the  roots  of  ax'^  -bx  =  c?x  -  ah  are  rational. 

140.  Solve  the  equation  {a  +  x)(6  +  x)  =  nab. 

141.  Find  the  value  of  a;  in  the  equation  1  +  V^-  -  6x. 

142.  Given  '^x  +  '^x  -  I     =  V'^  +  1  to  find  x. 

143.  Solve  with  respect  to  Xf  y  and  z  the  equations 

a2       52        ^,2 

X  +  y  +  z:^  —  =  —  =  — 
^  X        y         z 

144.  If  a  number  be  multiplied  by  4,  and  the  same  number 
reversed  be  multiplied  by  5,  the  sum  of  the  products  is  exactly 
divisible  by  9. 

Prove  this,  and  infer  the  general  proposition  of  which  it  is  a 
particular  case. 

145.  Simplify  (a  +  b)(b  +  c)  -  (a  +  l)(c  +  1)  -  (a  +  c)(b  -  1). 

146.  Find,  without  actually  multiplying,  the  product  of 


(-9-  -0C7J  +  9]  into  [y  +  3    ) 


1 47.  Find,  without  actually  dividing,  the  quotient  of  (ax  +  by)'^ 
+  (ex  4-  dy)'-  +  (ay  -  bx^  +  (cy  -  dxy  by  x^  +  y"^. 

148.  Extract  the  square  root  of  a^x^  +  4) - 2a(x  +  2)  +  ^al^x  +  1 
by  inspection. 

149.  Find  the  G.  C.  M.  of  a2  +  6^  _  ^2  +  ^ab,  and  a^  -  ^2  _  ^^  + 
25c  by  factoring. 

150.  Divide  synthetically  4x*  +  5x2  4- 1  by  xl+  2x  -  1  obtain- 
ing the  exact  remainder,  and  also  four  terms  of  the  remainder 
expressed  in  descending  powers  of  x. 

151.  Expand  ^  _  ^  ^  ^a  in  ascending  powers  of  x. 
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(a  b    \         fa  b 

153.  Divide    (^^^  -  ^   by   (j^^  -  ^^ 

154.  Reduce  to  a  single  fraction  in  its  lowest  terms 

3(x-2)  1  1  1 

(x  -  l)(^x  -  3)  ~  X  -  I  ~  (x  -  2)  ~  X  -  3 

155.  Prove  that 

(xy  +  1  +  2x)(xy  +  1  +  2y)  +  (x  -  yY  _  (3:  +  l-)(.y+  1) 
x^y'^  +  1  -  x^  -  y'^  -'(x- l)(?/- 1) 

156.  Find  the  conditions  necessary  in  order  that  the  equations 
ax^  +  bx  +  c=  0  and  a^x'^  +  b-.x  i-  c^  ~  0  may  have 

(i)  One  root  common. 
(11)  Roots  equal  in  magnitude,  but  of  contrary  signs. 

a:  +  1       2a;  -  1       3x  +  4       5a;  -  6 

157.  Solve  the  equation  — ^  -  — ^ —  =  — ^ —  -  — ^ — 

(X  -  l)(x  +  4)       (3  +  x)(2  -  x) 

158.  Given ,      "^. =  -, — to  find  the  value 

(JX    "T  0 )  1.    ~  X 

of  o;. 

159.  Find  the  value  of  a;  in  the  equation 


l  +  2x'_   l4-a:+Vl+2a; 

l-2a^  ~"   1-x-VT^^ 
ICO.  Find  x  in  the  equation 

(x-iy'(7i-  iy  +  4n   _ 
(X-  +  1)^  (n  -  ly^  +  4/i   "  ^' 
and  shevr  that  if  n  be  positive  and  x  real,  the  value  of  the  left 
hand  member  always  lies  between  ?i  and  ^ 

161.  Find  the  ^.,  G.  and  jFf  means  between  %  and  |. 

162.  If  H.  be  the  harmonic  mean  between  a  and  b,  prove 
that  it  is  also  the  H.  mean  betjveen  (H  -  a)  and  (H-b) 

163.  Find  the  3Tth  term  of  the  series  G  -r  ^^^  +  \  +  &c.,  and 
also  the  sum  of  the  sums  of  the  first  31  terms  and  42  terms. 

164.  Find  the  sum  of  n  terms  of  the  series  3^  +  2  +  1^+  &c. 

165.  Find  the  sum  of  n  terms  of  the  series  1  -  0-4  +  0'16  - 
0-64  +  &c.,  and  also  the  diflference  between  the  sum  to  infinity 
and  the  sum  of  n  terms. 
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166.  There  are  p  arithmetical  series,  each  continued  to  n  terms; 
their  first  terms  are  the  natural  numbers  1,  2,  3,  &c.,  and  their 
common  differences  are  the  successive  odd  numbers,  1,  3,  5,  &c. 
Prove  that  the  sum  of  all  them  is  the  same  as  if  there  were 
71  such  series  each  continued  top  terms. 

16*7.  Find  the  continued  product  of  a;  -  ^xy  +  y,x  +  *jxy  +  y 
and  x^  -  xy  ■{■  y^. 

168.  Find  the  value  of  y  (x2  -  3^)*  j^  x  {x^  ■{■  3y)^  when  x  =  5 
and  y  =  8. 

169.  Extract  the  4th  root  of  16a*  -  B6c^b  +  2lQa^b^  -  2l6ab^  + 
8lbK 

170.  Ifa:b::c:d  shew  that 

1         1         1         1         1  /a        6        c  \ 

+  d   ] 


a        2b       3c       4.d       ad{4:         3         2 

2:r  +  3       4x  +  5       Sx  4-  3 
17L  Solve  the  equation  -^^-^^  =  ^^^  +  ^j^^  giving  the 

rule  and  reason  for  each  step  of  the  operation. 

172.  Solve  with  respect  tox  the  equation 

1_      _l 1  1 

X       X  +  b  ~   a       a  +  b 
a  +  1  ab  +  a  x  +  y  -  1 

173.  When  x  =  ^^^  and  y  =  -^^^^1  reduce  ^  ^  ^  ^  f  to  its 

lowest  terms. 

174.  Shew  that  2(x  -  yXx  -  2)  +  2(y  -  zXy  -  x)  +  2(z  -  z) 
(2  -  y)  can  be  resolved  into  the  sum  of  three  squares. 

175.  Divide  a*  +  i*  _  c*  -  20^62  +  ^abc""  by  (a  +  6)^  -  c\ 

176.  Find  the  G.  C.  M.  of  x^  -  1  and  x^o  +  a;9  +  x^  +  2x''  + 
2x4+  2x3  +  x2  +  x  +  1. 

2x  +  3             x  +  2  x-7 

1 '  ^-  ^^duce  (TTsy^^TT)  -  ^M-i  -  (x+5)(x-i)  ^^  * 
simple  quantity.  

a  +  6V-l       a-bJ -  1 

178.  Reduce — -  + to  a  simple  quantity. 

a -b si  -  I      a  +  b'^  -  1  ■ 

179.  If  four  positive  quantities  be  in  ./?.  Progression,  the  sum 
of  the  extremes  is  equal  to  the  sum  of  the  means  ;  but  if  in  G. 
or  H.  Progression  the  former  sum  is  the  greater.  Required 
proof 
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180.  Shew  that  in  an  ascending  .9.  series  if  the  least  term  be 
the  common  difference,  the  sum  of  (2n  -  1)  terms  is  /}  times  the 
greatest  term.  

a       '^a^  -  x^       X 

181.  Scire -srith  respect  tor  the  equation—  + =  -^. 

5.  4 

182.  Given  3x*  ^  x"  =  3104  to  find  the  values  of  x. 

183.  Find  the  value  of  a;  in  the  equation 

x  +  a         X  -  a         b  +  X         h  -  x 


■V  a         b  -  X    ^    b  +  X 


184.  Given  x  +  V  {-r^  +  V  ^^  +  96}  =  11  to  find  the  values  of  x. 

185.  Find  a  number  of  two  digits,  such  that  when  divided  by 
the  difference  of  the  digits,  the  quotient  is  21  ;  and  when  divided 
by  the  sum  of  the  digits  and  the  quotient  increased  by  17,  the 
digits  are  inverted. 

186.  Two  horses  ji  and  B,  trot  twice  round  a  course  two  miles 
long.  B  passes  the  post  the  first  time  2'  before  J,  but  in  the 
second  round  ji  increases  and  B  slackens  his  pace  by  2  miles 
per  hour,  and  j1  does  the  round  in  2'  less  than  B.  Find  their 
rates  and  which  horse  wins. 

187.  With  any  five  consecutive  integers,  the  continued  pro- 
duct of  the  first,  middle,  and  last,  added  to  the  cubes  of  the  other 
two  is  equal  to  the  product  of  the  middle  number  by  the  sum  of 
the  squares  of  the  middle  three.     Required  proof. 

188.  Prove  that  x-  f  y*  +  (x  -f  y)*  =  2(x^  +  xy  -f  y'^y. 

189.  Multiply  x^  +  t/^  +  x^y  +  xy^  by  x^  -  ^^  _  ^Zy  j.  ^y^ 

190.  Find  the  value  of  ax^  -  ix*  when  x  =  (a  +  6)    ±  (a  -  b)  . 

191.  Divide  ax^  +  2cxyz  +  by^  +  ai\y  +  c)  +  by^{x  +  2)  + 
2cxj/(x  +  2/)  by  X  +  y  +  c,  synthetically. 

192.  What  is  the  quotient  of  (x^/  -  1  divided  by  x"  -  1. 

193.  Simplify  1  -  {1  -  (1  -  x)|  +  2x  -  (3  -  5x)  +  2  -  (-  4  +  5x) 

194.  Express  a  (6  +  r)^  +  6  (c  +  aY  +  c  (a  +  6)2  -  [(a  -  b)(a  -  c) 
(i  +  c)  +  (6  -  c)(b  -  a){c  -k-  a)  +  (c  -  a){c  -  b)(a  +  b)}  in  its  sim- 
plest form. 

195.  Express  in  the  simplest  f'^rm  the  sum  of 

{b  +  c  -  a)x  +  (  c  +  a  -  b)y  +  (a  +  b  -  c)z 
(c  +  a-  b)x  +  (h  -{-b  -c)y  +  (b  -^  c  -  n)z 
(a  +  6  -  c)x  •{-  (6  +  c  -  a)y  -i-  {c  ■\-  a  -  b)z 
S 
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196.  Find  the  product  of  (x^  +  6i'^y  4-  \2xy- +  8y^)  by 
(j^  -  6x^y  +  12x1/2  _  ^y3^  also  of  (a  +  b  V^)(a  -  b  V~l)- 

197.  Find  the  value  of  (a  +  6  -i.  c)(6  +  c-  aXc  ■^  a  -  h)(a  +  &  -  c) 
Also  the  product  of  (x  +  1  +  x'^)  by  (x  -  1  +  x'^). 

198.  Divide  (2x4-  SjSy  +  4^,2j^2|_  g^y  -^  e?/*)  by  6xY ;  and 
also  (x*  4-  4x  +  3)  by  (x^  +  2x  +  i). 

L 

199.  Find  by  inspection  the  quotient  of  (8x  -  y^)  -f  (x^  -  ^y) 
and  of  (x^  -  apx^  +  a^px  -  a^)  -f  (r  -  a). 

200.  Find  by  factoring  the  G.  C.  M.  of 

(i)  x'^  -  3x  -  4,  x2  -  2x  -  8  and  x^  +  x  -  20. 
(ii)  3x^  -h  4x''  -  3x  -  4  aud  2x*  -  1x'  -f  5 
(III)  (X'"  +  a'-'^Xx"  -  a^)  and  (x"  -:-  o")(x"*  -  o^). 

201.  Find  the  /.  c.  m.  of 

(i)  x'  -  ax  -  2a^,  x^  +  ax-  and  ax^  -  d^ 
(ii)  x^  -  x^y  -  a?x  +  (x^y  and  x^  +  ax"^  -  xy-  -  ay^ 

202.  Find  the  value  of 

(a  +  b-cf-  d?  (b  ^  c  -  af  '  d^       (c  +  a-b)^-  rf^ 

(a+"6)^-  (c  4-  d)-  "^  (6  +  c)''-(ff  +  rf)3  ^  (,;  +  a)2-(6  +  rf)2 

X2  +  1/2  -  ^2  +  2X7/ 

203.  Reduce  -^ t ^"tt,  —  to  its  lowest  terms. 

X  —  y  —  z"  +  zyz 

a?  4-  u-b       a(a  -  b)         2ab 

204.  Simplify  the  expression  ^^^-3^,  -  (^"^"^  -  ^fZEi 

/  ax   \  /  ax    \         /a  +  X       a  -  x\ 

.    205.  Reduce     a  + «  -rT^      ^   (  ;r~Z  +  TTT-Z  ) 

V         a  -  X  J  \        a  i-  X  I        \a  —  x       a  +  x  j 

to  a  simple  quantity. 

X  +  2«       X  +  26  4a6 

206.  Find  the  value  of —  +  rr  when  .r  =  — —r 

X  -  2a       X  -  26  0  4-6 

206.  Find  by  inspection  the  square  roots  of 

(I)  x*  -  4x-^  +  8x  4-  4 

(II)  4.c'i'*  -  ^jx5^  -;-  ix6" 

a^       h^       c^  a  c  b 

(III)  TTT  4-  -2-  4-  nr  -  2 27-4-2  — 

^    ^  I"       c^        a^  c  b  a 

208.  If  fl^x'Z  ^  ^^  4.  tc  4-  6^  be  a  perfect  square,  shew  that 
1  c_ 

4a2    "  T  "•  • 
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209.  Sol  re  with  respect  to  x  the  equations 

(i)  mnx  +  amn  =  ti^x  +  am^ 
8-x       2X-11       a:-2 

210.  Find  the  values  of  x  in  the  equations 
7x  +  1        80  /x 

(1)    r.— r-    =-( 


6^-3x       •3\x-y 
(ii)  2:2  _  2ax  -  26x  -  Sa^  +  10a6  -  3b-  =  0. 


211.  Find  the  values  of  x  and  y  \7hich  satisfy  the  equations 

x-ay  ax +  7/ 

(,)__=  1  .  __ 

(n)x2  +  xy  +  ?/^  =  37  and  x  +  y  -  1. 

212.  Solve  the  simultaneous  equation 

z(x  +  y)  =a-  +  b^]  x(y  +  z)  =  b- ■{■  (r;  y(z  +  x)  =<r+  d^ 

213.  The  difference  between  the  ages  of  ^  and  B  is  twice  as 
great  as  the  difference  between  the  ages  of  B  and  C,  and  the 
sum  of  the  ages  of  ^  and  B  is  half  as  much  again  as  the  age 
of  C;  six  years  ago  it  was  only  one-third  more.  Find  their 
ages. 

214.  Sum  the  following  series  : 

(I)  li  +3  +  4i  to  12  terms. 
(II)  1$  +  2^  +  32^7  to  n  terms, 
(m)  V2  +  §V3  +  IV2  to  infinity. 

215.  If  flj  .02.03. . ,  .at=  a^*    then  will 

a,™-l 
a.  +  Uo  +  a-i  +  . . . .  fln  =  Oi-  Ti :  •     Required  proof. 


216.  Given  (x  +  5)(x  +  1)  =  4(V2x  +  1)  (x  -  1)  to  find  x. 

217.  Find  the  value  of  x  in  the  equation. 

(3x-4)(5x-  1)(1  -2x-)^  4. 

218.  Find  to  An,  4n  +  1,  4n  +  2  and  4/i  +  3  terms  the  sum  of 
the  following  series 

1  +  1  +  2-2  +  3  +  4  +  4-8  +  5+ 16 +  &C. 

219.  The  number  of  matches  in  the  side  of  a  certain  rectangular 
bunch  is  >  10  but  <  20,  while  the  number  in  the  end  is  <  10. 
When  the  digit  expressing  the  number  in  the  end  is  written  to 
the  left  of  the  expression  for  the  number  in  the  side,  the  number 
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so  formed  is  to  the  whole  number  of  matches  in  the  bunch  as  a 
certain  number  a  is  to  2  ;  but  if  this  digit  is  written  to  the 
right  of  the  expression  for  the  number  in  the  side,  the  number 
thus  formed  is  to  the  whole  number  of  matches  as  a  -  10  :  4. 
Also  a  second  bunch  similar  in  form  to  the  first,  and  con- 
taining as  many  matches  in  its  perimeter  as  there  are  matches 
in  the  first  bunch,  contains  four  times  as  many  matches  as  the 
first  bunch.     Find  the  whole  number  of  matches  in  the  bunch. 

220.  Shew  that,  in  the  preceding  problem,  if  the  last  condi- 
tion had  not  been  given,  toe  solution  found  above  would  have 
been  the  only  integral  solution  of  the  problem. 

221.  A  person  travels  by  railway  from  Stratford  to  Toronto 
and  back.  In  coming  down  he  finds  that  when  he  travels  by 
express  he  is  as  many  hours  on  the  way  as  his  fare  is  cents  per 
mile,  but  when  he  travels  by  the  accommodation  train  he  is  half 
as  many  hours  on  the  way  as  there  are  units  in  the  square  of  the 
number  of  cents  in  his  fare  per  mile,  the  fare  being  the  same  by 
both  trains.  In  returning,  the  express  by  which  he  travels  goes 
slower  than  the  express  by  which  he  came  down  by  an  average 
(including  stoppages  in  both  cases)  of  as  many  miles  per  hour 
as  there  are  cents  in  hisf  are  per  mile,  the  fare  being  the  same  as 
in  coming  down.  He  now  calculates  that  if  the  fare  had  varied 
as  the  speed  of  the  trains,  he  would  have  gained  a  cent  a  mile  by 
taking  the  accommodation  train  to  Toronto — the  fare  on  the 
express  to  Toronto  remaining  the  same — and  in  returning  he 
would  have  gained  as  many  cents  as  there  were  miles  in  the 
average  speed  (including  stoppages)  of  the  train.  Find  the  dis- 
tance from  Toronto  to  Stratford,  and  the  fare  between  them. 


222.  Given  \lx^  +  25  \x\x^  +  9)(Vj;^  +  25  -  1)  -  45]  =  Sx^  +  225 
to  find  the  values  of  x. 

223.  Two  persons  engaged  to  dig  a  trench  100  yds.  long  for 
SlOO,  but  one  end  being  more  difficult  to  dig  than  the  other 
it  is  agreed  that  the  one  digging  the  harder  end  shall  receive 
$1-25  per  yard,  while  the  other  receives  but  $0*75  per  yard. 
At  the  termination  of  the  job  it  is  found  that  they  each  receive 
$50.     How  many  yds.  did  each  dig? 

Shew  algebraically  that  this  problem  is  impossible. 
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224.  A  square  and  a  rectangle  are  (i)  equal  in  area,  (ii)  equal 
in  perimeter.  The  number  of  square  inches  in  the  area  of  the 
square  is  m  times  the  number  of  linear  units  in  its  perimeter,  and 
the  number  of  square  units  in  the  area  of  the  rectangle  is  n 
times  the  number  of  linear  units  in  its  perimeter.  Find  the 
length  of  the  sides  of  the  rectangle. 

225.  Two  boys  find  upon  trial  that  the  distances  to  which 
they  can  respectively  throw  a  stone  are  in  proportion  to  their 
ages,  and  that  the  throw  of  the  elder  is  24  feet  longer  than  that 
of  the  younger.  After  the  lapse  of  a  year  they  try  again  with 
the  same  stone,  and  find  that  the  elder  can  throw  it  but  22  feet 
farther  than  the  younger,  and  that  the  gain  of  each  is  in  the 
same  ratio  to  the  age  of  the  other.  Also  the  H.  mean  between 
their  ages  at  the  latter  trial  is  equal  to  the  quotient  obtained  by 
dividing  the  length  of  the  longest  throw  made  by  the  difference 
between  the  Ji.  mean  of  the  1st  throws  and  that  of  the  2nd 
throws  ;  and  if  the  antecedent  of  the  ratio  compounded  of  the 
ratio  of  the  throw  of  one  to  his  age  in  the  first  instance  and  the 
ratio  of  his  gain  to  the  age  of  the  other  on  the  second  trial,  be 
multiplied  by  i  of  the  product  of  their  ages  on  the  second  trial 
the  ratio  of  which  the  resulting-  ratio  is  the  duplicate,  will  be  the 
same  as  the  ratio  compounded  of  the  ratio  of  the  throw  of  one 
to  his  age  at  the  first  trial,  and  the  reciprocal  of  the  ratio  of  his 
gain  to  the  age  of  the  other  at  the  second  trial.  Find  their  ages 
and  the  distance  to  which  they  throw  the  stone. 
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Exercise  IV. 

1.     0                 2.   18  3.   14  4.  3 

5.     3                 6.     0                 7.  48  8.   16 

9.  43  10.     0  11.  24  12.  2700 

14.  5<6  15.  each  =  0  16.  6>5  17.  each=10 

18.  each  =  2  19.     2  20.  44  21.  19 

22.  -  112  23.     -3  24.  22  25.  8 


Exercise  V. 
1.  43a.  2.  -26ab'^. 

3.  19(a4-6-c2).  4.  2la(x  -  y^-)K 

5.  27a!  -  13y  +  23.  6.  16(x  +  y)  -r  28tt  -  20a6c. 

7.  I5(a  +  b)x  -  19(c  +  d)y  -  23(d  +f)z. 

8.  l5aH^x^'-r  Ua^b^x^  -  I3a-b^x^-  lla^b^x^. 


2. 


Exercise  VI. 

4a  -}-  46  -  7c.  2.  8a6  -  lay  +  I3cd. 

3.  -ci^x^  -  7((/  -h  b)  -  12x^7/  -  20.   4.  2a  -  2b. 
5.  5xy  +  14aZ>  -f  17.  6.  5  +  8a-  56  -f  8c. 

7.  6a6  -r  6xy  -  5cd  -  in  -t-  16c  8.  17  -  25m^x  +  20xi/. 

9.  '/Ai^  10.   18V2-8'^3+14V4  +  6Va+19\/<^. 

11.  20xy  -  10a J/  +  2^/x  +  25^y. 

12.  4(ax  +  6t/  -  C2)*  +  \2'^'mTn  +  16(.f  -  i/). 


Exercise  VII. 
1 ,  a  +  6  +  c  +  7/1  +  3^)  -f  X  +  v^         2 .  -  Sxc  -  Sc^ 
3.  7c  +  4x2  a.  2(x  ^  y).  4.   IQx-y  -  a^b  +  1    ■ 

5.  Qa  -^  156  +  5a6  -  3m^n  +  5x  +  y.  6.  6Vx  -  5V«~+1/  "t-  13 
7,  4x^-21/^  +  31/2  +  2?/.     8.  3^xc  +  xy  - ys  +  a?/»  -  7a-// T x-^ - m^ 
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Exercise  VIII. 

1.  a?fz  -  luy  +  llaz^  -r  4xy  -f  20m. 

2.  14a  -  14c  -  isyg  -  b^  +  4xi/2  ^  ^2_ 

3.  2c(/-3(a  +  6)-^x2- I/. 

4.  4(x?/  +  2/2  _  53)5"  4.  ua^x*  -  14>^/n. 

5.  16  +  Y  ^8  -  23y  -  d^/a  -  b 

6.  6wi  -  2c  -  lltj  -  25x  +  12y  -  abed. 


Exercise  fx. 
1.  14-771- 5c- e.     2.  2a-26-2c.  3.  a;-5a-2 

4.  6+771.  5.  lla-3c-5(i4-77^.     6.  2a2-c2-m2. 

7.  2  8.  5a2+7x  +  377i2  +  2x2.  9.  Sa^fic  -  27n. 

10.  a+1.  11.  a -Si -6c.  12.  -  a  -  5o!7?i  -  17. 


Exercise  X. 

1.  (a-b)  +(c-d)  '  (e-m)  -  (f+r)  -  (s  -  v)  +  (vj+  x) 

2.  {a~  b  +  c)  -  (d  +  e  -  m)  -  (f+r  +  s)  +  (v  +  to  +  x) 

3.  (a  -  6  +  c  -  rf)  -  (e  -  771  +/  +  r)  -  (s  -  v  -  vj  -  x) 

4.  ((f  -  6  +  C  -  d  -  2  +  //i)  -  (/+  7-  -r  S  -  V  -  IV  -  X). 

5.  {tt  -  (6  -  c)] -  |/i  :-  (e  -  ?n)|  -  {/+  (r  +  s)]  +  {r  +  (u'  +  x)\ 

6.  {(a  -  6)  +  c{  -  {(rf  r  e)  -  771}  -  {(/  i-  r)  +  s|  +  {(z>  +  k)  +  a| 

7.  {a  -  (6  -  c  +  d)}  ~{e  -  (/a  -/-  r)j  -  {s  -  (t?  +  w  +  a:)} 

8.  {(a -  6  -f  c)  -  rfj  -  l(e  -  m  +/)  +  r}  -  \(s  -v-w^-x] 

9.  {a  -  (6  -  c)  -  d\  -  |e  -  (/«  -/)  H-  ? }  -  fs  -  (y  +  w)  -  x\ 

10.  {«  -  6  +     -  (fZ  +  e  -  /I'l)}-   {/+  7  +  s  -  (y  +  w  +  x)| 

11.  {(a  -  6  -  c  -  (/)  -  e  +  77)}  -  {(/  +r  +  s-v)^w-x] 

12.  {a  -  (?j  -  r)  -  ,/  _  (c  -  »/<)}  -  {/  4-  (7-  +  s)  -  v  -  (u'  +  r)| 

Exercise  XI. 

1.  3a  -  36  ;  4ax  +  46-a;  -  4x*  ;  S/t^.^  -  36i>-x  -  Zc^f/x. 

2.  «77i  -  6^  +  77477  +  x^  -  Sax^  -  bx^  -  3m'x'^  +  bwJ^x^  t-  77t*.c^. 

3.  7  +  ax  +  3ay  -  46x  +  4xy  -  ac^  -  Sc^y  -  c'^my. 

4.  a^ni  -  d^a  -  2acp  -h  2ac5  -  c^in  +  c-ti. 

x        y        c         d        7n 
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abed 

6.  m  + —  +  +  • — . 

xyz       xyz      xyz      xyz 

6a  m  Zp 

7.  a,nx  -  ax^  -  a-'c  -  a6c  4- a^/ .  27r-c  +  573-c  -  2T:r'c- 

2  c         3/7t  4p 

8.  36cd  -  2a.hd  +  Zhfm  -  36/n  -  --^  -  .-y  +  „-  2 . 

OX  oX  OX 


Exercise  XII. 

1.  5am  -  (1  +  9a)i  -f  (3  +  15(i  -  2m)y. 

2.  (4  +  m)a  +  (2m  +  3a)x  +  (3x  -  4  +  m  -f  3a)j/. 

3.  5(2a  -  X  -  5c)  +  2(6  -  2c)  -  Zm. 

4.  (2a  +  w)x  -  (3a7rt  -f  2c  -  a)xy  +  (3a  -  2cm  -  b  -f)y^. 

5.  |3(a  -  6  +  c)  -  (6//1  4-  c)a]y  -  |2(1  +  3a)m  -  c\x  -  c(2  -  a)z. 

6.  {ll(a  +  6)  +  3(01/  +  a)}ij  -  {3(a  -  6)  +  (2a  +    9)c  xy 
3(771  +  a)c  -  2acp. 


Exercise  XIII. 

1.  a'*-4a'j/  +  taV--6tf?/H27/^;  a'^ -a^b -2a^b'  +  20:^0"^+  2ab*-b= 

2.  2a^/n.^  +  IQahn'^xt/  -  Zamxh/  -9r^f\  9a^x*  -  Sa^x^  -  3a2x 
-  9a3x=  +  3flx*  +  3flx2. 

3.  a^  4-  771'  :  2o*  -  2a^xy  —  2c^x  +  4a-y-  +  2a-x^y  -  Zaxy^-  2axy^ 

4.  x^  -  7x2  4-  5x  T  28     a^  -  a^. 

5.  a5  -  40^62  -  8a'^63  _  i7q^4  _  i265. 

6.  a'b^  -  aV  +  2aAc^  -  b'^c^. 

7.  ttS  _  6a*6^  -  lOa^t'^  -  60^6^  +  6«. 

8.  3x3  +  4atx2  -  6a2/)2^  -  4a363 ;  x^  +  x^  -  4x2  +  5^; «  3. 

9.  x8  +2x6  +  3x4  +  2x2-rl. 

10.  6J/6  -  5xY^  -  eX^V*   -r   21X2^3   a.  x4y2  +  iSx*  j  tt"*  +  »*  +   a"i"» 

4-  a'^6^  4-  6"*  ■*■  " 

11.  30a5  -  5a*  -  207a3  -  I78a2  4-  78a  4-  72. 

12.  a2x2  4-  a{b  4-  c)xy  4-  bcy^ ;  a^^  + 1  -  c"*  + 1^''  -  a'™^.^  -  p  4-  «*"  +  ic? 

13.  a'^  +  2  _  fj;Zf.p  4.  Q.'^r  _  ^771^^3  ^  ^|>/,j^3  _  ;,^3^>-  ^  fjia-j^  _  f.pj.a  4.  ^r_j.a 

14.  c5  -  2a4x  4-  3a'x2  _  oa^j^  a.  2ax*  -  x^. 

15.  {6ac  (2c  -  m)  -  36c  (2c  -  12a  4-  66  -  jn)  -  9i(2a  -  b)m\m 
•V  \Qab(m  -  2c)  4-  2c  {am  4-  6c  -  2a-c  4-  362)  _  })Tn(Zb  4-  c)|x. 
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Exercise  XIV. 


36c; 

6x-y  ; 

3a  ;  -  xys^ 

-  2bcm :  - 

ax^]  dmxy; 

3x^ 

5xy' 

17: 
'  "    11 

bx    Zaxy 
m'  5s*  '  ~ 

lex^ 

EXEECISB  XV. 

Zf  _ 
c 

276c 
4a; 

3xy       2m 

"^      C       '     X 

3y 

5a  ~ 

11 
35xy 

2x        1y_ 
"^  5a  "  5ax 

1.  — 


3a      bmxy 
3.  4a'^  +  "^  -  y  >  ^^ 

a6c  d^c^        4aJ/       Sa^ 

^'  ~  Amxy  "  3mxy  "*"  Sot   "*"  2xy 


Exercise  XVI. 

1.  X  -y;  a^+  2ab  +  b'^ 

2.  7/1^  +  2mx  +  x^ 

3.  9x*-  10x^+5x2-  30x 

4.  a^  +  4a6  +  6^ ;  xV  +  ^J/  +  1 

5.  x*  +  2x^  +  x=*-4x  -  11 

6.  o5  -  a%  -  am*  +  7?i^ 

7.  1  -  a  +  a2  -  a=^  +  &c. ;  a  +  a^  +  a'  +  &c.  i  l-2m-i-  2m^~2m^ 
+  &c.  i  and  1  -  3x  +  1x^  -  lOxH  Hx*  -  &c 

8.  2a2  -  6am  +  A^m^ 

9.  2a=*  -  3a62  +  56^ 

10.  a  +  6  +  c 

11.  36x3  -  27x2y  -  IGxy^  +  Uy^ 

12.  2a'^  -  36 


Exercise  XVII. 
1.  d^  -  Qay  +  9y^ ;  9a'^  +  12ax  +  4x2 .  9^2y2  _  ^^xy  +  49  ;  Aa^x* 
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2.  a^  -  dx^  ;  4a2  -  Qy^ ;  9a^b^  -  zV;   4?/i*  -  Ox'^i/^ 

3.  9a2  -  ixY  ;  4a2  -  49  •  9  -  z^  •  4  +  20ay  +  25dy  j  9a' 
-  24aa;V+  16x*)/6. 

4.  x^  +  5x  -  66  ;  9a2  +  9a  -  10  ;  x^  -  I3x  +  36  ;  x^  -  4x  -  21  ,• 
z3  -  3x  +  2. 

5.  o6  +  a^x  +  a*x2+  a'x3 +  a^x*  +  ax^  +x^;  a5  -a^x  +  a'x^-a^x' 

+  ax*  -  x^  ;  771*  -  TTi^a  +  Tn^a^  -  ma^  +  a*  ;  c*  +  x*  is  not  div.  by 

c  +  X.  See  Theorem  xiii.) 

6.  aio-a^x)/  +  a*x-y-a'x^2/3^.a6a;4i^4_a5j;5j^5+a*x6y6_a3jj7j^7 

+  d^x^y^  -  ax^yS  +  xi"t/^°;  a*m*  +  a'm'r  +  a^TTi^r^  +  a^TTi^?^ + 
a*7/iV*  +  a^m^r^  +  a^TTi^r^  +  aTTir^  +  r* ;  a*  +  77i^s*  is  not  din  by 
a-ms  (See  Theorem  xi)  ;  a^  + 

7.  x  +  4;  x  +  8;  2x-l;  Sa^x  -  d^. 


tXERClSE  XVIII. 

1.  d"  -  2a6  +  62  _  c2 .  a^  ^  b^  +  2bc  -  c^;  d'-b^"  2bc  -  c^. 

2.  16  -  9a2  +  12ac  -  ic^  ;  4a2  -  x'^  +  ewi^x  -  9,n*  ;    4x2^2  ^^^^ 
+  12ay-9i/2. 

3.  4a''^  -  12ac  +  dc^-  -  4x^  +  Uxy  -  9y^  ;  d^  +  Qad  +  9(i2  — ^Ic^ 

-  16C771  -  16/71^. 

4.  Oa'-*  -  6a77J^  +  ?/i*  -  4  +  4xi/  -  x^y^  ■  4a*  -  Ha^xS  +  9x*  -  1 

-  2f  -  J/*. 

5.  37a6  -  lOa^  -  266^  -  36. 

6.  75a2-  12axy  +  23xY. 

7.  1  -xi^« 

,'/i  - 1  .;rt  - 1 

8.  d-       -  (xyy      • 


Exercise  XIX. 

1.  (a  -  7/i)(a^  +  am  -i-  /ti^) 

2.  (a  +  c)(a*  -  a^c  +  a-c^  -  ac^  +  c*) 

3.  Not  resolvable. 

4.  (a^  +  63)(a3  _  ^3)  =  (q.  +  h)(a-b){c? -  ab  +  62)(a2  4-06  +  ft^) 

5.  (a  -xXa'-^  +ax  t-  x^^a^  +  a-'x^  +  x^) 

6.  {a-b){a^^ ■\-a'^b-\-a^b^-Va''b^ i-a^b^^a^b^  ^a'^b^  -Va^b^  ^a^b^ 
+  ab^  +6'") 

V.  («''  +  m^x^)(a  +  r/ix)(rt  -  mx) 
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8.  (2a  4-  x)(16a*-  8(^x  +  ia^x^  -  2ax^  +  x*) 

9.  (9  +  4c2)(3  +  2c)(3  -  2c) 

10.  (3m  -  2c)(81/rt4+  5Am^c  +  36771^  +  2Am(^  4-  16c*) 

11.  (a+x)(a6-o5x+a*x2_a3j,3^a2^4_ax5+^6)(ai4_a^^T+^ii) 

12.  (a*  +  TO4)(a'6  -ai2m4+a8m8  -a^m^^  +7ft'6) 

13.  (C8   +X8)(C^6  _c8x8  +Xl6) 

14.  (x2-fm2)(x8-x6m2  4x4ni*-x2/7i6+m»)(x2  0-x^o,;iio+OT2  0) 

15.  (a  -  cXa  +  0(a^  +  <^)(a*  +  c^X^^  +  c^Xa^  +  ac  +  c^)(a'  -  ac 
+  c2)(a*  -  a^c^  +  c*)(a«  -  a^c't  +  c^)(a^^  -  a^c^  +  +  c^^) 

16.  (a32  4.    ^3Z)(a64  _  a32;,l32   +    ;;i64) 

17.  (a  +  c)(a  -c)(a2  +  c^)(a2- ac  +  c2)(a2+  ac  +  c^)(a^^d^c-  +  c*) 
(a6-aV  +  c6)(a6  +aV  +  c«)(ai2  -  a^cS  +  c'2)(ai« -a^c^  +  c^ «) 
(ai8 +a9c9  +  ci8)(a36  «ai8c^8 +c3«) 

18.  (ml«  +  C^6)(;^33  _  TftlCcia  i-  c32)(7?l96  _  OT-^»C*8   +  C96) 

19.  (a2  +  7/i2)(ai2  _  ^i 0^2  +  ^8;^4  _ a6jn6  +  a^^s  -a^/n^o  +  m}^) 

20.  (a//i  -  p)(a^^  +  aynp  +  p^){a^m^  +  ai^m^p^  +_p^)(a^*m'^  + 
a^wi^ps  +  »i«)(a='*/7i54  +  a2'm->27  +^.54) 


Exercise  XX. 

1.  a  -  2x 

2.  Ma2-43r*-4ax 

3.  3V3  +  6V0  +  2V5  -  SVa:  -  V2  -  iax^  +  a^^-z  _  3^2^. 

5.  a'*  - 1  -  a^- 2j,  ^  a" -^x2  -  a'^ "  ^x^  +  a'^  -  ^x* 

a  +  X 

6.  (X-  17)(x  +  3) 

7.  H-1  +  l  +  l  +  l-i-  &c.,  to  infinity,  =  oc 

8.  (a  -  x)(a  +  x)(a2  +  ax  +  x^Xa^  -  «x  +  x2)(a*i  +  a^x^+  x^) 
(a6  -a3x3  +  x6) 

9.  x^mXa^x  -  2;?)=^ 

10.  -89^ 

11.  x6  -  2x3  4.  1  and  a^  -  4a362  _  ga^fts  -  I7a6*  -  126« 

12.  x^-  ax  +  b 

13.  (a324-m32)(ai6  +m^6)(tt8  +  7u«)(rt*  +  m*)(a•^^^n'^)(a+7ft)(a-m) 

14.  a44-f4*         15.  I  16.  2a(a2+360         17.  2a(ff-7n) 
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Exercise  XXI. 

1.  Gab^n  4.  a;  +  2  1.  x-7 

2.  3a2/7i2  5.  (i\a-x}  8.  a%x  -  1) 

3.  xy  6.  m\a^  -  m'^)  9.  a;  -  1 


Exercise  XXII. 

1.  x-\-2 

5.  a -25 

9. 

a-2 

1.  x-2 

6.  a -6 

10. 

4(a  -  by 

"i.  a  -  X 

7.  5x2  _  3^  +  4 

11. 

a-'  +  a2  _  5^  +  3 

4.  x  +  4 

8.  ah  -  by 

12. 

a2  +  2oZ>  -  26^ 

Exercise  XXIII. 

1.  Ua^b^x'Y  6.  36a^  -36a^b-36ab^  -\-36b'' 

2.  12a'^xVc2  7.  x3-10x2+21x 

3.  (x^  -  x^y  -xy  +  y'^y  8.  a'^  -  d^  -  ax^  +  x^ 

4.  x6+a;5^  +  x4j/2_^2y4_3^j,.5_j,6    9,  a*  -  1  Ou^  +  sSo^  _  50ff  +  24 

5.  4x^-4x^-4x^+4x2  10.  60(aio +  a96-a^62_2a763_ 

2^664  4  2^46*^  +  2a36^  +fl^6^ 


Exercise  XXIV. 

a^-ab+b^  x  +  2y  + 

17. 


a  -  6  '  2x--3xy-5y^ 

a-b  a  - b 

(I?  +  6^  a-  +  TTi''^ 

11-  -3—7:3  19-  

a^~¥  a-m 

a^  +  a^m^-\-ni*  c  +  d 

12. 20. 


13.   21, 


771  +  2p 

X  +  a 

X  +  c 

„  2x2+ 3x- 5 

^'  d^xin+ay+xYz^  ^^'  T\  ^^'  "Tx  -  5 

3-5x  x-4  a-irm 

7.  -irr-  15.  -— r  23.    3- 


2x  X  +  3  x2-a2  +  2a7/i  -  »r 

1  2x  +  3  a«  -  a^x*  +  x« 


8.  r-—  16.   - — 7    24 


«+w  •    x-4    ^^-  ai6-ai2x4  +  o8a:«-a**i«+a:'* 
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Exercise  XXV. 

2c?x^  -  axy  +  3  ~  2  J  1xy{z  +  m) 

________^    .  6    _____ 

a^+  1  26(3a^  +  b^) 

^'   G  -  1  '      a  +  6 

Sao:  +  95  -  yx  -  3y  -  3(1^  +  30  2m^ 

"^^                        x  +  3  ^-  a'  +  m^ 

3'xr-3a?/-2a-^2  2a3: 

a:  -  y  '    a'^  +  x^ 

Sa^x  -  ay^  -  2xy^  +  a.Ti  +  mx 


Exercise  XXYI. 

1.  4»?.  -  4  +  r—  4.  5ni2  +  5m»  +  5»;'  +   

5wi  ^       '        m  -  }i 

2z2  1 

2.  a  +  X  + 5.  a  -  ^- 

,     fiy^ry)  6(4a+l) 

3    X  +  7/  +  a:2  -  xy  +  t/2  _  ,     ■       6.  1  +  5a  -  -^ r- 

^  ^^  x+y  m  +  6 


Exercise  XXVII. 

acdm     h^dm     bc^m     hcdx 

bcdm  '  bcdm  '  hcdm  '  6crf?/i 

xy        awi        by 

2.    -^,    ,    — ^ 

r/ixy'    wixj/'     /nxy 

86xy         3a^xy        Qabm 
^'  12a6xy'    12a!>xi/'    12a6xy 

(1  +  m)2     (l-m)2  x(x''*-y2)         3.4.^ 

4.  -,^ — -7-,    "1 ZZT'  5. 


6. 


1  -  m^  '  1  -  m^     .  '   x(x2  +  y'^)'    x(x''+  y^) 

6x2  ^  gj.y  8x  +  2y      2x2  _  5^,^  ^  3^2 

2(x2-y2)'  2(x2  -  y'^)'  2(x2  -  y'^ 

ISa^/n  16a2  -  40^x2      Qm,  +  3mx 


6a^;ft(2  +  x)'    6a2/n(2  +  x)'    6d2m(2  +  r) 
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3ax--3a    4x5  _  4^  ^x'^  4-  3  3^3  -f  2x^  -  3x  -  2 

^'  3(x2_l)'  3(x^-l)'  3(x--l)  ^"'^         3(x=^-l) 

6a3  -  6a^b  2a  a-b 

9.  FTi^T-i — E^,  ^..8^ ^2  i,2N  and 


6a=*(a2  _  i,y  Qa%a^-b'')  ''^^  Ga^a^  -6-') 


Exercise  XXVIII. 
4ani  +  3m  -  26c 

1.  rr 6.   0  11.   0 

26/71 

x^)/  +  3x?/  -i-  2a  -  26  nr  -  2mp-p-  2ac  -  26c 

^f  +  3.V-  7nF-p^  a6  +  6c  +  ac  4- 6'' 

4a6  14-I2a  14x-20x" 

1    -    OZ-    -r    4X-^ 


-^^    6^  -  a- 

332x  +  63x2 

•^-           63 

:?3  +  a;y2  +  i/3 

//i'-^  - 

2mp- 

P" 

7n--p' 
14-I2a 

1  - 

i 

4a2 

9.  ^i-^ —  14. 


(x+yy  ^^-    b 


2  +  X  ■      abc 

2x 


Exercise  XXIX. 


1. 

3x2 
oa 

a^  +  a?m,  +  otti^  +  77 

7nj/ 

2. 

2 

4flx  -  4x2 

3. 

2a- 

3y 

26 

8- 

4. 

3x2-3 
2a +  26 

am 

«(a  - 

■6) 

(a -2)2 

X 

Exercise  XXX. 

1. 

x'^ 

a-6 

"•  a  +  6 

X  +  a 
11 


12 
13, 
14.   1 


x  +  d 

x2  +  4x  - 

-21 

x2-19x  +  88 

a*  +  a2  + 

1 

X  -3 

X  -  7 


3,  4.  3a^y  -  G^/2  a.  3^73.^  _  qqx  6.  1 


a  -  X 
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3a3  -  3a  ab 

1.  1  8.  -Z2 — T  9.   1  10. 


a2  +  6'^ 


Exercise  XXXT. 
5a  -  56  45  -  18x  +  18a 


10a +96  20a  +  20x-12  a?V 

7a -2x  4a  df+e 

21  ^-  l+4a^  ^'^-    d/-c 

flj  1  +  401^ 

7.  -a  11, 


a  +  2x  ■  ■  Am^-m 

G3  -  36x 


30x  -  10 


8.  a 


Exercise  XXXII. 

1. 

4-A 

8.  41 

15.  8 

22.  80 

2. 

5 

9.     3 

16.  9 

23.     4 

3. 

105 

10.  11-^Jj 

17.  120 

24.     0 

4. 

2i, 

11.     9 

18.  -  10 

25.     4 

5. 

19 

12.     4 

19.     4 

c-b 

2^-      a 

6. 

7 

13.     5 

20.  15 

36(6 +  c) 
'^'-        11a 

7. 

16? 

14.   12 

21.     8 

^^-  86-3a-6 

29. 

6a2 

20a6  + 

62c+5ac-  i5a6c 

4a^6  +  2a 

-ab-  b'^ 

156  +  abc  -  10c 

31. 

6rf/ 

10a  -  4a62 
36  +  4a 

6c(6-a) 
^•=^-  ab-d'-b' 

bd  + 

ad  +  6c 

34. 

b'  +  19fl6 
2a +  86 

-4a2 

-2           35. 

a 

ab 
''■a,b 

2(26-1) 

297a 

"•  "•■^^•f  3«-  650^993  39.  1 

180  +  396  -  35c  3a6  -  ac  -  a^b- 

40.  ^„ 41. 


<2a  •*^-  a2+3a6-6^-c-a 
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Exercise  XXXIII. 

1.  30;   17         5.   12;   18;  24         9.  56  i:^.   14 

2.  21  ;  42         6.  $560  10.   14  14.  23 

3.  $52-50         7.  30  11.  26  15.  38}! 

4.  64                  8.   163                      12.   102  16.  $3;   12,  7 
17.  26?  miles                 18.   134^  hours  19.  1803.;  1689 

20.  A  =  $2542  ;  B  =  $2422  ;  C  =  $2436 

21.  Music  $0-55^4-;  drawing  $0-32 f 

22.  70  vol.  Science  ;  210  vol.  Travels;  210  vol.    Biography 
315  vols.  History  ;  630  vol.  General  Literature, 

23.  Niagara  river,  34|-  miles  ;  Rideau  canal,  130|  miles. 

24.  2^^  days. 

n  +  a  - c  n -  a  +c 

25.  2 ^^*^^ 2 

26.  (I)  1  h.  5-5im.  ;   (ii)  12  h.  32iai-m.  ;  (iii)  12  h.  16A-m. 

27.  $155  and  $220 

28.  19tMay3. 


29. 

A,  $3594-50; 

B,  $1055 

-57^ 

r;  C,  $1795-03;  D,  $743  89$ 

30. 

9iVr  days. 

31.  68 

32. 

$8142-85f- 

33.  72  lbs. 

34. 

$11100 

abn 

35.  , feet. 

6  -  a 

36. 

11  times,  viz. 

:  1  h. 

S-i^r 

ra.  ; 

2h.  lOl^ra.;  3h.  16;Vm.  ;  kc. 

37. 

90v\j  and  5,^, 

,3^  ;  B'3  =  $538  941-1;  C"3  =  $1212-63-.-^ 

39.  420  miles  ;  15  m.  per  h.  down  ;  10  m.  and  12  ra.  per  h.  up. 

40.  5  ;  S9000.  41.  29. 

42.  A's=$657-14f  ;  B's  $731-422.  C's  =  $7ll-42f 


;.    10075 

44. 

na                  ma 

and 

m  -f  7i           m  ■\-  n 

45.  15  and  4^ 

..  36  oxen, 

a 

'^  '     1   -r  7/1   +    7i  '   1 

na                         ma 

■r  m  ^  >i '           1  -r  m  +  n 

anq 

amq 

\   and 

'  iiq  -f  mq  +  np 

anp 

''  nq  ■\-mq 

+  np 

nq-^mq^nn          '^^-   ^^^ 

Exercise  XXXIV. 
l.a:=2;J/  =  3  2.x  =  5;y  =  6         3.  x  =  20J  ;  y  =  5^ 

4.  x  =  4;y=10         5.  x  =  7  ;  ]/ =  3         6.  *  =  24  ;  J/ =  30 
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7.  x=  2H^;  y  =  3-^ig    8.  x  =  12  ■  y  =  0         9.  «  =  3  ;  i/  =  5 

2a  +  3b  5a -2b  an-hm  Am  -  3n 

^^•^  =  -T9^^^=-l9-  ^^-  ^  =  47^76;?/  =  17:73-6 

2ac  -  62  ac  -  262  ^2  ^  5  j  _  ^2 

12.  a-  =     '    ■-; —  ;  !/  =  — _   ,  13.  x  =   — :  y  =  —-; 

3a6      '  ^         3a6  2a     '  -^        2a 

amc(a  +  c  +  m)  acm(2c  -  m) 

~  mc +ma-ac  +  c^^  ^~  cjn,+ am  -  ac  +  c^ 

mq  +  bn         bn  +  mq 

15.  x=       ,  z.   ;  y=-T — r^ 

aj  +  6n '  ^    fl6  -  bm 

16.  X  =  8  ;  y  =  3  •       - 

17.  x=8;  y  =  9  \J_        - 

a(c^  -  a^  -  c^)  c(a2p  —c'^-  a')  ;   i  - 

19.  X  =  9  ;  y  =  7 

ab  ab  '■  ' 

20c,x  = r  ;  y-  — r*T" 

a  -  6  '  ^      a  +  6 


Exercise  XXXV. 
1.  X  =  11 ;  y  =  2;  z  =  3  2.  x  =  2  ;  y  =0  ;  «=  3 

3.  x=l;y=2;2;  =  -3  4.  x  =  4;y*l;r=-2 

5.  x=l3;y  =  -2;  z=2;  v~-\l     6.  x  =  2;y=3;  3  =  4 

7.  x=li;  y=4;  z  =  | 

5m  +  16n-36  116  +  77/1  -  S/i  236  +  An  -  13m 

8.  x=  1^^  ;y=  ^^  ;2=  ^^  -- 

_  c^  -  6^0  +  a26  26c  -  a^         6^  _  6c2  +  a^c 

^-  "^  "      0^2 +  ac'''      '  y  "  62+c2  '  ^  "  ~"a62Tac2~' 

10.  i;  =  2  ;  x  =  5;  y  =  6  ;  z  =  10. 

11.  x  =  6  +  c-a;  y  =  a  +  c-6;  z  =  a  +  6-c 

ap-am  +  an-7n         am^n  +  ap-an         am-ap  +  an-'p 
^^'  ^  =      2a}-a-l      ■'  y  ^      2a^-a-l      '  *  =     2a^  -  a  -  1 


Exercise  XXXVI. 


1.  4  and  2 

a/:  ab 

2-  I  .  „  and  j~t~. 
0  +  c         0  +  c 


;t- 
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3.  $15  and  $0-40 

4.  120^^1-  yards  long  and  40-i\  yards  wide. 

5.  12  and  15 

6.  84  and  60 
•7.  32  and  16 

8.  -  7  ;  -  1  and  -  5| 

9.  380  sulphur  ;  620-  charcoal ;  and  3000  saltpetre. 

10.  16  ;  24  :  and  32 

11.  40||-  shillings,  or  44J  ten-cent  pieces. 

12.  29  lines  and  32  letters.  13.  78 
14.  116  ten  and  280  twenty-five  cent  pieces. 

c 

16.  5  inside  and  9  outside  passengers  ;  $41  and  $21 

17.  36  18.  432 

19.  r-  and r— 

c  -  0  c  -  0 

20.  $81,  $41,  $21,  $11  and  $6 


EXERCISB  XXXVII. 

1.  8a«  ;  9a^66  .  ig;^* .  3^62^3 ;   1  ;  1  ;  Sa^xf 

2.  ai2 ;  -  128ai*6'ci*;  -  ^a^b'^c^  ;   ^x^y^  ;  -  32m^x^Oy^«' 

3.  1;  a«x^6yZ4.32.   2laY  ]  -  2laY  \  Sla^^;  81aV' 


Exercise  XXXVIII. 

1.  a9  -  9a86  +  36a"62  _  s^a^^b^  +  126a^6*  -  126a*65  ^  84a366 
-36a267  +9a68  -*» 

2.  c*  +  Ac^x  +  6c^x^  +  4:cx^  +  X* 

3.  x^°-l0x^y  +  4:5x^y^-120x'y^-{-2l0x^y^'-252x^y^+2l0x'^y<^ 
-  120a:V  +  45x2y8  _  iQ^y9  +  yio 

4.  a^+lla^ojji  ^  55a9OT2+  I65a»m3  +  330a''7n'^  +  462a6?/i'^  + 
462a5m6  +  330a*m7  +  165a%8  4-  55a^m^  +  llam^ «  +  mP- 

5.  16-32a  +  24a^-8a3  +  a* 

6.  x^  -  ICx*  +  90x3  _  270x2  +  405x  -  243 

7.  64a«  +  576a5  +  2160a4  +  4320a3  +  4860a2  +  2916a-+  729 

8.  243  -  810m  +  lOSOm^  -  720^3  +  240»i*  -  32m'' 
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9.  243a5  -  8l0a*y  f  lOSOaY  -  l20aY  +  2iQay<-  -  32y^ 

10.  86'  -  6062c  +  1506c2-  125c^ 

11.  Six*  -  432x^y  +  864xy  -  l68xf  +  256]/* 

12.  asfts  +  i5a%^c  +  DOa^iV  +  2lOa'^b^c^  +  405abc^+  243c^ 

13.  8aV  -  12aVa;i/s  +  Qacxh/z^  -  xhfz^ 

14.  a^  +  3a26  +  3a62  +  fts  _  3^2^  _  qqJc  _  3^2^  ^  3^^2  ^  35^2  _  ^s 

15.  16a*  -  32a^6  -  32a^c  +  24a262  +  48a-6c  +  l^a^c^  -  8ab^  -  2iabh 

-  24a6c2  -  8ac^  +  6*  +  46^c  +  66V  +  Abc^  +  c* 

16.  32a5  +  160a46  +  320a362  +  320^^63  +  160a6*  +  326'  -  2400*^ 

-  960a^6c  -  1440a262c  -  95006^0  -  2406*c  +  ^20aV  +  2160a26c2 
+  2160a62c'  +  72063c2-  lOBOaV  -  2160a6c^  -  10806V  +  SlOac^ 
+  8106c4  _  243c5 

17.  1  +  4a:  +  2a;2  _  8x^  -  5x'^  +  8x^  +  2x^  -  4z^  +  x^ 

18.  a^  -  5a*b  +  lOc^b^  -  lOa^b^  +  5ab^  -  b^  +  lOa^c  -  iOd^bc 
4-  60a262c-  40a63c  +  106*c  4-  40aV  -  120a^6c2  +  120a6V  -  406V 
+  80a2c  J  -  160a6c3  +  806V  -f  80ac^  -  806c*  +  320^ 


Exercise  XXXIX. 

1.  4  +  2x  -  ll|x2-3x^+9x* 

2.  x^  +  2x^  -  X*  -  2x'^  +  x^ 

3.  4x2  _  i2x»+  Yx*  4-  3x5  ^  ^^.e 

4.  I  -a  +  \\o?  -  4a3  +  5a*  -  \.a^  +  a^ 

5.  14-  2x  -  2x3  ^  ia.4  ^.  hx^  _  |a;6  _  x^  4-  x« 

6.  4a2  -  4a2x  4-  9a'^x2  _  ^fj^i^i  ^  ^^2^4 

7.  1  4-  26x  4-  (6^  -  2c)x2  -  2bcx^  4-  c^x* 

S.  a2  -  2a6x  -  (2ac  -  h^)x^\  (2ad  4-  26c)x3  _  (26i  -<;2)x* -  2crfx^ 
4-<^2x'5 

9.  1  -  2a  4-  a2  4-  26^x^(1  -  a)  -  2i?x\\  -  a)  4-  (2cf*  -  2ari*  +  6*)x* 
-  262c3x«  4-  (262(Z*  4-  c6)x'^'  -  2cHH''  4-  rf^x* 

10.  a«  4-  6a^6  4-  15a*62  ^.  200^63  +  15a26*  4-  6a6^  4-  b^ 

11.  a^  -  8a^c  4-  28a^c^  -  56a'^c3  4-  70a*c*-  Sea^c"*  4-  28d^c''  -Sac'' 


+  c 


12.  a*x*  -  8a3x^  4-  24a'^x^-  32ax  4- 16 

13.  4  -  12x4-25x2-  20x^  4-  V^*  -  <>^^  +  U^^  -  3^''  +  i^' 

14.  1  -  4x  4-  2x2  ^  8x5  _  Ox*  +  6x6  _  4^^?  ^.  ^s 
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EXEECISE  XL. 

1. 

ia-;ia;y;4 

:  2am^]  4  8a  ;  ±  llaV 

2. 

-3a;  4aV; 

5ax^  ;  -  2a2y*z 

3. 

4a 

12x=V^              8a* 
9a26    '   i      25mx 

4. 

4a  V     2a«x 

6y*             7a63 

3/;i    '       66< 

:2     '        4:mY 

5. 

2  a       2a^a 
±    6^5    '      31/ 

;4          3^2x2          0 
'  -     2a^    '  ~   x' 

■ 

:li. 

Exercise  X 

1. 

2a  +  36  ;  a  - 

■  2x  ;  2ax  -  1c 

9. 

a^  -  4ac  4-  4c2 

2. 

3aw  +  5xy ;  400:^  ^6V 

10. 

l-y  +  3y^+  2f 

3. 

2a:^  +  3x  -  1 

11. 

2a2  4-  3ax  4-  2^ 

4. 

X'  -  2/2  -  1 

12. 

x2  4-t/2 

5. 

a  +  6  -  c 

13. 

a2  -  62  4-  c2  -  d3 

6. 

Sa^  +  2a  +  5 

14. 

1  _  ix  +  x*  -  |x3 

7. 
8. 

a  i-  b  +  c  +  d 
X-'  -3x^y  +  ; 

3xy2-w^3 

15. 
LII. 

X             If 

Exercise  X 

1. 

2a;  4- 3 

4.  a*  -  2a  4-  I 

7.    X2-X4-1 

2. 

o*  +2a-~4 

5.  2ax-1bx'^ 

8.  a4-64-c4-d4-c 

3. 

l-2a 

6.  2x2  _3ax4-^ 

ia« 
LIII, 

Exercise  X 

I  2.  £. 

1.  a*;  a';  a*;  a*6''c;  a''6"'c'' ;  a"6''c6;  a«6"c'» 

2.  ^a  ;  V^  ;  S/c^;  -/ab^]  ^c,  yo^F;  V(a^6^c)-^ ;  V"(a^^^w»^; 

3.  2a6-im-i;  2a-i ;  3a7/i-i ;  ?7i*a-ic-*  ;  Jafrm-ic"  '  ;  fa^c-^  ; 

3a        c   m    ]  a      b      c      m        or  \ao'Cw  /      ;o    7?i  or 

(aw-i)' 

*Sce  Art.  142. 
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2 
4.    —  ; 


1     cb--  '  a-hn'^c''  '  '^^'  ^y'  a-i6-2c-3  '  2ahJx-^r'' 


3a-h-'^mx '  3(aby  (mn^-  ^x^ 


c^      .    /b'^\mn 


6. 

Va^3;  a" 

7. 

c^        .3 

8. 

a'-626c8 

9. 

3.m(ra-9J  + 

s(nt  +  pr;  y4»'sra  - 

ij  -qc^n^Tsj 

10.  a2-4a^6^  +6a6-  4a^6'^  +  6^  "* 

11.  fl'^  +  a*x^  +  a^ 

12.  8x'2  -  4x^t/-i  +  6a:^J/"^c^  +  2y-i2^  -  y"'^  -  2x^s^  -  y~^2^ 

13.  2x-V^-3x-5 

a         i     I         II         3 

14.  a«  -  a-»  6-«  +  a«  6"*  -  i'^ 

15.  X  ^  -  X  ^  +  1  -  x^  +  x' 

16.  a3-2a^  +  3a2-3a  +  2aK3-6a"^+a-H4a'^-a-2«2a'2>a-3 

17.  a^  +  1  -  a"3 

18.  x-i  -  2x3  +  3  -  2x  3  +  a;     ' 

19.  x~^y  -  x'^y-^ 

20.  X*  -  2x^y^  +  3y^ 


Exercise  XLIV. 


1.  4^;  343*;  16^  ;   [jy -,   (j^^J    ;  9^;   (^ j  ' 
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2.   (^2)^'  9^;   /^^^2 


V27/       '   (,729/      '   [Jay    ''   (27^663 j    ''   (ei^vj    '' 
(rt*)^^;  (81)^;   /5??!y;  (16a4)^^  (Sla^i*)?";  and  (256xV^)"^ 

\125  J        \129J        1^403536077        \  z''  J 
4.  V48;  VT25;  Vl24;.Vl~6^;  (^— y^  f— 4.)' 
2     rt  1      _      4,,_     3a,  _ 

^.  yV3a6 ;  ^  \/6  ;  y  Vi4  ;  .-5V20  ;  ^^46 

6.  ^108  ;  ^8a;  -^18;  V«*c ;    (^-^y    '  (^3125)''  (""^^ -/>¥)' 

7.  3^5;  9V2;  2V5  j  21^12  ;V4V2l;  ~(a'*w5)6 

9.  3^3  is  the  greater ;  2ViT  is  the  greatest,  and  3^2}  the 
least. 

10.  50V2  ;  4V3  +  2V15. 

11.  8V7-'^3;    (3a62+2a2-y  )V^ 

12.  (la^b'"-  +  3a3  -^6  -  c^^a-b^ 

13.  15V42  ;  60 V2  ;  70V 15 ;  24^12150 

14.  4^32;  28o^/a;  2^1944;  7-^115 


i 
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15.  a-?/(a664c3^6^423)iV.  ^.1  +  ^i 

16.  8V6  +  6VT4  -  16V15  -  12V35;  3^/3b  +  VO  -  24  -  fV^ 

18.  fV64827;  -Atv2000;   ^^96;  ^71 V^^ 


19.   10;  2^3 -f '^5038848  +'^964467;  —^(^aWh'^^'^d) 

2V10  4-  6V3  +  2V15  +  9V2 
21.  yy(4V5  -  2V3)  ;   -"^ ^sT ' 

14yg  +  8V21  +  7V22  +  4VT7 

-28  ^  _  __ 

3V3  +  Z^Jx     a  -  2^/am  +  m     30V2  +  24V 15  +  30V3  +  36V1C 
^^'       3-x       '  a-m         '  ^^9 


x^  -  V^*  -  x2  -  2x  -  I 
23.    —    ^ 


24. 


a:  +  1 
2V3   +  V30    -    3V2       26V3    -    27V6    +    5lV2    -    136 


12  '  92 

136-3V3  +  25V6-14V2 
73 


Exercise  XLV. 

1.  1  +  V5  5.  V6  -  2  9.  ^fa-\  -  1 

2.  V7-V5  6.  2V7  +  V14  10.  '^a  +  bi-^/a-b 

3.  iVi^^-W2         7.  KV6  +  V2)  n.  ^(V26  +  V6) 

4.  V22-1  8.  5-3V2  12.  ^(b\ 's/a^  -  b") 


Exercise  XL VI. 
1.  V18-V2  2.  V2"o"+V5  3.  V'24  +  VS-  4.  V^  -  V' 
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Exercise  XLVIT. 

1.  sv"^ ;  2a  +  (^/b  +y0V"-^    »•  -  W"-^  -  i<5V2 


2.  (V5-i-V'?  + 

3.  3  +  V  -  2 

4.  50 

5.  -  29  +  G'^'6 

6.  KV2  -  V  - 

7.  -ai^V-1: 

8.  a2  -  2oV~ 

Vii) 

0  -  ^ 

V^-1               10. 
11. 
12. 
13. 
14. 

V-i;  -1   15. 

V3-. 
iV2  + 
7+3-v 
1  +  V 
2-V 
a?  +  h 

LVIII. 

:lix. 

6"^ 

/-5                        _ 
IV -2;  iV2-iV-2 
f-2 
-2 
-3 

2 

1.  4 

2.  6 

3.  49 

v« 

Exercise  X] 

8.  4 

9.  1 

4a? 
1^-    a-^-.4 
fe2  -  4a2 
11-       4a 

a2  -  2a6 
^2-  3o  -  26 
a'^62 

13-  (a -6)^ 

14-  2a -1 

15.  ai 

1^-      6-c 

■^-  2  +  Va 
5.  21. 

a 

19.  2a 

a(7n2  +  1) 
20        -            -  • 

7.  +  iV  -  3 

^"-         2m 

1.  +3 

2.  +f 

3.  ±3 

4.  +i 

Exercise  1 

6.  i  5V  -  1 

7.  ±2 

8.  4  6 

9.  ±  3Va2  +  1 

2a 

/a2-  r  i 
(c-l)6 

5.  +2 

10.  ±  V2a^  - 

15.  +9V2 

16.  i\/a'- 

/63-. 

2aY 
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EXEBCISE   L. 

1.  5  or  -  9         8.  10  or  -  8  IG.  15  or  -  14 


2.  9or-l         9.  l±Vl-«"         17.  lor- 12 _ 

3.  10  or  -  2     10.  7  or  -  7-i  18.  0  or  +  2Vl5  -  8 

4.  3  or -15     11.  4  or -If  19.  1  or  -  f 

V'bTc      /  b  +  c  Y 
f-Ta  +  [^r^Ya]  - 
3  or  s  21.  m  or  *- a 

d  b  a  +  6  4  V 2(a2T62) 

—  or  -  — 
c  a 

15.  4  or  1  or  K  -  3  i  V^)  or  0. 


b  +  c 
2/- 2a 

6.  3  or  1§         13.  3  or  s  21.  ?/i  or  *-  a 

7.  47  or  i        14.-^or-^  22.  ^^^ 


Exercise  LI. 


1.  5or-5|         6.  Uor-3i  11.  i^/da"  +  b^  -  3a 

2.  15  or -14       7.  lor-j-'f  12.  3or-8/o 

c  b  . 

3.  5or-4i         8.  —  or 13.  ^(5  +  V25  -  4m2) 

4.  25  on  9.   U4±V^)  -^m-^n-  ^m+^n 

2 


5.  7or-7i       10.2-rV3°'^V3"ri     15.  KaiVa^-4) 

16.  2  or  -  2-1% 


Exercise  LII. 

1.  X-  +  9a:  +  14  =  0 

2.  X*  -  3x3  -  6x2  +  8x  ^  Q 

3.  x^  -  13x3  +  36x  =  0 

^  a:6  _  Gx'^  -  22x4  +  1742.3  _  1033.2  _  goQ^  +  700  =  0 

5.  x6  -  20x'  +  154X*  -  590x3  +  nggx'*  -  1 190x  +  456-0 

6.  x6-  14x3  +  7gj.4  .  206x*  +  283x2  _  140^  ^  0 

7.  K3+V-15)  10.  0or2±V^ 

8.  3  or-  1  11.  0  or  5  or-  2 

9.  -  10  +  6V"^  12.  0  or  2  or  -  1 
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13.  <:=  2  14.  rz2  x  6:c  4-  a  =  0 


15,  p'-2q',p'"4q]  +  p(Vi>^  -  4^)  ;  -  — ;  (p''q)^p'-4q 


Exercise  LIII. 

1.  64  or  4  2.  81  or  1 

3.  i  2  or  ±  VlO  4.  9  or  ^1681 

5.  10  or  -  2  6.  ±  4  or  +  ^V-^2 

7.  3  or  -^"^^"9  8.  4  or  -  1 

9.  2  or  -  3  or  0  10.  4  or  7^ 

11.  60  or  235  12.  4  or  1  or  0 

13.  1,  0  or  i  V^  14.  5  or  -  2-^%- 

15.  3  or  i  V"^  16.  3  or  2 

c      /c2  -  46 
17.  1,  1  or -2  18.  +YVp-T^ 

19.  i{b  ±  V6^  -  2ab)  20.  4  or  -  5 

21.  iV^i";  -1;  +Vi(i+v^3);  i;  Ki±V^);K-i±V^) 

22.  3,  2,  or  1  23.  0  or  2  +  V3 
24.  4,5  or- 1                                25.  ^  _^  ^  _  ^^. 

26.  1§,  1  or  2  27.  (^6  -  ^a)^ 

28.  2,  i,  or  1(9  +  V^31)  29.  4,  9,  or  K  -  33  +  V"-^) 


30.   1  4  V  ±  V6  31.  i  — f(Vl  +  a'  '  l)(Vl  -  «'  +  1)}' 

32.  6,  -  1,  or  1(5  ±  3V'^) 


i  ySa''  +  6^  -  4ac  -  6  f  V  -  8a^  +  26^  -  Aac  T  2b'^8'a^  +b^-4ltc 
4a 

34.  i  a  VKl  +  V5) 

35.  I,  ±  4V2  or  -  I  ±  IV^^ 

3a-  1 

36.  + 


V(l-aX9a-l) 
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38.  K9+V27  +  2V-35)  or  K9  +  Vl5  +  2V253) 

39.  iV~ 


40.  18  i  fIV  -  3  +  V51  ±  lOV  -  3| 

41.  ^(7+V"^T)  __ 

_  a  '     '  -2  +  \/-2 

42.  ±a-V6c, -^>  or  y(3+V5)  43,  -  ^  or  "^     • 

44.  1(1  ±  V^^)  or  i(l  +  V"^^) 


45.  +  v3a  +  aV^^  +  2a  +  9  where  a  =  V3  -  V^ 


Exercise  LIV. 

1.  x=  7;  y  =  2 

2.  z  =  13;  y  =  8 

3.  a:  -  5  or  4;  y  =  4  or  5 

4.  z  =  8  or  7 ;  y  =  -  7  or  -  8 

5.  X  =  +  5  or  i  8  ;  y_=  +  8  or  +  5 

6.  X  =  ±  8  or  +  3V^  ;  y  =  ±  3  or  +  8^"^ 
1.  X  =  12^  or  10  ;  y  =  -  -{%  or  4 

8.  a;  =  7  or  -  7|f ;  y  =  4  or  -  5  j| 

9.  X  =  13  or  11  ;  y=  13^j  or  -  3 

10.  X  =  3  or  -  1 ;  y  =  1  or  -  3 

11.  X  =  2;   y  =  2 

12.  X  =  256  or  1 ;  y  =  1  or  256 

13.  X  =  2  or  -  46  ;  y  =  3  or  15 

14.  X  =  5  or  -  9i  ;  y  =  3  or  -  6J 

15.  X  =  5  or  ^  ;  y  =  3  or  -  | 

16.  X  =  2,  4,  or  3  +  V21 ;  y  =  4,  2,  or  3  +  V21 

17.  X  =  5  or  If  fj ;  y  =  3  or  -  -j'^ 

18.  X  =  +  7  or  f  VV2  i  y  =  i  4  or  i  §V2 

19.  X  =  i  6  ;  y  -  ±  5 

20.  X  =  4  or  8  ;  y  =  8  or  4 
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21.  j:  -  3  or  5  or  4  ±  V-33  ;  y  -  5  or  3  or  4  +  V-33 

22.  .T  =  2  or  5 ;  y  =  5  or  2 

23.  j:  =  3  or -2  or  1(1  +V-31):  .V=  2  or- 3  or  K  -  1  +  V  "  31) 

24.  a:  =  3  or  4 ;  y  =  4  or  3 

25.  .T  =  2  or  4  or  i(  -  13  +  V377)  ;  2/  =  4  or  2  or  ^(  -  13  ±  V377) 

26.  X  =  ±  6  ;  '(/  =  i  4 

2  7.  .r  =  3  or-  15  ;  y  ^  6  or  4^| 

28.  .x  =  Y(l±V3)ory(l±W3);2/  =  f(lTV3)orY(l  +  W3) 

29.  x^  +  3orT8j  y  =  ±5 

30.  x  =  i2ori3;  i/  =  +  3or±2 

31.  x  =  ±6;  +  4-i»3 ;  f  78V3  ;  or  +  60V3  ;  2/  =  ±  3  or  4  39V3 

32.  X  =  5  ;   ?/  =  7. 

33.  X  ^  8  or  152  +  64V6  ;  y  =  4  or  40  +  16V6 

34.  X  =  +  3  or  +  H'7  -^  V23)  or  +  ^(2  +  V22) ;   y  =  ±  2  or 
i  K'' -  V23)  or  i  KV22  -  2) 

35.  X  =  1(19  4  VTOS)  or  ?(  -  13  4  V-87)  ;    y  =  ^(3  ±  Vl05) 
orK3  4V^87) 

36.  X  =  1  or  ^  -^'4 ;  y  =  0  or  ^  ^4 

37.  X  =  4  A^Ti  or  4  lydT^Js  4  V'/3  -  l\  ]    V  =  ±  V~  or 
4  ^{V3  4  3't/9  4  V3^'9  -  1} 

38.  X  ^  4,  -  2,  or  1  4  -jW33;  3/  =  2,  -  4  or  -  1  4  iHV33 

-  13  4  V"^^  -  13  +  V^^ 

39.  X  =  9,  4,  or ^ 5  y  =  4,  9,  or ^ 

40.  X  =  4  yb{^Ja-¥2  4  Va-2) ;   2/  =  4  yh^'JcTTl  t  V«  -  2), 

V  a  +  2 

where  6  = r 

a-  1 
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41.  X  -  a  or  -  d^(a  +  1),  y  =  -  a  or  A  u^V  -  (d^  +1) 
4J.  X  =  vT«V2 ;  y  =  +  «  V(  -  1  ±  V2) 


43.  r  =  +  yV  '^{n(a^-9  ±  3V9  -  15a^  +  2a^  ; 
y  z.  _  -i.|6a^  -  3  i  V^  -  1 503^^206 } 

7.1  X  a  m  -  a  ^ 

44.  X  -  —z-  ;  y  =  — ^,  where  m  =  i  V(  ±  2V2a*  +  26*  -  3a^) 


a2  ±  V3a*  -  26- 
where  t^  = ^ 


46.  x  =  ±  V14  or  ±  VK  -  1  +  V  -  19) ; 

y  =  i^TEoT ±  Vki  ±  V-  19)  

47.  a:  =  I  or  1  +  V~^  j  !/  =  iV^  or  +  V2  +  4^/^! 

48.  x2  =  1  ±  V"^^,  1  ±  V^  52  4  V2il0  or  4  ±  VTo 
i/2  =  -  1  f  V-9t,  -  1  i  V^n^  -  46  +  V24T0  or  2  +  VlO 


Exercise  LV, 

1.  12  and  1  2.  10  and  7  3.  52  and  40  rods 

4.  17  and  8  or  ~  8  and  -  17    5.  12  and  4    6.  $90 
7.  16  8.  862  9.  75;  $3'20 

10.  6  and  4  11.  10  and  14,  or  84  and  -  60 

12.  i(l  ±  V5)  and  ^(3  +  ^/5)  13.  4  jds.  and  5  yds 

14.  *  and  i  15.  8  16.  3h.  23m 

17.  144  miles  and  180  miles  18.  16 

19.  36  20.  Coffee  12|c.,  Sugar  25c 

21.  B  30  days,  C  36  days  22.  10  x  10  x  5 

23.  75  miles  ;  Ji^  15  miles  per  hour;  B,  10  miles  per  hour 

24.  i^/o  and  iV5(l  i  V^)  25.  Bacchus  6h.  and  Silenus  3h 


Exercise  LVI. 

1.  1  :  rf  2.  1     a  3.  a;  +  7  :  X  +  1^  4.  The-former 

6c  -  ad 
5.  The  latter  6.     ^^^         7.  OC  8.  6  :  a  +  6 
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Exercise  LYII. 

1. 

be  -  ad 
a-b  ~c  +  d 

4.  i  6  and  +  4 

5.  6 

8. 

2p         ,     2p 

9.  8  :  7 

10.  S300  and  $350 

.3, 

3i       . 

14.  20^2^  :  m^p 

16.  c(a-^) 

Exercise  LYIII. 

2. 

x  =  ly 

3.  1 

4.  ^  =  ly^y 

5. 

36 

6.  ?/-=  3-l-2x-a:2 

5x2       9945 
'^'  y  "302  ^  302^ 

^  ~  15  +  1/ 

8. 

10.  143 

Exercise  LIX. 

1.  2883  ;  n(n  +  62)  2.  -  1628  ;  n(6/i  -  206) 

3.  238  ;  f  (2m  +  p)  4-  |(2/n  -f  p)'^  4.  -  29^ 

5.  50  ;  83 ;  3n  -  1  6.  -  77 ;  -  132  ;  8  -  bn 

7.   13|| ;  21H ;  1^(5  +  2/0  8.  3  +  10^  +  18  +  25^  +33 
9.  9-6-21-36-51-66 

10.  -  1  +  111  +  24A  +  36t  +  491  ^ 62i  +  74|  +  87|  -f  100 

11.  2701  12.  2n-  1 

14.  at^  15.  39a;  a{2t  -  1) 

16.  ±  14,  +  10,  i  6,  i  2  17.  i  14,  i  10,  +  6,  f  2 

18.  1,  3,  5,  7,  9,  or  9,  7,  5,  3,  1  19.  Sl-OOfaij               22.  11 
23.  2,5,8,11,14,17,20,.23,26,29,32,35    24.  11,  10,  9,  8,  7,  6,  5 

25.  6  -c  +  2c«  28.  — (27  -  n) 

29.  i  1,  i  3,  +  5                       30.  2,  4,  6  and  8,  or  8,  6,  4,  and  2 


Exercise  LX. 

1.  729;  1092    ^  2.  256;  511  3.  18f;  36| 

4.  -6144;  -4095       5.  -  12^6  ;  -  5^ig     6.  -  M  ;  19^ 

7.  -I         8.  U  9.  41         10.  42§  11.   ill 

12.  ^  13.  m       14.  nil  15.  §(3«-l) 


ANSWERS  TO  EXEECISES.         296 

16.  i/^fl-(-fr}   17.  62(1+ V2)     18.   ^g_i 

19.  l  +  §+^  +  -^  +  if 

20.  2  +  6  +  18  +  54  +  162  +  486  +  1458  +  4374  +  13122 

21.  9  +  3  +  1  +  §  +  ^  22.  4,  24,  144  and  864 

23.  5,  10,  20  and  40  or  -  15,  30,  -  60  and  120 

24.  $180,  $90  and  $45,  or  $375,  -  $300  and  $240 

25.  2,  4,  8,  12  and  16  29.  5,  10,  and  20,  or  46§,  -  23^  and  Il§ 
30.  248  

Exercise  LXI. 
1'       (I)  1^,  ff,  i,  h  i,  ^,  1,  -  1,  -  ^ 

\M)   Toi  TSj  T%j  TT>   Hfj  To»  6>  2j  ~  i 

(in)  -  I,  -  i,  oc,  \,  i,  i,  I,  -iV,  -h 

(IV)  -  H,  -  \h  -  2,  14,  If,  If,  M,  H,  and  a 

(V)  ^f,  h  t*8-,  -ft:,  li,  -  1§,  -  i,  -  T^,  -  2^4 
(VI)  -i^'h-h-h  CO,  I,  i,  ^  and  | 
2.  (I)  2  +  2-i\  +  22  +  21  +  3 

(n)  5  +  5,^3  +  51  +  67*1-+  7 
(m)  11  +  63+4^  +  31  +  3 
(IV)  2i  +  2^V9  +  2  iVr  +  2f f f  +  31 

(V)  6-2-f-i^-f 


3. 
5. 

7. 

9. 
14. 
17. 

1. 
3. 

^,- ;  ^,  and  ; 
-i\  and  ^,- 
ab 

^                     .11-1'    ..1     ^^ 

3n-  1                ^-  1-  ^^^-^^'^71  +  2 
6.  2andU 
a6                       ^                     1 

7a -66'  6(2 
6h;  6;  5^ 
18  and  2 
20i  and  4 

720 
360360 

-  n)  +  a(n-  1)                         "'   in 

10.  5yV;  5;  4ff     13.  Half  of  the  middle  term 

15.   14  or  f              16.  20  and  10 

Exercise  LXII. 
2.  (I)   1680;  (II)  20160;  (ill)  40320 
4.  136  yrs.  222  days                          5.  n  =  6 

6.  Loss  -  $25915000  when  the  money  is  "not  paid  till  the  end 
of  the  period. 

Loss  -  $22934466-40  when  the  $5000  is  paid  down  and  placed 
at  interest  for  the  whole  period 

7.  ri  =  6  8.  3632428800;  3991680;  1680;  172972800 
9.  2520;  778377600;  420  10.  7i  =  12 
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Exercise  LXIII. 

1.   120,252;  45         2.  3003;  6435;  455        3.  "792        4.  n  =  9 
5.  376992;   52360  6.  301644000 

7.  362880  or  181440  according  as  B,  A,  C  and  C,  A,  B  are 
regarded  as  giving  A  different  or  the  same  neighbours 

8.  n  =  7  9.  15  and  6 

10.   \n  -  1  or  ^  In  -  1  (See  Ans.  7)  11.  637  12-  511 


Exercise  LXIV. 

1.  1  -  3a;  +  6x2  _  xqx^  +  15^*  -  &c 

2.  1  -  2a;  +  3x^  -  ix^  +  5x^  -  &c 

3.  1  +  2x  +  Ax'^  +  8x^  +  16a;*  +  &c 

4.  1  +  fx  +  -Lf  x2  +  \^x^  +  \^x*  +  &c 

5.  1  -  6x  +  27x2  -  108x3  ^  405x4  -  &c 

6.  1  +  lOx  +  60x2  ^  280x^  +  1120x*  -H  &c 

7.  1  +  4x  +  10x2  +  20x=*  +  35a-  +  &c 

8.  1  -  2x  -  2x2  _  43-3  _  loa:*  -  &c 

9.  1  -  §x  +  f  x2  -  ilx^  +  ii^x^  -  &c 

.   10.  1  -  fx  -  g9^x2  _  ^Ik^'  -  TbVo^oo^*  -  &c 

11.  1  +  fx  -  -^ix2  +  ^|yx3  -  Tiiia^*  +  &C 

12.  1  +  fx  +  Hx2  +  -,^-x'  +  iffx*  +  &c 

13.  a-'^  +  3a-*x2+  e-^-^x*  +  lOa'^x^  +  15a" ''x*  +  &c 

14.  a-^-a'^x^  +  a'^x^  -a-^x^  +  a-'^^x^^-&c 

15.  a-i+  2a"  y  +  3a-2a;^  +  4a"  ^x  +  5a-^x'^  +  &c 

5.  4  13.  S.B.  AH 

16.  a^  -  §a"  '^x^  -  itt'  3  x6  -  -g^-a"  «  a;9  -  ^l^a     =*  x^^  _  &c 

17.  a-i2+  4a-i5x-2+i0a-i^x-'*-20a-2ix-«  +  35a-24x-8-&c 

1 8.  a"  '^^s'  +  ha  ''%'  ^  +  fa'  '^^a:" ^  +  ito"  ^x'  +  -^%a  "^V  ^  +  &c 

19.  a'»7a"'  +  |a"  3m"3x2  +  fa^m    ^  x  +  f?a     ^  ^^     ^  ^s 

20.  a^  +  fa"°x-3-3j3^-a"^x-6+T|ga'"«'^x-9--^26,-a"^«*x-i2+&c 

21.  a"^  +  ia'«6x  +  la'h^x^  +  -jSg-a"  3^3x3  +  .,i^a~^64x*  +  &c 
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Exercise  LXV. 

3.4.5....(2-f  r)  ^      _,  ^,    , 
J    __^ j.r  and  21x^ 

2.  C  -  n*"  f  '    — ^ —    x*"  and  -  56x5 


•  (-o'( — f^— ; 

/2.5.8....(3r-l)\    ^      ^      308 
•  (-  ^>\ ^r j:r^and  -^^x^ 

/4.1.-2....(7-3r)\    ,       ,     8 

•  (-i)\ — ^- — y^-^w^-' 

/7.9.11...,(5  +  2r)\  9009 

•(-')'( — ^' — j^'"i-«?^' 

/a. 11 (5  +  3r)\  10472 


385 


6.  (-ly 

7.  a-'^  +  i^x'"  and  a'^x^ 

/6.1.4....(5r-  11)\    £  ,  63 

'•  ^-'^A ^Z^' j«°"^^^^"^-25000^^ 

9.  (r  -i-  l)2''x'"  and  80x- 

/5.7....(3  +  2r)\    ^ 

2.7....(^r-3)  ^     ,    .^  119  ,4       g 

11.  (  -  ir  X  — y^— a-^lx     ^  ;  and   625^'-x-f 

-.'•4-2     _   r^ 

12.  (r+  l)a  =^  x"  ^  ;  and  5«^x-^. 

13.  1024  14.  128  15.  0  16,  4096 

17.  The  4th  term  =  32  18.  The  4th  =  the  5th  =  4| 

19702683 
19.  1  ?tQ  term  20.  9th  =  ICth  = 


390625 


Exercise  LXYT. 

1.  x<  5  2.  x>  12  3.  X  <3 

4.  r  >  -  10  5.  X  >  a  and  <  6        9.  x  =  5 

U 


298  ANSWERS  TO  EXERCISES. 

EXEKCISE  LXVII. 
1.  n  2.  ^  3.  I  4.  II  5.  -  2^ 

.     a^  +  b  a 


1.  x  =  2,y=l 


Exercise  LXVIII. 

X  =  10,  23,  36,  49,  &c 
y=    3,    8,  13,  18,  &c 


(a:  =  26,  19,  12  or  5  „       .         , 

2-    i,=    1,    3;    5or7  4.x  =  3and,=  l 

(r  =  4,  21,  38,  55,  &c 

'•    I,  =  2,  11,  20,  29,  &c  6.  x.2and2/=.3 

fx  =  2,  43,  84,  125,  &C 

^-    |2/=1,13,25,    37,&c  8.  x=5and2/  =  4 

(x  =  12,  5t,  98,  &c 

»•    iy=    6,28,50,&c  ^^-  ^=11  and  2/  =  4 

(x  =  5,  165,  325,  &c  (x  =  2,    6,  10,  14,  &c 

11.    I        ,    ,«»    ,«.    0  12.    '           '      '      ?      ' 


y=  1,  100,  199,  &c  (?/  =  3,  20,  37,  54,  &c 

13.  X  =  2,  1/  =  3,  c  =  4  14.  X  =  11,  ?/  =  3,  c  =  2 

15.  45  16.  54 

17.  He  pays  8  guineas  and  receives  back  7  half-crowns 

18.  X  =  2n  and  y  -  n"^  -  I  where  n  may  be  assumed  at  pleasure 
=  any  integral  number ;  and  it  will  be  found  that  x^  +  y'^  is  a 
square 

19.  X  =  n'^  +  1  and  y  =  2n  where  n  may  be  assumed  at  pleasure, 
and  it  will  be  found  that  x^  -  y'^  is  a  square 

20.  98  21.  109 

22.  Three  pairs  of  fractions,  riz :  -^V  and  -^^j  -^0  and  -j^; 
i-6  and  -h 

23.  The  problem  is  impossible.     Prove  this. 

24.  3,  6,  9,  12  or  15  five-pound  notes;  81,  62,  43,  24  or  5  one- 
pouLd  notes ;  16,  32,  43,  64  or  80  crown-pieces. 

25.  22  and  3 ;  16  and  9 ;  10  and  15  ;  or  4  and  21 

26.  3,  15  and  6  ;  7,  8  and  9  ;  or  11,  1  and  12 

28.  2'*  X  (2^  +  1  -  1)  where  n  may  be  assumed  =  to  any  integer 
such  that  2"'  ^"  ^  -  1  is  a  priae  number. 

29.  417  30.  1  at  $50,  9  at  S30,  and  90  at  $2, 
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Miscellaneous  Exercises. 

17  -  21a  a 

1.   — ^ •         3.  a  +  b.  4.  -^  5.  a;  =  1,  y  =  5,  I  =  9 

12.  1x'-3xy  +  Ay^  13.  x'^*'^*Pf.abc 

14.  4x*+  y^+  ^x-V;   a;*  +  6*  +  262a;2  _  a^x^;  x"^  +  "+  x™j/' 

—  12x='  +1  4x2  +  2x  +  1 

15.  /,(69  -  17V15)     IG.  ^-^^  17.      .^x^ .  ,  '    _ 

18.  X  =  -  la;  (II)  X  has  no  possible  roots  ;  (in)  x  =  12  ±  V2G9 
2abc  2abc  2abc 

'  ^  ~  ac  +  be  -  ab'  ^  ~  be  -  ac  i-  ab'    '^  ~  ab  +  ac  -  be 
21.   1 

23.  (a2+aiV2  +  6')(u2-a6V2  +  6^);  ia^  +  ab^3  +  b^)(a^-'ab^/3  +  b^) 

X 

24.  — 

y 

25.  G.C.M.  =  X  -  4y\   Z.c.m.  r  a;*  +  4x3y  -  27xV- 34x^3^  56j/*     * 

26.  Sn  =  na  or  Sn  =  0  or  a,  accordiDg  as  r  =  +  1  or  -  1,  and  n 
an  even  or  odd  number 

28.  4-9s  per  day 

29.  (I)  2059IH ;  (")  5^1  +  4|f  +  4  +  &c. ;  (iii)  9,  6,  4,  2§,  &c 

30.  110  X  50  31.  (i)  X*  +  2x^y  +  3xV  +  2xy^  +  y*  ; 

59x2  _  iQQj,  +  23 

(II)  7x^  -  14x3  +  Y^-j  +  23x  -  32  -       ^3+2x-l — 

(III)  x^-i  +  x'^-^  +  x'^-s  +x»«-7  +&C.,  rth  term  =  x"^-2'-+i 

32.  (I)  5  +  2V3;  (II)  V2x  +  1  +  V2x  -  1      33.  15a-28x-i6 
34.  1184040.         35.  x2  -  2  +  3x-2        36.  1  or  ^  -  1  ±  V^) 

(II)  X  =  0,  10,  4  or  -  2  ;  y  =  0,  10,  -  2  or  4 

38.  3  and  3 i  39.  k  + -pf  +  ff  +  1+  'h  +  /f  +  4 

40.  An  identity 

41.  0  or  i(l  f  3V~^)  A2.ab  +  bc  +  ac 
43.  1:1x2  +  j^py  _  L7y2  +  (p  _  ,n)x  +  (n  -  5)y, 

or  ,V^  -  ^xy  -  /^j7/2  „  (^  +  p)^  ^  (^  .|.  ^)y 
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44.  |;|7g  45.  (i)  x  =  fl  or  6  ;  (ii)  x  =  § 

46.  ar  =  +  3  or  +  ^V3  ;  2/  =  +  4  or  ±  ^^'^Z  ;  2  =  +  2  or  f  f V3 

47.  a2(6  +  1)2  48.  x^P  -  2xP  +  Sx'^p 

6561x14 -256x-^^^ 

49.1073;  sil^Viry ^601 

x^  +  x+l 
.  50.  .Any  series  having  r  =  2    51.1     52.  ^^  _  .^  ^  ^ 

53.  X  =  3a  -  6  or  3&  -  a            54.  x  -^  15 ;  y  =  20 
55.  a;*+4x  +  3;  x^ - 4:xhj^  +  3y^ 


56.  x  =  Ka^  +363)^(^1  iV^^^') 


57.  7  58.  4:Jb^  59.  (W^-^^a-);  (I2cfi-a) 

(a +  6)2  30a; -23  a:(x2  +  i)2 

6^-  ^  =  2(^^)5  ^=^<^-'^^"  ^^-  fs^^To  5  x^TTs xM:-2aJ^l 
x^  -  9x  +  24  ^     X         1         y         ^ 

^^^  x^  +  5x^-  2dx  -  les  ^"-  7  "  T  "^  T  ■'   ^   -  ^  +  5 

64.  (i)  x^  -  3x™j/«  +  2y^  ;  (ii)  x^^^  -  a^x^"*  +  2a6x'»  +  i^ 

65.  4x3  +  8x2  ^  iga;  a.  32  ;  5a%^  -  Sab*  67.  3,  4,  5,  6,  or  7 

4507a  -  3166 

68.  30        71.  (I)  a*  -  5a^  +  25a2  -  138a  +  790  -  — 2— -_ y- 

^  '  a  r  oa  —  4 

(n)x*+2x2+3  +  2x-2  +  x-4 

36x2  +  I8x  +  9 
72.  X -a  ^  ^     73.  -^^ZW^ 

74.  i^fX*  +  -g\7/* ;  64x2  _  729?/^     75.  x  =  3V3  ;  y  =  2V2 

I7x       4  6(6+Vo^  +  4a2-4a6) 

82.  x2  -  (a  +  6)x  -  c  83.  ax^  +  6x  +  cx-^ 

!5.  x2  +^x  +  p2       86.  ^i-(x^  -  5x2  „  26x  +  120) 


81. 

a^' 

-6^ 

84, 

X2- 

a6 

x«  + 

06 

fl7 

6  - 

1 

"'■  a  +  1  x6  +  1 

90.  By  ^5  in  2,  ^  in  3,  and  C  in  4  hours  91.  x2  +  x  -  S 

92.  apqx^  +  (aq^  ~  bpq  =  ap'^)x^  -  (apq  +  bp^  -  bq^)x  -  bpq 
(11)  x^y  -  x/^ 
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93.  (i)  11« ;   (II)  ±  VJ^  i    ("0  5  or  -  12  ;    (iv)  x  =  1  or  +  ^JTS, 
y  =  5  or  ^ 

94.  a;*  -  x3  -  1x^  -  llx  +  42  =  0  95.  m 
96.  (a*  -f  tt26V2  +  i4)(a*  -  a'by2  -h  6*)                98.  Ih.  5-5j-m. 

a(cd-e-bc')  b(cd-e-ad) 

99.  a:  =  — j- — -^ —  •,  y  =  — h  ^  d —  '  problem  indeterminate 

61a; -TO 

100.  l{a  +  h)  101.  5x3  ^  lox^  +  5x  -  23  -  ^.-i  _  2x  +  Z 

or  5x3+  iox2  +  5x-23-61x-i-  52x-2+  Y9x-3+&c 
102.  X-  -  y  5  if  J/  =  1  the  G.C.M.  is  x^  +  4x  -  5 

104.  {a^-\-am\l2  +  m'^){a'^  -  am^j2  +  7n^)(a'^+  a^mys  -t-  w*) 
(m*  -  ahri^Z  +  m*) 

105.  1     106.  3     114.  0     115.   Tx^+Txy+T^^     ^q^  2.rHx-l 
117.  (2x  -  l)(x  4-  l)(3x  +  2)(3x  -  2)  and  (2x  -  l)(x  +  1) 

(2x  +  l)(2x  -  1) 

1  +  X  +  x^  119.  An  indeterminate  equation  ; 

■  1  -  X  -  X*  +  x^  an  identity 

123.  11,  9,  7,  5,  &c  125.  3  -  2  +  |  -  |  +  ^f  -  &c 

2618  559130  -         2.5.8..  .(3r- 1) 

TOO      -V.-12.     _  T.-18  .     /'_1Vv -T-'i'' 

6561         '       1594323^        '^      ^^  \t'xy 

129.  X<5  -  6x5  +  6-c4  +  30a;3  _  513.2  _  2/^x  +  44  =  0 

46c  -  ad 

130.  K-3  +  V5)  131.     ^_^^ 

n+  1 
133.  X  =  2,  y  -  3,  =  =  4  134.  -^^ 

135.  21  and  24  136.  1  +  Vl^  137.  x  =  10,  y  =  8 

140.  l{  +  V4na/>  +  (a  -  6)^  -  (a  +  6)|      141.  i  or  ^     142.  §V3 

a2  62  c2 

143.  X  =  + -g^- ;  y  =  i  T^ ;  5  =  +    , 

145.  62  _  1  146.  ±|_  +  27  147.  a^  +  6-  +  c^  +  d^ 

148.  +  [a(x  +  2)  -  1}  149.  a  +  6  -  c 

3X2  _  4j;  ^  1 

^^^-  ^^  "  x8  +  2x  -  1  '  4x-3x-»  +  4x-2+7x-3-llx-4-&c 

151.    1  +  X  -  X3  -  X*  +  X6  +  X^  -  X9  -  Xl'^  f  &C 
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a*  +  2a263  +  6* 


152.  _^     o.:^,^  ■  i.^  153.  1  154. 


'•  a*  -  2aV  +  6*  "^•^'  """•  (X  -  l)(x  -  2)(x  -  3) 

156.  I.  They  must  have  a  commoa  measure ;  ii.  The  coeffi- 
cients of  X  must  be  =  but  of  opposite  signs,  and  the  coefficients 
of  x^  must  be  =.  and  also  those  of  x'  must  be  = 

157.  2|  158.  1  ±  2V3  159.  +  l\/Z,  or  0 

160.  X  .  -[^  i  -(n-l)(l-P)V(^^-l)(^--P) 

161.  A.M.  =  l^V;   G.M.  =  1;  H.M.  =  ||  163.  0;  217 


25       S'^ 


167.  x4  +  xV  +  2/*  168.43  169.  2a  -  36  171.5 

bfai-b)  a 

1^2.  «  or  -  -}^^  173.  ^-^^^  175.  (a  -  6)^  4-  c^ 

14x-4x2-f-l4  2(a2-62) 

1^^-  ^  ■  1    ^^-  (x4-5)(x^-i)    1 'S-  -^Mi;i; 

181.  0  or  i  V6(2a  -  b)        182.  64  or  V  V7857          183.  4  V^^ 

184.  5  or  e-^igL.  185.  42 

186.  A's  rate  1st  round  is  10  miles  per  hour,  2nd  round  12 
miles  per  hour ;  Bs  rate,  12  miles  per  hour  first  round,  and  10 
miles  per  hour  second.     Neither  wins. 

189.  x6  +  xV  -  ^V  -  y^         190-  ^^        191-  «^^  +  2cyx  +  by^ 

192.  a;"+ 1     193.  x  +  4    194.  12a6c    195.  (a +  6 -i-c)(x +  i/ +  c) 

196.  x6  -  12xV  +  48xV  -  64y6  ;  a^  +  b^ 

197.  2a%^  +  2aV  +  2b^c^  _  a*  -  t*  -  c* ;  x^  +  1  +  x-^ 


198. 

hx'y-'-lxy-^  +  i 

-fx-ii/4-x-Vi  ^'- 

2l  +  3 

199. 

8x^  +  Ax^y  +  2y2 ;  ; 

r2  -r  (1  -  p)ax  +  a2 

200. 

X  -  4  ;  x2  -  1  ;  x^P . 

-  a^P  where  p  is  the  G.  CM.  of  m  and  n 

201. 

ax^  -  2a2x*  -  a^x^  +  20^x2 ;  x*  -  xY  -  a^x^  +  aY 

202. 

2d 

X  +  y  +  2 

3a 

^^  a  +  b  +  c  +  d 

205. 

a* 

206.  2 

2(a2  +  x2) 

207. 

x2  -  2x  -  2  :  2x2^  - 

a         6         c 

209.  — ;   6  or  i  210.  2-14  or  -  0-49 ;  3a  -  6  or  S6  -  c 


ANSWERS  TO  EXERCISES.  ^3 


ac  +  6  c  -  ab 

211.  X-    i^^z]  y-   ^^^2;3:  =  4or3,  y  =  3or4 

be  ac  ab  ^  „ 

212.  x  =  +  — ;y  =  ±-^;i  =  +  —      213.  ^,  15;  ^,  21;   C,  24 

214.  m  ;  ^K?i  +  1)  +  4  -  4(§)"} ;  3V2  +  2V3      216.  5  +  2^7 

217.  0,  1, -,V(4  i  IVT54) 

218.  2n(47i+l)  +  Kl-16^);  (2n+l)(4n+l)  +  ^{l-(-2)4^-^i{; 
(4n  +  3)(2n  +  1)  +  Kl  -  4""  '•^)  ;  2(n  +  l)(4n  +  3)  +  ^{1  -  (  -  2)*"  ^^j 

219.  72  221.  90  miles;  $2-70 


222.  a:  =  0,  or  KVlOVS  -  70)  or  ^(VlOV29  -  4G)  or  +  3V  -  1 


Am  . 4m 


224.  I  — (m  ±  ^w?  -  n^)  and  — (jn  +  >^m^  -  n^) 


n  4(m  ±  ^ni^-mri)  and  4(ni  +  •^rr^-mn) 
325.  Ages  at  first  trial  =  11  and  15 

Throws  at  first  trial  =  66  and  90  feet, 
And  at  second  trial  =  74  and  96  feet. 


THE  END. 


